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Abstract The excitation of magnetosonic waves in the meridian plane of a rescaled dipole magnetic
field is investigated, for the first time, using a general curvilinear particle-in-cell simulation. Our simulation
demonstrates that the magnetosonic waves are excited near the equatorial plane by tenuous ring
distribution protons. The waves propagate nearly perpendicularly to the background magnetic field along
both radially inward and outward directions. Different speeds of inward and outward propagation result
in the asymmetrical distribution about the source region. The waves are accompanied by energization of
both cool protons and electrons near the wave source region. The cool protons are heated perpendicularly,
while the cool electrons can be heated in the parallel direction and also experience enhanced perpendicular
drift at the presence of intense wave power. The implications of simulation results to the observations of
magnetosonic waves and related particle heating in the inner magnetosphere are also discussed.

Plain Language Summary The Earth’s radiation belt is a natural space environment consisting
of relativistic electrons trapped in geospace. It exhibits great variability due to solar activities and poses a
great threat to spacecraft orbiting in the regions and to astronauts. The primary physical process involved
for radiation belt variability is through interaction with electromagnetic waves. Magnetosonic waves are
one of the important waves that are capable of electron scattering, the efficiency of which depends on
the wave detailed properties. Previous simulation has investigated the wave excitation in a homogeneous
plasma. Here we present for the first time a 2-D particle-in-cell simulation to understand magnetosonic wave
excitation and propagation in an inhomogeneous dipole magnetic field. The simulation results not only
illustrate the wave temporal evolution and spatial distribution, both in radial and latitudinal distribution,
but also reveal their effects on thermal electron and proton heating. These results are ready for verification
against wave and particle measurement from the ongoing magnetospheric missions such as Van Allen
Probes.

1. Introduction
Equatorial magnetosonic waves are usually observed around the Earth’s magnetic equator within 2 < L < 8
(Boardsen et al., 2014; Gurnett, 1976; Russell et al., 1970; Santolík et al., 2002; Tsurutani et al., 2014). These
electromagnetic emissions, which propagate nearly perpendicularly to the background magnetic field, typi-
cally exhibit a series of harmonics of the proton gyrofrequency up to the lower hybrid frequency (e.g., Balikhin
et al., 2015). The waves are receiving more and more attention because of their potential roles in both acceler-
ating and scattering relativistic electrons in the radiation belt through Landau resonance (Horne et al., 2007;
Li et al., 2014, 2016), transit time effects (Bortnik & Thorne, 2010; Bortnik et al., 2015), and bounce resonance
(Chen et al., 2015; Li et al., 2015; Tao & Li, 2016). Magnetosonic waves in the inner magnetosphere are also
known as equatorial noises and ion Bernstein modes, and we refer to them as magnetosonic waves hereafter.

Satellite observations (Boardsen et al., 1992; Ma et al., 2014; Meredith et al., 2008; Min et al., 2018; Perraut et al.,
1982) have shown a close relation between the excitation of magnetosonic waves and a ring-like (or partial
shell) distribution of tenuous energetic protons, and theoretical calculations (Chen, 2015; Chen, Thorne, Jor-
danova, & Horne, 2010; Curtis & Wu, 1979; Gul’elmi et al., 1975; McClements et al., 1994; Min & Liu, 2016; Sun,
Gao, Chen, et al., 2016; Yuan et al., 2017) have verified that a proton ring distribution with the ring velocity
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Figure 1. (a) The simulation domain shaded in black in Cartesian (x, z) coordinates on the meridian plane normalized by
electron gyroradius 𝜌e . The black lines represent the magnetic field lines. (b) The initial number density of ring
distribution protons npr∕ne0 inside the simulation domain.

