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Abstract. The quality of the predictionof the dynamical
systemevolutionis determinedy theaccurag to whichini-
tial conditionsandforcing areknown. Availability of future
obsenationspermitsreducingthe effectsof errorsin assess-
mentthe externalmodel parameterdy meansof a filtering
algorithm.However, traditionalfiltering schemeslo nottake
into accountuncertaintiesn specifyingthe internal model
parameterandthus cannotreducetheir contribution to the
forecasterrors. An extensionof the Sequentialmportance
Resamplindfilter (SIR) is proposedo this aim. The filter
is verified againsthe Ensembleékalmanfiler (EnKF)in ap-
plication to the stochastid_orenz system. It is showvn that
the SIR is capableto estimatethe systemparameterandto
predictsthe evolution of the systemwith aremarkablhybetter
accurag thanthe EnKFE This highlightsa seseredravback
of ary Kalmanfiltering scheme:dueto utilizing only first
two statisticalmomentsin the analysisstepit is unableto
dealwith probability densityfunctionsbadly approximated
by the normaldistribution.

1 Intr oduction

Our ability to predictthe stateof the atmosphereand the
ocearhighly depend®ntheaccurag to whichinitial condi-
tionsandforcing functionsareknown. Variousdataassim-
ilation techniqueshave beendevelopedto constrainmodels
with obsenationsin orderto reducethe influenceof uncer
taintiesin theseexternal model parameter®n the forecast
skill. In parallelwith the forecasterrorsof this type, there
arethosecausedyy uncertaintiesn internalmodelparame-
ters. The so-calledadjoint methodborrovedfrom the engi-
neeringoptimal control literatureprovidesatool to tunethe
modelto availabledataby adjustingthosemodelparameters.
However, this methodinvolvesanassumptiothatthemodel
structurds perfectwhichis too restrictve for oceanographic
and meteorologicahpplications. Accountingfor modeler
rors in the parameterestimationproblem dramaticallyin-
creaseshe dimensionof the control spaceandis affordable
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only for low dimensionalmodels(ten Brummelhuiset al.,
1993;EknesandEvensen1997,Gongetal., 1998).

Commonly the physicalmodelis calibratedinitially to
chosesomée'optimal” valuesof theexternalparametersThen
aschemeof theKalmanfiltering is appliedfor correctingthe
predictionwith availabledata. At this stage the modelpa-
rametersareassumedo be known precisely However, ne-
glectinguncertaintie®f thiskind leadsto overestimatinghe
forecastskill. As aresult,the datamake a lessercontritu-
tion to the analyzedsystemstateand the true trajectoryof
thesystemcanbequickly lost.

Sinceonly sequentiatiataassimilatioris andwill bein the
nearerfuture affordablefor treatinghigh dimensionalran-
sientproblems,A questionarisesof whetherit is possible
to optimize the internal model parametersn sequentially
Thoughthey arenotdynamicalvariableswe caneasilyaug-
mentthe original dynamicalsystem

dx

E_M(tamax)7 (1)
by theequation

dm

e 0. (2)

Filtering the extendeddynamicalsystem(1), (2) is a chal-
lengingtask. At first, the systembecomesonlineareven
if the original system(1) waslinear At secondthe model
parametersn cannottake arbitrary valuesand usually are
boundedelown by 0. Consequentlyary probabilitydistribu-
tion expressinguncertaintiesn theparametespacds essen-
tially non-Gaussiaandeventhe Gaussiamistributionis not
absolutelycontinuouswith respectto it. Thus, the system
(1), (2) providesa very sensitve testfor evaluatingof how
afiltering schemedealswith nonlinearityandwith distribu-
tionsbadlyapproximatedby thenormalone.

The aim of this paperis twofold. The first objective is
to demonstratéhat sequentiatuning of the internalparam-
etersis allowable by meansof Monte Carlo methodswith
no additionalcomputationatost. The othergoalis to shav
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thataccountingor thewholeerror statisticdeadsto notably
betterforecast. Particle filters provide a tool for that. They
areintroducedin Sect. 2. Sect. 3 containsan exampleof
filtering the Lorenz systemwith the well-known Ensemble
Kalmanfilter (EnKF) andwith the so-calledSequentialm-
portanceResamplindfilter (SIR). An extensionof the SIR
to sequentiabptimizationof themodelparameterandcom-
parisonof the SIR with ananalogougxtensionof the EnKF
is presentedn Sect.4. Sect.5 containsconclusions.

