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Abstract In real systems, the unpredictable jump changes of the random environment
can induce the critical transitions (CTs) between two non-adjacent states, which are more
catastrophic. Taking an asymmetric Lévy-noise-induced tri-stable model with desirable,
sub-desirable, and undesirable states as a prototype class of real systems, a prediction of
the noise-induced CTs from the desirable state directly to the undesirable one is carried
out. We first calculate the region that the current state of the given model is absorbed into
the undesirable state based on the escape probability, which is named as the absorbed
region. Then, a new concept of the parameter dependent basin of the unsafe regime
(PDBUR) under the asymmetric Lévy noise is introduced. It is an efficient tool for
approximately quantifying the ranges of the parameters, where the noise-induced CT's
from the desirable state directly to the undesirable one may occur. More importantly, it
may provide theoretical guidance for us to adopt some measures to avert a noise-induced
catastrophic CT.
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1 Introduction

Critical transition (CT) also called tipping, a phenomenon that a system shifts from one
state to another contrasting one, is ubiquitous in many health and climate systems!* 4. This
sudden and often irreversible change may cause significant impacts on the local economy
or society. Therefore, predicting CTs can be crucial for preventing such drastic changes.
Using mathematical models of CTs, researchers have proposed various early warning signals to
imminent CTs, such as variance and autocorrelation, phase lag, and amplitude differencel® 8l
However, their generality and applicability to practical systems have limitations because these
models only contain one CT between two adjacent states.

In fact, many real systems may undergo multi-stable states with respect to gradually chang-
ing conditions. Typical examples include the endogenous molecular-cellular network(®!, Earth’s
mass extinction'”), monsoon climate*!, and hypersonic boundary layer!*213]. In these sys-
tems, CTs between non-adjacent states can occur due to large jumps in noisy environment,
which may cause more catastrophic effects. For example, human cells may undergo healthy,
sub-healthy, and cancer states!'). When the cells of an organic tissue shift from a healthy state
to a sub-healthy one, they still have a rather long time for the whole organism being viable.
Now, the intervention of the treatment may recover the tissue to the healthy state. However,
a physically strong body sometimes gets cancer suddenly, and the best time for a treatment is
missed. This is actually a CT of cells from a healthy state directly to a cancer one. Hence, it
is vitally important to warn jump changes induced CTs between non-adjacent states.

Random fluctuations-induced CTs have been often considered under the usual assumption
of the Gaussian case, which describes small fluctuations in practicel'> 7). However, large jumps
are always associated with a complex structure of the environment, which could not be described
as the Gaussian noise. Therefore, a kind of the non-Gaussian noise needs to be considered to
model unpredictable jumps of random environment. Lévy flights, a stochastic process charac-
terized by the occurrence of extremely long jumps, can solve this problem!*$ 21, The length
of these jumps is distributed as Lévy stable statistics, which exhibits heavy tails and makes
the moments divergent. So far, this kind of noise has been frequently encountered in nature,
such as asset prices?223], protein folding®*, random search(2526 Lagrangian drifts in certain
oceanic fluid flows2”, and climate[®8]. Compared with the Gaussian noise, the Lévy noise can
induce a more catastrophic CT even between non-adjacent states. How to predict this type of
CT, and then take measures to avert it is a problem we need to explore.

In Ref.[3], we have introduced the concept of parameter dependent basin of the unsafe
regime (PDBUR) via the relationship between a Gaussian white noise-induced CT and the
corresponding particle escaping. Using the same idea, in this paper, the PDBUR corresponding
to Lévy-noise-induced CTs will be established. Then, the ranges of the parameters where
Lévy-noise-induced CTs from the desirable state directly to the undesirable state may occur
are quantified via this new concept.

Taking an asymmetric Lévy-noise-induced tri-stable model with desirable, sub-desirable,
and undesirable states as a case study, the CT that may directly shift to the undesirable state
and the corresponding escape problem of particles are first analyzed. Secondly, the different
forms of the escape probability corresponding to different dynamic transitions are obtained.
Then, the set that the current state of the given model is absorbed into the undesirable state
is calculated, which is named as the absorbed region. Furthermore, the new concept of the
PDBUR under asymmetric Lévy noise is introduced. Finally, some conclusions are presented
to close this paper.
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2 Model description

CTs between two non-adjacent states are widespread in various real-world systems. For
example, a body may shift from a healthy state to a cancer state directly. Then, it is difficult
to return to the healthy state even the sub-healthy state because the best time for a treatment
is missing. To warn these catastrophic CTs between non-adjacent states, a self-constructed
Lévy-noise-induced tri-stable model with desirable, sub-desirable, and undesirable states is
considered. The form is

dx st
= 1
= e+ (1)
where f (7,¢) = —1.142% — 0.42* +4.62% 4+ 0.52% — 3.82 — ¢, ¢ is a control parameter, and these

special coefficient values for f(x,¢e) are chosen to construct a basic model that roughly fits real
systems?). L, is a Lévy process with the generating triplet (0,d,0vq4,3), its time derivative is
the Lévy noise, v, 3 is an asymmetric Lévy jump measure, and

Cil{ocy<oc} () + Colf_oocy<oy (¥)

Va,g (dy) = 14o (dy)
lyl
with
1 1-— 1-—
Clzca +ﬂa CQZCa ﬂ’ Ca: a( 05) ;
2 2 I'(2—a)cos ()

where I'(2 — a) = f0+oo t2-o)—lo—tqy Iy denotes the indicator function, « is the stability
index, and f is the skewness parameter®”). We consider o € (1,2) and 8 € [—1,0] throughout
the paper.