VR comparable to the Alfven speed VA provides free energy to excite magnetosonic waves. The excitation
of magnetosonic waves by a proton ring distribution in a uniform magnetized plasma has been thoroughly
studied using 1-D particle-in-cell (PIC) simulations (Chen et al., 2016; Liu et al., 2011; Sun, Gao, Lu, et al.,
2016). The PIC simulations (e.g., Chen et al., 2016) show that the wave spectrum of the excited magnetosonic
waves may change from discrete bands to continuous bands with the decrease of the wave normal angle or
when the growth rate is sufficiently large. Recent 1-D PIC simulation (Sun et al., 2017) demonstrates that cool
protons and cool electrons can be significantly heated by the magnetosonic waves. However, all these PIC
simulations were performed in a homogeneous plasma, and the self-consistent excitation and propagation
characteristics of equatorial magnetosonic waves remains unknown in an inhomogeneous dipole magnetic
field, which is critical in understanding their roles in scattering relativistic electrons. In this letter, we first
describe a two-dimensional (2-D) general curvilinear PIC simulation in the dipole field in section 2 and then
present simulation results in section 3, followed by conclusions and discussion in section 4.

2. Two-Dimensional PIC Simulation Model
A 2-D general curvilinear PIC simulation model is used to study the excitation of magnetosonic waves in a
dipole field. The general curvilinear PIC simulation model has been used to successfully reproduce chorus
emissions in a 2-D mirror field (Ke et al., 2017), where only electron particles are considered. This model has
been extended to use a dipole field and to include multiple species. In the modified PIC simulation, both ions
and electrons are treated as particles, and the electromagnetic fields are defined on the 2-D grids. The 2-D
simulations are run using a grid based on a modified dipole coordinate system in which the first coordinate r
in the meridional plane denotes L shell in the dipole field, the second coordinate q varies along a dipole mag-
netic field, and the third coordinate s is pointed azimuthally. The coordinate q is determined by the following
equation:

12q3 + q =
L2

0 sin 𝜆

R
, (1)

where R is the distance from the Earth in units of Earth radii, 𝜆 is the magnetic latitude, and L0 is the center L
shell of interest; q = 0 corresponds to the magnetic equator. In the simulation, both electromagnetic fields
and particle velocities retain the third component along the azimuthal direction s. The computational domain
chosen is illustrated by the black area of Figure 1a in the Cartesian (x, z) coordinates in the meridian plane.
The simulation domain consists of a 1,024 by 1,024 grid of evenly distributed bins in the ranges [0.8, 1.2]
and [−0.15, 0.15] directions in the r and q directions, respectively. The value of q = 0.15 for the center L0

corresponds to 𝜆 ≈ 10∘. The r range is centered at L0 = 1 in our simulation, whose spatial inhomogeneity
is 4–6 times larger than that of the realistic inner magnetosphere. In this way, we can save computational
time by scaling down the simulation domain (using the dipole field line configuration centered at L0 = 1 but
with magnetic field strength there reduced to that for L = 5 at the equator of the realistic dipole) and reduce
artificial electron heating, which requires that the grid size should be comparable to, if not smaller than, the
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Figure 2. The spatial distribution of the radial component of fluctuating electric fields, Er∕cB0 at (a) Ωp0t = 0,
(b) Ωp0t = 20, (c) Ωp0t = 40, and (d) Ωp0t = 70. The three solid lines in each panel are selected field lines for reference
purpose.

electron Debye length. The purpose of the current study is to investigate the excitation and propagation

of magnetosonic waves in an inhomogeneous dipole field rather than a direct comparison against actual

observation in the magnetosphere.

For initial condition, the plasma consists of three components: a Maxwellian distribution of cool electrons and

protons, respectively, and a tenuous (and gyrotropic) ring distribution of protons. Hereafter, subscripts e, pc,

and pr represent cool electrons, cool protons, and ring distribution protons, respectively. The cool electrons

are initialized to have uniformly distributed number density ne0 and thermal speed we. The ring distribution

protons, as the free energy for magnetosonic waves, are distributed locally with number density npr peaking

near the equator of the domain center L0 and described below. The cool protons are assumed to have uni-

formly distributed temperature equal to cool electron temperature and number density npc = ne −npr for the

sake of charge neutrality.