2 Particle filters

It is well known, thatthe classicalKalmanfilter (KF) is op-
timal in the senseof minimizing the varianceonly for lin-
ear systemsandthe Gaussiarstatistics. A linearizationof
the error covarianceevolution usedin the ExtendedKalman
filter (EKF) (Jazwinski, 1973)oftenturnsout to be inade-
guate. Unboundedgrowth of the computederror variances
dueto neglectingnonlinearsaturatioreffectscauseghe up-
dateprocedurdo becomeunstablgEvensen 1992). Miller
etal. (1994,1999)shaved poorperformancef the EKF in
applicatiorto theLorenzsystemwhenthedataaretoosparse
ortooinaccurate.

To go aroundthe closureproblemfor the error statistics
propagationEvenser(1994)proposedheEnsembl&alman
filter (EnKF). The heartof the methodis Monte Carlo in-
tegrationof the Fokker-Planck-Kolmogoros (FPK) equation
govering the evolution of the probability density function
(PDF)thatdescribesheforecasterrorstatistics.In theanal-
ysisstep,eachensemblenembelis updatedaccordingo the
traditionalschemeof the KF with the useof the forecastco-
variancematrix derived from the ensemblestatistics. Then,
if the dataarerandomlyperturbedthe updatedensembléas
shavn to have the propermeanandcovariancematrix (Burg-
ersetal., 1998).

However, two potentialproblemsfor the EnKF areworth
to mention.At first, thoughthe EnKF useshefull non-linear
dynamicsto propagatehe forecasterror statisticsjt mimics
thetraditionalKF in theanalysistepandusesonly theGaus-
sianpart of the prior PDE Bennett(1992) pointedout that
"one thing is certain:least-squaresstimationis very ineffi-
cientfor highly intermittentprocesses,. having probability
distributionsnotwell characterizetly meansindvariances”.
At secondtheupdatedensemblg@reseresonly two firstmo-
mentsof theposterior Consequentlytheinitial conditionfor
thefurtherintegrationof the FPK doesnot coincidewith the
posteriorPDEF In the caseof a small systemnoisewhenthe
"dif fusion” of probabilitiesis small comparedwith the "ad-
vection”, thesystemdoesnotforgetits initial statefor along
time and the ensemblebecomeson-representate for the
forecasterrorstatisticsafterfew analysissteps.

Particle filters provide a tool to solve theseproblems.As
the EnKF, they rely on Monte Carlointegrationof the FPK
equation.However, insteadof updatingensemblenembers
in the analysisstepthey updatetheir probabilitiesaccord-
ing to thefitnessto obsenations.Consequentlythey do not

involve any modelreinitializationthat usuallyinjectsimbal-
ancein the modelstateand leadsto a shockin the system
evolution. Another advantageof thesefilters is that they
male useof thefull statisticsof the forecastanddataerrors
andthusaretruly varianceminimizingmethods.

Thebasicalgorithmof the particlefiltering consistof the
following steps:

1. Aninitial ensemble<,,,n = 1,..., N isdravn from a
prior distribution p(x).

2. Eachensemblenembelx ,, evolvesaccordingo thedy-
namicalequations.

3. At t = t; whenthedatad ; becomeavailable,weights
wy (tr) expressing”fitness” of ensemblemembersto
thedataarecomputed

Wn (tk) = wa(tk—1)p(d £ [Xn(tk)) 3)

andnormalizedsothat

N

Here p(d ;|x »(tx)) expresseghe conditionalPDF for
the datad to be obsened whenthe systemstateis
X n(tr) or, in otherwords,describeshe statisticsof the
dataerrors.

4. The final predictionis calculatedas the weighteden-
semblemean.

This schemevascalledasthe directensemblenethodin
van LeeuwenandEvensen(1996). They foundthatthe vast
majority of theensemblenembergjot nggligible weightsaf-
ter few analysisstepsand thusonly a tiny fraction of the
ensemblecontributesto the mean. In this case,to obtaina
reasonabla@pproximationof the posteriorPDF one needed
to useanensemblef about10* membersThis dravbackof
themethods explainedby a Kong-Liu-WongtheoremKong
etal. , 1994)which stateghatthe unconditionalarianceof
theimportanceweightsw,, i.e. with obsenationstreatedas
randomvariablesjncreasedn time. Thus,thealgorithmbe-
comesmoreandmoreunstable.