In the absence of L;, the system (1) can be reduced to the corresponding deterministic
system, and the geometric structure of it versus ¢ is shown in Fig. 1. We find that there are five
different regimes which have the following characteristics. The stable branches where xg1, g2,
and xg3 are located represent the desirable state, the sub-desirable state, and the undesirable
state, respectively. Moreover, the unstable branches where xy; and xy2 are located mark the
height of the potential barrier between two adjacent stable branches. The coordinate values of
Fold 1, Fold 2, Fold 3, and Fold 4 are EFold1 — 065, TE-Fold1 — 1343, EFold2 — —1.26, TE-Fold 2
=0.537, epolas = 1.50, Tr_Fola3=—0.586, and epo1g4=—2.15, TE.Fola4 = —1.576, respectively.

Consider the large jumps in the Lévy noise, and three possible cases that the system (1)
shifts directly to the undesirable state are also given in Fig. 1. They are CTs from the desirable

Fig. 1 The geometric structure of the deterministic system with respect to changing e, where CT 1,
CT 2, and CT 3 are three possible cases that the system (1) shifts directly to the undesirable
state under the Lévy noise (color online)
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state to the undesirable state in € € [epold4, EFold2) and € € [epold 2, €Fola 1], and CT from the
sub-desirable state to the undesirable state in € € (epold1, €rola3]. We record these three cases
as CT 1, CT 2, and CT 3, respectively. Although both CT 1 and CT 2 shift from the desirable
state to the undesirable state, the two states are adjacent for CT 1 and non-adjacent for CT 2.
Similar to CT 1, the sub-desirable state and the undesirable state are also adjacent for CT 3.

From the perspective of noise-induced dynamic transitions, CT 1, CT 2, and CT 3 can
correspond to three escape problems of particles, as follows:

Case 1 € € [eRold4, EFold 2)

B ——

xs3 X2 Xs1

Case 2 € € [Epold 2, EFold 1)

—

xs3 X2 xS X1 xs1

Case 3 ¢ € (€Fold 1, EFold 3]

——————

Xs3 X2 X2

Case 1 and Case 3 corresponding to CT 1 and CT 3 have the similar escape problems between
two adjacent intervals, while Case 2 corresponding to CT 2 is the escape problem of particles
between two non-adjacent intervals. Although x € [xy1,2s1] has left the current interval, the
escape fails for CT 2 if z eventually falls in [xy2, zy1].

In fact, a CT occurs when the current stable state is absorbed into another state. For
example, Lévy-noise-induced CT 1 occurs because almost all © € [xy2,zg1] are absorbed into
the undesirable state [zg3, zp2]. For a fixed € € [epolda4, EFola2), the possibility that a Lévy-
noise-induced CT occurs can be estimated via measuring the part of [zye, zs1] that escapes to
[$537$U2]. Similarly, for a fixed € € [Epoldg, EFold 1] or € € (5F01d1; 5Fold3]7 the part of [{EUl,xsﬂ
or [zya2,xs2] that is absorbed into [rgs,zy2] should be quantified. Here, we quantify the
absorbed region of the current interval via analyzing the escape probability, and the different
forms of the escape probability corresponding to Cases 1, 2, and 3 will be obtained below.

3 Escape probability

For any u(z) € HZ(R), the generator of the stochastic process x of the system (1) is
d " !
Lou(z) = o (a) + [ (w,2) ! (2)

to / (u (@ +y) —u (@) — Iy @) v () vas (dy). )
R\{0}

where d is the intensity of Gaussian noise, and o is the intensity of Lévy noise. u/(z) and v (z)
represent the first and second derivatives of u(z) versus x, respectively. Note that y belongs to
the symmetry interval (-1, 1) in the de-singularizing term I),|<1 (y)yu'(z). However, the range
of y is generally an asymmetric interval (a, b).
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Suppose that x belongs to a general interval (a,b). Then, d in I, <1(y)yu'(z) is no longer
equal to 1. From the following derivation process, we find 6 = (b—a)/2. Hence, we first replace

Iy <13 (y) in Eq. (2) to Ijjy|<(—a)/2} (y) and get

d

9 (u(@+y) —ul@) = I, comey @) yu' (2))vas (dy) =0, (3)

u' (z) +c(z)u (z) + U/R\{O}

where

(b—a)l—a _1
c(x) = f(z,e) +0(Cy—Cy) * 2
11—«
Next, the different forms of the escape probability corresponding to Cases 1, 2, and 3 will be
derived based on Eq. (3).
3.1 Case 1 or Case 3
The asymmetric Lévy-noise-induced CT 1 and CT 3 have the same form of the escape

problem as follows:
m b
I I

Here, (a,b) = (zy2,xs1) for CT 1 and (a,b) = (zy2,xzs2) for CT 3. If u(x) is regarded as the
escape probability, then u(x) = 0 for z € [b,00) and u(z) = 1 for € (—o0,a]. To keep the
computational domain fixed as (—1,1), we perform a scalar conversion,

m_b—aZer—i-a
2 2
where z € (—1,1).
Defining
v(z)—u(b_a b—i—a)
B 2 2 /)
we get

du 2 dv d?u 4 d?v

de = b—adz’ dz?2 (b_a)deQ'