In our simulations, the magnetic field and number densities are normalized by the dipole magnetic field B0

and electron density ne0 at the equatorial location of the center field line, that is, (r, q) = (L0, 0). The time and

space are normalized to the inverse of electron gyrofrequency Ω−1
e0 and the electron gyroradius 𝜌e0 = we∕Ωe0

(where we is the thermal speed of the cool electrons) at that location, respectively. The time step Δt is set

as Ωe0Δt = 0.05. For reducing computational cost, the mass ratio of proton to electron is reduced such that

mp∕me = 100, and the speed of light is also reduced to be c = 20VA0, where VA0 = B0∕
√
𝜇0ne0mp is the Alfven

speed at the central location of the simulation region. For the chosen values of mp∕me and c∕VA0, the proton

gyrofrequency Ωp0 = 0.01Ωe0 and electron plasma frequency 𝜔pe = 200Ωp0. The effects of using artificially

lower values of c and mp∕me, which have been investigated thoroughly in Sun, Gao, Chen, et al. (2016) and

Sun, Gao, Lu, et al. (2016), reduce the lower hybrid resonance frequency (𝜔LHR = Ωp(me∕mp + (VA∕c)2)−1∕2)

and thus tend to scale down the number of ion gyrofrequency harmonics excited as 𝜔LHR is scaled down.
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Figure 3. (a) The power spectrum density of the simulated radial
component of fluctuating electric fields Er∕cB0 at the central position
(r, q) = (L0, 0) over the time interval from Ωp0t = 0 to 60. (b) The normalized
linear growth rate 𝛾∕Ωp0 versus the normalized wave frequency 𝜔∕Ωp0,
obtained from linear theory using the same parameters as the simulation.

The localized distribution of ring proton velocities at the equator adopts
the following form:

fpr(vpr||, vpr,⟂) =
npr,eq(r)

(2𝜋)3∕2w3
pr

exp(−
(vpr⟂ − VR)2

2w2
pr

) exp(−
v2

pr||
2w2

pr

), (2)

where vpr|| and vpr⟂ are velocities parallel and perpendicular to the dipole
magnetic field, wpr is the thermal speed of the ring distribution, VR is the
proton ring velocity, and npr,eq is the number density of the ring distribu-
tion proton at the equator. The equatorial distribution, npr,eq(r), adopts the
form of

npr,eq = npr0

− tanh( r−L0−l

𝛿
) + tanh( r−L0+l

𝛿
)

− tanh( −l
𝛿
) + tanh( +l

𝛿
)

, (3)

where l = ΔL∕30 and 𝛿 = ΔL∕80. ΔL denotes the radial width of proton
ring density distribution. The ring proton number density at the central
position (r, q) = (L0, 0) npr0 = 0.05ne0. The proton ring velocity is initial-
ized as VR = VA, and the thermal speed of ring distribution protons is
wpr = 0.1VA. The distribution function of the ring protons off the equato-
rial region can be obtained based on the Liouville’s theorem, that is, phase
space density is conserved along the particle bounce motion (constant
energy and constant magnetic moment). Figure 1b shows the normalized
number density of ring distribution protons npr∕ne0 in the computation
domain at the initial time. The ring distribution protons are concentrated
around (r, q) = (L0, 0), where L0 = 1 for the computational limitation
mentioned above. The thermal speed of cool electrons is we = 0.08VA,
and the initial electron plasma beta at the position (r, q) = (L0, 0) is 𝛽e =
1.32 × 10−4. When translated to the physical setup, the central field line
corresponds to L = 5 (except the field line configuration) and B0 = 248 nT,
ne0 = 10 cm−3, VA0 = 1.7×106 m/s, cold electron and proton temperature
is 1 eV, 𝜌e0 = 58 m, Ωe0 = 2.4 × 103 rad/s, and Ωp0 = 24 rad/s.