Let § = ,2_ y. Then, the integral term in Eq. (3) can be rewritten as

2 \e _ o Oiegens) )+ Colsocgeoy (3) |
(,-.) / (0(z+7) = v (2) = g’ () O W IEHmesi0l W (),
a’  Jr\{o} 9

where v/(2) is the first derivative of v(z) versus z.
Therefore, the equivalent form of Eq. (3) is

2 @ ~ ~ CiI y<oo (g) +CZI —00<Y (@\) ~
(") / (W (z+8) = v (=) = Iggan v’ (2)) OTE L Hmeesi<0 Y ag)
o/ Jr\(o) 191
4 d, 2 b—a b+ay , B
T a2’ O G S O )

where v”(z) is the second derivative of v(z) versus z.
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Due to v(z) = 0 for z € [1,00) and v(z) = 1 for z € (—o0, —1], we can further infer that
v(z+9y)=0whengyg>1—z and v(z+y)=1when gy < —1— z.
Suppose that the integral in Eq. (4) is denoted by Iy,

Iy N CiIgocicoot () + Colr_socicoy ()
IOZ/R\{O} (04D =0 ()~ Ignep@! (2)) O T ),

We decompose Iy = C11; + Cyls, where

I = / v(z+Y) —v(z) = Iyg<yyv’ (2)
R y1+a

v(z+Yy) —v(2) = Iiganyv’ (2)
L :/_ mlm{ma} (@9).

I, can be rewritten as

Ilz/o v(z+37)—v(z)—§v’ (Z) (d§)+/100 U(Z +A37)_v(z) (d@\)

@\14-0( y1+oz

For z > 0, we have

1== ’U(Z‘f'/\)_'U Z)—A’Ul (Z PR ’U(Z —a , 1—(1 _Z)lfa U(Z
Il:/o ! ?’J\l-}-(a Y )(dy)+ )(1—(1—z) )=’ (2) ( )

A~

v (z e, 1=t E (2 4+9) —vz) —gv (2) , ..
LD 1T [T D 90 )

n a 11—«

For z < 0, we get

== s [T S gy [T )

a ylto glte
I> can be rewritten as

D) v () - (2) o+ —v(z) -
I —[1 g+ (dy)+/ g+ (dy).

— 00

For z > 0, we have

-1 ~ 0 ~ ~
Izzliv(z)(l_’_z)fa_’_/_ ’U(Z-f—y)—’U(Z)(dg)_’_/ v(z—l—y):v(z)—yv (’z)(d@\)

& 11—z
For z < 0, we get

A (B e PR B R
PR ) - () o 1)
i /,H (—g)" =

- 2)t O w47 —v(z) =gV (2
O 170D D ) -0

1-a (-9

—1-z
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Combining the above results of I; and I, we rewrite Eq. (4) as

o(,2) (o [ TEP DT ([P

—a yHa 1—2

+/0 v(z+§)(:;)gi)a—§v’(z) (dﬂ))) N (bza(f(b;%*‘b;a’g)

-1

+U(Cl _02) (b;a)l—a - 1) —U(b 2 )0‘011 — (1 —Z)l_a>vl (Z)

l-a —a 1—a
2 yaw(z) a W 4 d
_U(b—a) Q@ (Cl (1-2) " +C(1+2) )+ (b—a)2 2 (2)
oCy 2 o 1
= — o (b—a) (1+Z)a for z>0, (5)

while

U(() 2 )“(Cl (/01 v(z+y) - v(2) -9 (2) (d§)+/11_z v(z ng;v(?i) (d@>

—a glto
+ Oy /—01_2 v(z+§)(:;)(1i)a— yv' (2) (d@)) n (bfa(f(b;aer b;a,g)
racr—en () T (2 Y a0 T g
_ U<b E a)av((;) (C1(1—2)""+Co(1+2)%)+ " _4a)2 Zv// (2)
- _USQ(bEa)a(urlz)“ for z<0. .

Next, Egs. (5) and (6) are discretized. We divide the computational domain [—1,1] into
2J subintervals, ie., z; = jh, —J < j < J with each subinterval having the size h = 1/J.
Denote the numerical solution by the vector V' = V_;. 7, where the component V; approximates
vj = v(z;) for —J < j < J. Then, the discretizations corresponding to Egs. (5) and (6) are

J—7 Vig1—Vi_ —1 Vie1 =V,
2 & Cih /V}-‘rk_vj_zk J+12hJ ' Coh //V}-‘rk_vj_zk J+12hJ '
7 b— ! Z 1+a + 02 Z 1+«
a k=1 |Zk| k=—J |Zk|

b—a)lfo‘ -1

—J
Vitr =V 2 b—a b+a (
+k=§—j T:k|1+a]))+(b—a(f( 2 £ 2 75)+U(Cl_02) 21—a )

o, 2T 2 ) e e

b— 11—« 2h b—a/ «
4 de+1 —2‘/}4—‘/}_1 O'CQ 2 @ 1 .
— f 0<j<<J—1, 7
+ (b—a)*2 h? a (b—a) (14 2;)” o J @