For the simulation setup above, the grid size in the Cartesian (x, z) plane
Δx ≈ Δz = 2.2 − 5.2𝜌e. Every cell has on average 100 macroparticles,
whose initial positions are randomly assigned within the cell, for each of
the three species. The absorbing boundary conditions for electromagnetic
fields are used in both the r and q directions, and reflecting boundary
conditions are assumed for particles.

3. Simulation Results
With the general curvilinear 2-D PIC simulation model and the simulation setup described above, we
present the excitation of magnetosonic waves by ring distribution protons in the dipole magnetic field.
For the purpose of illustration, t is normalized by Ω−1

p0 , electric field E is normalized by cB0, and the wave
frequency 𝜔 is normalized by Ωp0.

Figure 2 shows the spatial distribution of the radial electric field component Er∕cB0 at Ωp0t = 0, 20, 40, and
70. This electric field component is dominant over the other two components. Waves are excited inside the
source region of ring distribution protons near Ωp0t = 20 (Figure 2b), with wave intensity concentrated near
the equator and nearly constant wave phase fronts along the field lines, implying that exact perpendicular
direction of wave number is dominant. Asymmetry in wave power about the equator is also seen, due to
random velocity initialization of the prescribed proton ring distribution. It is interesting to note that the wave
field does not present sinusoidal variation along the field line. Instead, the wave field simply decays away
from the equator. The lack of the wave cycle along the field line direction has been shown to cause transit
time scattering (Bortnik & Thorne, 2010) as electrons pass through the edge of equatorially confined wave
field during their bounce motions. As time increases, the fluctuating electric fields are able to propagate
both inward and outward radially (Figure 2c), allowing the presence of wave intensity beyond the localized
proton ring source region. The amplitude of the fluctuating electric fields reaches the maximum at about
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Figure 4. The temporal evolution of (a) the radial component of fluctuating
electric fields Er∕cB0 and (b) the plasma beta of ring distribution protons at
the equator as a function of radial distance. (c) The 2-D spatial distribution
of the proton ring plasma beta at the end of the simulation t = 70Ω−1

p0 .

Ωp0t = 40, and then begins to decrease due to the relaxation of
the unstable proton ring and the damping by the background plasma
(shown later).

To further confirm that the excited fluctuations are magnetosonic waves,
we also diagnose the fluctuating magnetic fields. The fluctuating mag-
netic field in the q direction (the field line direction) is much larger than
in the s direction (azimuthal direction) and the r direction (radial direc-
tion). In other words, the waves possess compressional magnetic field and
a nearly linear polarization, which is consistent with the magnetosonic
waves excited by ring distribution protons in a homogeneous plasma
(Chen et al., 2016; Liu et al., 2011, Sun, Gao, Lu, et al., 2016). To verify this, we
compare the simulation results against the linear theory. Figure 3a shows
the wave spectrum of the radial component of fluctuating electric fields
(Er∕cB0)2

w at the central position (r, q) = (L0, 0), which is calculated by
Fourier transforming of time series of fluctuating electric fields Er∕cB0 over
the time interval from Ωp0t = 0 to 60. Figure 3b shows the linear growth
rate 𝛾∕Ωp0 of the perpendicular propagating magnetosonic waves versus
the wave frequency 𝜔∕Ωp0, calculated using the initial plasma parameters
at the same location and using the same choice of the mp∕me ratio and
the c value. The frequency range of intense wave power spectrum den-
sity (Er∕cB0)2

w in our simulations, 4–9 Ωp0, agrees well with that of positive
growth rate predicted by the linear theory. Both also consistently present
the same frequency peak at 𝜔∕Ωp0 = 7. The magnitude of linear growth
rate (∼ 0.5Ωp0) is also comparable to the growth rate (∼ 0.3Ωp0) estimated
from examining the temporal profile of the radial electric field component
(Er∕cB0)2 during the wave growth phase 0−30Ω−1