72 Jinzhong MA, Yong XU, Yongge LI, Ruilan TIAN, Shaojuan MA, and J. KURTHS

while
J Vie1i—Vioa J—j
2 e Vil = Vi— 270, Vierw =V
U(b—a) <Clh<z PR + Lo
k=1 k| k—J |Zk|
Vit1—Vj—1
” ]+k V Zk on 2 b—a 4 b+a
+ Coh Z P )+(b— (f( g AT o ’6)
k=—J—j
(") =1 2 1= (14 2)7\ Vi -V
_ 2 J j+1 j—1
+o(Ci-C) 11—« )+J(b—a) Cs 11—« ) 2h
2 a‘/j _ _ 4 d Viei =2V, + V4
_ 1 ) 1 N—a J J J
U(b—a) o (O =2) Ol 4 (g h2
O'CQ 2 @ 1 .
S — <j<—
N (b—a) (1420 for J+1<j< -1, (8)

where the summation symbol > means that the terms of both end indices are multiplied by
1/2, 32" means that only the term of the bottom index is multiplied by 1/2, and 3" means
that only the term of the upper index is multiplied by 1/2.

The truncation errors of the central difference schemes for the derivatives in Egs. (7) and (8)
are of the second-order O(h?). From the error analysis of Refs. [31] and [32], the leading-order
error of the quadrature rule is

2

_a( i )a (CL+C2) ¢ (a—1) UHQ(Z)hQ_a - _U(b—a

° V() o
- ) Catla=1) " e,

where ( is the Riemann zeta function. Then, Egs. (7) and (8) can be further written as

9 ok — VJ+1*VJ—1
C h .7 2h
o (b—a> ( ! Z |z |1+a
1 Vie1—Vi_1
View =V — 2z 714,
+02h(2// Jtk J 1-|]:a 2h + J+k1+a ))
k=—J |2k k=—J—j
11—«
2 b—a b+a (3% " -1
+(b—a(f( 2 7 2 ’€)+J(C1_C2) 11—« )

_U(bza)acll ) (i:ij)l_a)v}—i_l;h‘/j_l * ((b —4a)2 ;l _U(bfa)a

L) Vin m Vi 2 NV
Calla=1) b ) h? “(b—a) o (Ol =)
_ O'CQ 2 @ 1 .
)T = — f <j<J-1,
+ o1+ 2)7) . (b_a) (pzye for 0TI 9)

while

J Vig1—Vi_ J—j
2\ Vit = Vi — 2 77,707 Vitk =V
o(,” ) (clh( 7 R R S AR
b-a kz B ,; E
V; — g V1 Vima 2 b—a b+a
h n Viek — 2h ( ( ( ) )
e kz;] it * b—a / 2 4t 9 ¢
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+0(C1 = Cy) (bga)l_a - 1) +U< i a)aczl -@ +Zj)17a) Vitr — Vi1

11—« b— 11—« 2h
4 d 2 \e 1y N\ Vie1 — 2V + Viy 2 \e
_ . 1 2—a) Vjt+1 J J _
+((b—a)22 7(y o) Catla=1),n>) h2 7y a)
‘/j -~ _ O'C2 2 @ 1 .
. —z)e ) — < j <.
(O1(1=2) T+ a1+ 7)) ™)== (b_a) Qoo r —JHIST<A (10

By taking (a,b) as (zye,zs1) under a fixed € € [epold4,EFold2), Voy = 1 and V; = 0, the
escape probability V' £ Pj(z) corresponding to CT 1 can be obtained via Egs. (9) and (10).
Similarly, the escape probability V' £ P3(x) corresponding to CT 3 can be obtained when (a, b)
is taken as (xy2,xg2) under a fixed € € [eFold 1, EFold 3)-

3.2 Case 2

For the asymmetric Lévy-noise-induced CT 2, there is an interval [zy2,2y1] between the
two non-adjacent intervals (zy1,zs1) and [xgs, zp2]. Let (xy1,2s1) be (a,b) and [xgs, zy2] be
(c, c/l\) Then, ¢ < d<a< b, and the corresponding dynamic transition is as follows:
¢ d a b
|

8

26-b-a po2r-boa
b-a

b-a

1>

al

|
—
—

2d-b-a
b-a

We have transformed = € (a,b) to z € (—1,1) via 2 = "3%2 4+ *3* abovel*3l. Based on

2d

~

this scalar conversion, the value corresponding to (¢,d) on the z-axis can be obtained, leading
to (26;_b;a, de__ba_“) £ (c,d). Because v(z) = 0 for z € [1,00) U (d,—1) and v(z) = 1 for
z € (—00,d], we can further infer that v(z +%) =0wheny >1—zord—2z< y< —1—z and
v(z+7y)=1when gy <d— =z

Similar to CT 1 and CT 3, the integral in Eq. (4) is denoted by Iy,

)) Cil{o<g<oc} (U) + Colf_oocgcor (V) , -

h=[ (@GR - - I ¢ o (7).
R\{0} 19l

We decompose Iy = C11; + Cyls, where

v(z+7Y) —v(z) = Is<nyv (2)
Il :/ ( y) (A3+a {\y|<1}y ( )(dy),
R+ Yy

0 (z4+9) ~ ()~ Iy (2)
e[ e (D)

Since I; here is the same as I; of Case 1 or Case 3, we only need to analyze I,

G v @ - (@) (04D —v(e)
1241/¥ PR (dy>+1/ e (a

— 00

For z > 0, we get

By o ey [T

+/0 U(Z_‘_?/J)_U(Z)_@\UI(Z) (d:lj)

(-5)"*

1 Y
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For z < 0, we have

B="Pa-arg vt U
O w4+ —v) - (2), 1 —a  v(z
P[P ) g gy
T N S G
O oY —v(x) P (2)
+/7172 (gt (dy).
Combining the above results of I; and I, we rewrite Eq. (4) as
2\ TPz 4y) —v(z) - (2)
(5 a) <01/0 gt )
o+ —v(a) Cu(z+y) —v(z) =g (2)
o </ Loy @0+ [ () My)))
—a a boaylme
2,003 e
(2 e ) e
—a(bfa)avg) (C1(1—2)"+Ca(1+2)")+ (b —4a)2 ;lv"(z)
:—Ug2<bza)a(z—d)*a for z >0, (11)

while

U(bfa)a<cl </01 v(z+7) —gﬁ(j)—ﬂv’ (2) (d§)+/11‘zv(z+£)+;v(2) (d@>

+CQ/O U(Z_'_@_U(Z)_yvl(z)(d@))—|—( 2 (f(b;az+b+a,a)

1z (=)'t b—a 2

rrtci-en (2 ) e 0 e
_ g(b E a)avs)(a 1-2)" "+ Co(1+2) ")+ o _4a)2 ;iv” (2)
__ USQ (bfa)a(z —d)® for z<0. (12)

Using the same discretization method in Case 1 or Case 3, the discretizations corresponding
to Egs. (11) and (12) are

Vit1=Vj—1 —1 Vit1=Vj-1
2h

J—j
2 « Vit = Vi — 21 2h Vit = Vi — 2
U(b—a) (Clhz Ita +Cah Z/ 14a

k=1 |2 7 |2k |

bfa,)l_(y -1

+ i V}‘+k1::/j>>+(bia(f(b;azfrb;a,e)+a(C1—Cz)(21_a )

k=—J—j |2
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0 L i K Y PR Pl R

b— l—a 2h —a)??2 —a
. ;hzw) Vi1 —2};} +Vi _J<b3a)a‘;}(C1(1 )+ O+ 7))
Sl (0 N CEE R I SRS AR A 1)
while
« J oo v Vini—Vien =i 1
“(bza) (Clh<;'vﬁk szﬂffa 2 +;}‘/T:|1+(Yj)+cghk§;';
Vit1=Vi-1 bg o
.Vj+k—v|jz;|zﬁa.+2h >+(bza(f(b;aZﬁb;aﬁ)M(Cl—Cz)( 21)—a_1
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For a fixed € € [epold 2, EFold 1], We take (a,b) = (zy1,2s1), (¢,d) = [rs3,202], V_i = Vaory
and V; = 0, and the escape probability V £ Py(z) corresponding to CT 2 can be obtained via
Egs. (13) and (14). The specific method for choosing V., will be introduced below.

4 Absorbed region

Based on Egs. (9) and (10), Pi(z) of Vx € [zy2,xs51] or P3(z) of Vo € [zy2,xs52] can be
obtained. Furthermore, Ps(x) of Va € [ry1,zs1] follows from Egs. (13) and (14). However, it
is impossible to determine how large the value of P;(z) (i = 1,2,3) is, and the corresponding
x is considered to be absorbed into the undesirable state [xg3,xy2]. To quantify the part of
[xu2,zs1], [Tu1,xs1] or [Tz, xg2] that may be absorbed into [zgs3,zy2], the key is to give a
threshold value of the corresponding P;(z). Similar to the method in Ref.[3], the absorbed
regions corresponding to CT 1, CT 2, and CT 3 are also defined here via the relationship
between the tangent slope of P;(z) and the slope of a given line in the xP;(z)-plane. It should
be noted that, in the following, o« = 1.5, § = —1, ¢ = 0.8, and d = 0.1 are taken as a set of
basic parameter values.

4.1 Absorbed region within [zy2, 1] under a fixed € € [epold 4, EFold 2)

For CT 1, the given line in the xP; (x)-plane is

1 Ts1
Y1 (CL’) = T+ )
Tys — TS Ts1 — TU2
and it is a line connecting (zy2,1) and (zg1,0). Then, an approximate definition of the absorbed
region within [zy9,2¢1] is given as follows.
Definition 1 For € € [epold4, EFold2), Suppose that a tagged partition of [xy2,xs1] is a

finite sequence xys = xo < 1 < -+ < xp—1 < T = xg1. The set [zy2,xr—;],Tu2 < Tr—; <
zs1,J =0,1,---, L —1 satisfying
P (zp—j—1) — P (zn—;) o 1
Trj-1—TL—;  2(1v2—w51)

is defined as the absorbed region D1 of [xy2,xs1] under the Lévy noise.