p0 (Figure 4a). One discrep-
ancy is the presence of a weak second harmonic in the simulation, which
is not unstable according to the linear theory. The formation of the rela-
tively weak second harmonics may be caused by the nonlinear wave-wave
coupling (Chen et al., 2016; Gao et al., 2018). Based on the diagnosis of
wave properties and the comparison with the linear theory, it is safe to
conclude that the excited fluctuating electromagnetic fields in our simula-
tions are indeed magnetosonic wave mode generated by the proton ring
distribution. We also note that wave spectra do not necessarily peak at the
harmonics of local proton gyrofrequency, for example, at 5 and 8 Ωp0, due
to wave propagation effect, which is consistent with the finding of Shklyar
and Balikhin (2017).

Since the waves are confined near the equator, we examine the evolu-
tion of particles and waves at the equator. Figure 4a shows the evolu-
tion of the radial component of fluctuating electric fields Er∕cB0 at the
equator (q = 0). Figure 4b shows corresponding temporal evolution of
the plasma beta of ring distribution protons 𝛽pr = 2𝜇0nprTpr∕B2

0 at the
equator, which represents the energy density of ring distribution pro-
tons. The temperature Tpr of ring distribution protons in every grid cell is
calculated by

Tpr = mp

⟨(
vpr −

⟨
vpr

⟩)
⋅
(

vpr −
⟨

vpr

⟩)⟩
,

where the angle brackets denote an average over particles of a given
species inside a cell. One can see that as the magnetosonic waves are

excited, the plasma beta of the ring distribution protons tends to decrease (Figure 4a) and become extended
in the radial direction at the end of the simulation t = 70Ω−1

p0 (Figure 4c). The apparent periodic oscillation
of the plasma beta at the proton cyclotron period arises due to the inhomogeneity nature of the radially
localized distribution of the proton ring. The excited waves are able to propagate away from the source
region both radially inward and outward (Figure 4a). One can see that the waves inside the excitation region
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Figure 5. The temporal evolution of (a) the perpendicular kinetic energy of cool protons, (c) the parallel kinetic energy
of cool protons, (b) the perpendicular kinetic energy of cool electrons, and (d) the parallel kinetic energy of cool
electrons at the equator. Also shown are the 2-D spatial distribution at the end of the simulation t = 70Ω−1

p0 of the
perpendicular kinetic energy of cool protons (e) and the parallel kinetic energy of cool electrons (f ).

propagate bidirectionally, while once away from the source region, the waves propagate unidirection-

ally, either inward or outward depending on the sides of the source region. Also, the inward propagation

speed is larger than that toward the outward propagation speed (because of the greater magnetic field

strength), leading to the asymmetric distribution of the magnetosonic wave intensity between two sides of

the source region. Typically, waves propagate over a radial distance of ∼ 0.1 × 105𝜌e on a timescale of 10Ω−1
p0

(Figure 4a), equivalent to group speed at 0.8 VA0. Such estimate is also consistent with propagation speed of

magnetosonic waves.

Finally, we examine temporal and spatial evolution of kinetic energy distribution (Figure 5) for different species

at the equator (q = 0), the perpendicular kinetic energy of cool protons (Figure 5a), the parallel kinetic energy

of cool protons (Figure 5c), the perpendicular kinetic energy of cool electrons (Figure 5b), and the parallel

kinetic energy of cool electrons (Figure 5d), all of which are normalized by the initial electron energy Ee0 =
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mew2
e . The perpendicular and parallel temperature of species j (cool electrons or cool protons) is calculated as

Tj⟂ = mj

⟨(
vj⟂ −

⟨
vj⟂

⟩)
⋅
(

vj⟂ −
⟨

vj⟂
⟩)⟩

and

Tj‖ = mj

⟨
(vj‖ −

⟨
vj‖

⟩
) ⋅ (vj‖ −

⟨
vj‖

⟩
)
⟩
,

where the angle brackets denote an average over particles of species j inside a cell. Both the cool protons and
electrons can be energized but with different preferential directions. For cool protons, the energization only
occurs in the perpendicular direction with little energization in the parallel direction. The perpendicular heat-
ing of cool protons is due to harmonic cyclotron resonance. On the other hand, these cool electrons can be
efficiently heated in the parallel direction, possibly due to the phase mixing of dispersive magnetosonic waves
(Sun et al., 2017), and the apparent perpendicular energization is associated with electron perpendicular E×B
drift due to wave electric field. As the waves are strongest near Ωp0t = 40, electron perpendicular kinetic
energy reaches the maximum, while as the waves decay later, the perpendicular energy vanishes because of
weakening E × B drift. The energization characteristics found in our 2-D simulation of the cool protons and
electrons are consistent with previous 1-D simulation in a homogeneous plasma (Sun et al., 2017), which offers
detailed diagnosis and detailed explanation. One noteworthy point in our 2-D simulation is that cool electron
and proton energization is more efficient near the source region than outside the source region (Figures 5e
and 5f), because of the greater wave intensity inside. This may serve as additional signatures useful for deter-
mining whether the waves are in the source region or not in the real observation such as Van Allen Probes.
Although plasma beta oscillates at the frequency of 1Ωp due to the inhomogeneity of proton ring radial dis-
tribution as mentioned above, we did not observe significant power spectral density near 1Ωp (Figure 3a), or
electrostatic Langmuir waves in the simulation, which could otherwise be another potential source of the cool
particle heating. In addition, good agreement is demonstrated between the linear theory and the simulation
for both aspects of wave spectra (Figure 3) and wave growth rate (as discussed above), which also suggests a
limited role of plasma beta oscillation in the simulation of magnetosonic waves of interest.

4. Conclusions and Discussion
In this letter, we present for the first time a 2-D general curvilinear PIC simulation of the excitation of mag-
netosonic waves in a dipole magnetic field and in the plasma consisting of three components: cool electrons
and protons and tenuous ring distribution protons. Our principal conclusions are summarized as follows:

• The magnetosonic waves are excited inside the source region of the proton ring distribution. They are con-
fined near the equator, with wave phase front aligned with the field line and wave intensity decaying away
from the equator.

• The waves propagate perpendicularly, with bidirectional (inward and outward) propagation inside the
source region and with a single propagation direction outside the source region. The simulated wave fields
show asymmetry between the inner and outer sides of the source region because of different magnetic field
strength and thus different propagation speeds.

• Excited magnetosonic waves lead to perpendicular heating of the cool protons and parallel heating of cool
electrons. The heating due to magnetosonic waves is most efficient inside the source region.

The computational cost limits us to consider the PIC simulation with less realistic parameters, for instance,
the choice of L0 = 1, the smaller ratio mp∕me, and the smaller speed of light c than the actual value. Several
improvements, such as using more realistic parameters and minimizing oscillation of localized plasma beta,
are left as future work. Despite these, we aim at understanding general characteristics of magnetosonic waves
excitation in the inhomogeneous plasma. We also present careful analysis to make sure the conclusions we
obtain above are sound in physics. The current simulation enables us to learn much more from the 2-D simu-
lation in the inhomogeneous plasma, which self-consistently deals with wave excitation, wave propagation,
and plasma heating, than from the 1-D simulation in a homogeneous plasma. It is interesting to note that
plasma density variation plays a significant role in affecting both radial propagation (e.g., Liu et al., 2018) and
characteristics of wave growth and damping (e.g., Chen, Thorne, Jordanova, Wang, et al., 2010; Yuan et al.,
2017). Self-consistent simulation of the plasma density variation effects will be performed in future work.
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