76 Jinzhong MA, Yong XU, Yongge LI, Ruilan TIAN, Shaojuan MA, and J. KURTHS

Based on Definition 1, Pj(z) and D; for ¢ = —2.15 € [epold4, EFola2) and different noise
parameters are shown in Fig.2. In addition, the ranges of D corresponding to different c«,
8, d, and o are presented in Table 1, respectively. It is found that D; within [xy2,zs1] =
[—1.552,1.711] increases with decreasing a. When v = 1.01, even the whole [xy1, zs1] becomes
D, as shown in Fig.2(a). This is because a smaller « can generate larger jumps which are
advantageous for x € [zy2, xs1] to escape. Furthermore, as shown in Figs. 2(b)—-2(d), the range
of Dy also increases with decreasing [ or increasing d and o, which is due to the change of these
parameters that can increase the amplitude of the jumps in the Lévy noise.

1.0 1.0
. ———a=101 ———B=
: a=15 —B=-05
A N a=19| |\ N e B=-1
05F \._ 05F &
S --. = N
. . . & N
0.0F e T SRS 0.0F e
-0.5 -0.5 [
-1.552 1.711 —-1.552 1.711
X x
(@) ®
1.0 1.0
-——-d=0.1 -—=—-0=02
——d=04 ] 0=05
S N d=07 oSNl 0=08
050 X 050\
.. \
@ \\"'. @ \
= N = \
A & NN e
! Se T
0.0} ! 0.0 T T T
-0.5 -0.5
-1.552 1.711 -1.552 1.711
X x
© (CY)
Fig. 2 Pi(x) and the corresponding D; (bar-type) for ¢ = —2.15 and different parameters of the

Lévy noise: (a) 8=-1,0=0.8,d=0.1; (b) a=1.5,0=08,d=0.1; (c) a =15, § = —1,
0 =0.8; (d) a=1.5, 8= —-1,d=0.1 (color online)

Table 1 The ranges of D under different «, 3, d, and o

o 8
1.01 1.5 1.99 -1 -0.5 0

—2.15 [—1.552,1.711] [—1.552, —0.629] [—1.552, —0.570] [—1.552,—0.629] [—1.552, —0.691] [—1.552, —0.753]

€

d o
0.1 0.4 0.7 0.2 0.5 0.8

—2.15 [-1.552,—0.629] [—1.552,—0.549] [—1.552, —0.469] [—1.552,—1.001] [—1.552, —0.792] [—1.552, —0.629]

£

4.2 Absorbed region within [zy1,Ts1] under a fixed € € [epola 2, €Fold 1]
For CT 2, the given line in the Py (x)-plane is a line connecting (zy1, y2(zy1)) and (xs1,0),
where
1 Ts1

b
Ty2 — TS1 Ts1 — TU2
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and ya(xyr) = TV1TT51 i the value when x = zy1, as shown in Fig. 3.

TUu2—TS1
1.0
2
= Yo()
2
° 05r
o
v
g
3
R Yooy N -
0.0
Rg2p) Tyl s1
x
Fig. 3 The given line in the zP»(x)-plane (thick line), where ya2(z) = P oox4 Sl g aline

TU2—TS1 TS1—TU2
connecting (zy2,1) and (xs1,0), and the horizontal dotted line is the value of ya(z) with

z = zy1 (color online)

Obviously, the given line is a part of y2(x), and they have the same slope 1/(zy2 — zg1). It
should be noted that ya(zy1) is the boundary condition V_; of Pa(x), namely, V_; =V, =
y2(zy1). Therefore, an approximate definition of the absorbed region within [z, zs1] is given
as follows.

Definition 2 For € € [epold2,Erod1], suppose that a tagged partition of [xy1,xs1] is a

finite sequence xy1 = 19 < 11 < -+ < xn_1 < TN = x51. The set [xy1,xn—1],2v1 < xN_; <
zs1,l =0,1,--- | N — 1 satisfying
Py (xn_1—1) — P2 (zn—p) < 1
IN_1-1— TN—1 = 2(zp2 — zs1)

is defined as the absorbed region Da of [xy1,xs1] under the Lévy noise.

Based on Definition 2, Py(z) and Dy for ¢ = —1.26 € [epola2,Fola1] and different noise
parameters are shown in Fig.4. In addition, the ranges of Dy corresponding to different c,
B, d, and o are presented in Table 2, respectively. In Fig.4(a), Dy decreases first and then
increases with increasing «, and it is larger especially when « is close to 2. Furthermore, as
shown in Figs. 4(b)—4(d), the range of Dy decreases with decreasing  or increasing d and o.
Obviously, all results here are different from the results in Fig. 2.

In fact, these differences appear because there is a sub-desirable state between the desirable
state and the undesirable state. From the energy landscape, a potential well is added between
the two potential wells, as shown in Fig.5. This means that a particle needs to cross two
barriers to escape from the desirable state to the undesirable state. When « is smaller and
very close to 1, large jumps in the Lévy noise can directly induce a particle to escape to the
undesirable state. When a continues to increase, such as v = 1.5, the jumps in the Lévy noise
cannot directly induce the particle to escape to the undesirable state, while they can induce it
to switch between the desirable state and the sub-desirable state. In this case, only the particle
stays in the sub-desirable state, namely, it does not go back to the ideal state. Hence, the
probability that it escapes to the undesirable state in the next step will increase. Although the
decrease of 8 or increase of d and ¢ can promote the switching of the particles between the
desirable state and the sub-desirable state, it is not sufficient to cause the particles to escape to
the undesirable state. On the contrary, the changes of these parameters increase the likelihood
that the particles return to the desirable state, and reduce the probability that the particles
escape to the undesirable state, as shown in Figs. 4(b)-4(d). When « is further increased to
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—-——a=101 -——=B=0
a=15

—B=-05

x
(© (C))
Fig. 4 P(x) and the corresponding D> (bar-type) for ¢ = —1.26 and different parameters of the
Lévy noise: (a) 3 =—-1,0=0.8,d=0.1; (b) a=1.5,0=08,d=0.1; (c) a =15, f = —1,
0c=038; (d) a=1.5,8=—-1,d=0.1 (color online)

Table 2 The ranges of D2 under different «, 3, d, and o

I3 « /6
1.01 15 1.99 —1 —0.5 0
~1.26  [0.576,0.701]  [0.576, 0.678]  [0.576, 1.430] [0.576, 0.678]  [0.576, 0.754]  [0.576, 0.951]
d o
© 0.1 0.4 0.7 0.2 0.5 0.8
~1.26  [0.576, 0.678]  [0.576, 0.888]  [0.576, 1.046] [0.576, 0.895]  [0.576, 0.739]  [0.576, 0.678]

be close to 2, the jumps in the Lévy noise gradually decrease. Once a particle escapes to the
sub-desirable state, in this case, it becomes difficult to return to the desirable state, which
in turn increases the possibility that the particle escapes to the non-ideal state, as shown in
Fig.4(a). As stated above, small perturbations benefit more from the intermediate potential
function (the sub-desirable state), while large jumps benefit less!*!.
4.3 Absorbed region within [zy2, 2] under a fixed € €(ero1d1, EFold 3)

For CT 3, the given line in the zP;(x)-plane is

1 52
Ys (LIJ) = T+ ’
Ty2 — IsS2 Trs2 — Tu2
and it is a line connecting (zy2,1) and (zg2,0). Then, an approximate definition of the absorbed
region within [zy2, zg2] is given as follows.



Quantifying the parameter dependent basin of the unsafe regime 79

3

Fig. 5 The general form of the the potential function U(x) of the system (1) with € € [erold 2, EFold 1]

Definition 3 Fore € (epoid 1, Erold ), suppose that a tagged partition of [xy2, xs2] is a finite
sequence Ty = xo < T1 < o+ < Tpy—1 < Ty = xg2. The set [zyo, Tar—i],Tue < Ta—k <
xg2,k=0,1,--- . M — 1 satisfying

Py (xpr—g—1) — Ps (xp—r) < 1

TM—k—1 — TM—k

= 2 (2p2 — z52)

is defined as the absorbed region D3 of [xy2,xs2] under the Lévy noise.
Based on Definition 3, P3(x) and D3 for ¢ = —0.66 € (eFold1,EFold3] and different noise
parameters are shown in Fig.6. In addition, the ranges of D3 corresponding to different «,
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P;(z) and the corresponding Ds (bar-type) for e = 0.66 and different parameters of the Lévy

noise: (a) 8 =—-1,0=0.8,d=0.1; (b) a =15 0=08,d=0.1; (¢c) a =15, g =—1,
0 =0.8; (d) a=1.5, 8= —-1,d=0.1 (color online)
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B, d, and o are presented in Table 3, respectively. The results show that the whole [zy2, zs2]
becomes D3 for different «, §, and d, as shown in Figs.6(a)-6(c). Furthermore, the whole
[xU2, zs2] also becomes D3 when o is larger, while a part of it becomes D3 when o = 0,2, as
shown in Fig. 6(d). It indicates that the intensity of Lévy noise plays a key role in the occurrence
of CT 3. Although Lévy-noise-induced CT 1 and CT 3 have similar escape problems between
two adjacent intervals, CT 3 is more likely to occur because the stability of the current state
of the system (1) with € € (epold1, EFolas] is weaker than the undesirable state.

Table 3 The ranges of D3 under different «, (3, d, and o
a B
1.01 1.5 1.99 —1 —0.5 0
0.66 [—0.953,—0.176] [—0.953, —0.176] [—0.953, —0.176] [—0.953, —0.176] [—0.953,—0.176] [—0.953, —0.176]

d o
0.1 0.4 0.7 0.2 0.5 0.8

0.66 [—0.953,—0.176] [—0.953, —0.176] [—0.953, —0.176] [—0.953, —0.555] [—0.953, —0.176] [—0.953, —0.176]

£

Although the part of [xy2, xs1], [tu1, Ts1] or [zye, zs2] that may be absorbed into [z g3, zy2]
can be quantified, we do not know how large the range of D; (i = 1,2, 3) is, and the correspond-
ing asymmetric Lévy-noise-induced CT 1, CT 2 or CT 3 may occur.

5 PDBUR

Supposing that p is a measurement of the length of an interval, a natural question is how
large pu(D1)/u([zve, zs1]), u(D2)/p([xu1, xs1]), or u(Ds)/p([xu2, xs2]) is for asymmetric Lévy-
noise-induced CT 1, CT 2, or CT 3 to occur. This question will be answered here.

51 PDBUR of CT 1

Definition 4 For D; and [ry2,xs1] under € € (epoida, EFoid2), the set of € satisfying

pr 2 PO 505 s defined as the PDBUR Ui(e) of CT 1 under the Lévy noise.

w(lruz,zs1])

Based on Definition 4, Fig.7 shows the space diagrams of U (g) of CT 1 corresponding to
different parameters of Lévy noise. It is found that, the closer ¢ is to Fold 2, the larger the
range of Uy (g) is, which means that CT 1 is more likely to occur. Furthermore, the smaller a,
the smaller 3, and the larger o, which are related to the amplitude or the number of the large
jumps, can increase the possibility of CT 1 taking place, as shown in Figs. 7(a), 7(b), and 7(d).
While d, which describes the intensity of Gaussian, has almost no effect on Uy (g), as shown in
Fig. 7(c). Anyway, once ¢ and the noise parameters belong to Ui (g), there is a high possibility
that CT 1 is impending.

5.2 PDBUR of CT 2

Definition 5 For Dy and [ry1,xs1] under € € (€pold2,Erold1], the set of € satisfying

o = #Dz2) 505 s defined as the PDBUR Us(e) of CT 2 under the Lévy noise.

w([zu1,zs1])
Based on Definition 5, uz and Us(e) corresponding to asymmetric Lévy-noise-induced

CT 2 are shown in Fig.8. Similarly, CT 2 is more likely to occur when the system (1) is
close to Fold 1. Compared with Uj(e) in Fig.7 above or Us(e) in Fig.9 below, however, the
range of Us(g) is very small, especially for 8 and o that are related to the amplitude or the
number of the large jumps. On the contrary, the range of Us(e) is larger when « is close to 2,
namely, there are few jumps in the Lévy noise. Moreover, larger d describing the intensity of
the Gaussian also increases the possibility of CT 2 occurring. All results indicate that small
perturbations in the Lévy noise are conducive to the occurrence of a CT between non-adjacent
states.
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Fig. 7 PDBUR of the asymmetric Lévy-noise-induced CT 1, where the inserted plane represents
1 = 0.5: (a) Ui(e) under € versus «; (b) Ui(e) under € versus 3; (¢) Ui(e) under € versus d;
(d) Ui (e) under € versus o (color online)
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Fig. 8 PDBUR of the asymmetric Lévy-noise-induced CT 2, where the inserted plane represents
p2 = 0.5: (a) Uz(e) under € versus «; (b) Uz(e) under € versus 3; (c) Uz(e) under € versus d;
(d) Uz(e) under € versus o (color online)

Because Vg, < 1, Us(e) is different from the PDBUR of CT 1 or CT 3. It does not mean that
CT 2 must occur in its region, while it can show that « € [zy1, 2s1] under € € [epola2, EFola1] has
a high probability of escaping to the undesirable state relative to the boundary condition V.
However, the quantization of the PDBUR, of CT 2 can guide us in preventing a catastrophic
CT.

5.3 PDBUR of CT 3
Definition 6 For D3 and [zys,zs2] under € € [eFoid1,EFolds], the set of € satisfying

pg = u([ﬁéii)sz]) > 0.5 is defined as the PDBUR Us(e) of CT 3 under the Lévy noise.

Based on Definition 6, the space diagrams of Us(e) of asymmetric Lévy-noise-induced CT 3
are shown in Fig. 9. Obviously, all the regions of € versus «, € versus 3, € versus d, and € versus
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Fig. 9 PDBUR of the asymmetric Lévy-noise-induced CT 3, where the inserted plane represents
us = 0.5: (a) Us(e) under € versus «; (b) Us(e) under € versus 3; (c) Us(e) under € versus d;
(d) Us(e) under € versus o (color online)

o become Us(e) under the given set of basic parameter values. This means that the Lévy noise
can easily induce CT 3 to occur in € € (€pold 1, EFold 3). Moreover, our results show that pg is less
than 1 when o is small, that is, [xy2, 2g2] does not all become the absorbed region. Therefore,
o plays an important role in this case. Our goal is to avoid € and the noise parameters entering
Us(e) in practical systems.

6 Conclusions

In this paper, we have focused on an asymmetric Lévy-noise-induced tri-stable model as a
concrete example to quantify the ranges of the parameters where CTs from the desirable state
directly to the undesirable state may occur. Based on the escape probability, the absorbed
regions that the current state of the given model is absorbed into the undesirable state corre-
sponding to CT 1, CT 2, and CT 3 are first defined. Then, the concept of the PDBUR, under
the asymmetric Lévy noise is introduced. Once the control parameter and the noise parameters
enter the PDBUR of CT 1, CT 2, or CT 3, there is a high possibility that a catastrophic CT
is impending. Now, some managements should be adopted to avert it.

However, in the definitions of the absorbed region and the PDBUR, the scale factor is taken
as 1/2. More accurate results may be realized in terms of other values, which need to be further
explored and developed. Moreover, we take a« = 1.5, 8 = —1, 0 = 0.8, and d = 0.1 as a set of
basic parameter values in the calculation. Figures 6 and 9 have shown that the current state
of the given model is not all absorbed into the undesirable state when o is smaller, such as
o = 0.2. Therefore, more interesting phenomena may be obtained for other basic parameter
values. Our method may be regarded as a complement to existing early warning indicators,
and more general methods need to be established.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International
License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link
to the Creative Commons licence, and indicate if changes were made. To view a copy of this licence,
visit http://creativecommons.org/licenses/by/4.0/.
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