To go aroundthe degenerayg of the algorithmseveral ap-
proacheshave beenput forward. One of the most popu-
lar schemess the SequentialmportanceResamplindfilter
(SIR) proposediy Rubin (1988)andappliedto filtering the
dynamicalsystemsn Gordonetal. (1993). The basicidea
of the methodis thatthereis no needin computingfurther
evolution of ensemblemembershaving bad fitnessto the
data.lt is achievedby generatinga new ensemblef equally
probablemembersat eachanalysisstepby meansof sam-
pling from the old ensemblewith replacement.Probabili-
ties for the memberdo be sampledat ¢t = ¢, areassigned
to their normalizedweightsw,, (t;) calculatedby (3) with
wp(tr—1) = 1. SmithandGelfand(1992) have proventhat



Table 1. RMS deviation of the filtered solutionswith the fixed modelpa-
rameterdrom thetruetrajectory

Filter EnK SIR EnKF SIR
Ensemblesize 250 250 1000 1000

X 7.4 6.5 6.5 5.8

y 8.9 81 84 7.3

z 8.0 78 7.1 6.6

a discreteapproximationtendsto the posteriorPDF when
the samplesizetendsto infinity. Thisis just oppositeto the
EnKF which doesnot producean approximatiorto the pos-
terior PDFandpreseresonly the meanandthe covariance.

3 Filtering the Lorenzsystem

To comparethe EnKF andthe SIR filter, an identicaltwin
experimentwith the Lorenzsystem

dz
5 = -2,
% = rr—y—zxz, 4

with commonlyusedparametersy = 10,7 = 28, andg =
8/3 wasperformed Eachof Eqns.(4) wereperturbedvith a
white noisehaving variance®.,12.13and12.13correspond-
ingly. Thereferencesolutionfor ¢ € [0,20] wascomputed
startingfrom aninitial conditionobtainedby addinga noise
N(0,2) to thefirst guess

(2o, Yo, z0) = (1.508870, —1.531271,25.46091) .

The obsenationsfor thez— andz— componentsveregen-
eratedat eachdt = 1 by addingthe N(0,2) noiseto the
referencesolution.

Theexperimentdesigris almostidenticalto thatof Evensen
andvanLeeuwen (2000). Themajordifferencesrethedis-
tancebetweerobsenationswhichwasmadetwice largerand
thatonly 2 component®f the modelstatewere obsenrable.
Obsenability of the whole systemstateis the casestand-
ing far away from that we dealwith in meteorologicabnd
oceanographiapplications. In addition, for more pictorial
presentatiorof results,the assimilationperiod was chosen
to be twice shorterthanthatin Evensenandvan Leeuwen
(2000).

Tablel summarizesesultsof experimentamadewith use
of the SIR andEnKF for 250 and1000ensemblenembers.
As it is seen,performanceof the filters improveswith in-
creasingthe ensemblesize. However, this improvementis
lessthan 20% with four-fold increasingthe ensemblesize
andis mostlyachiezeddueto betterrepresentationf system
oscillationsneartheattractomwithin ¢ € [7.5,11.5] (compare
Fig. 1 andFig. 2). This reflectsthe very slow corvergence
of Monte Carlo methodswhich is of the orderof O(N 1),
whereN is theamountof the ensemblenembers.Another
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importantpoint worth to be mentionis thatthe SIR for the
smallerensemblds almostaseffective asthe EnKF for the
largerensemble.

The main problemof the SIR with 250 ensemblemem-
bersis its inability to capturethe true trajectorywithin ¢ €
[7.5,11.5]. The reasonfor this failure is bad scoresof all
ensembleanembersandconsequentlypoorrepresentationf
the forecasterror statistics. This problemfor the SIR is re-
coveredby enlaging the ensemble Onecannoticethatthe
EnKFwith thesmallerensemblaloesa betterjob within this
interval. Seemingly it is a generalpoint. If all ensemble
membergleviate muchfrom the obsenations the EnKF up-
datesthe ensemblérajectoriesandimprovestheir fit to the
data,while the SIR changeghe ensemblerobabilitiesand
do notdo anything with fitnessof theensemblenembers.

Thefilters for thebothensemblesizeslosethetruetrajec-
tory att=3 whenthey assimilatea baddataon the z compo-
nentcomingjustafterthetransitionpoint. Beforethe analy-
sisstep,bothfilters predicta transition,but the datawrongly
tells aboutthe absenceof the transitionpoint. The filters
acceptthis informationanddelaythe transitionfor a while.
Thenthe EnKF predictsthenext dataatt=4 muchbetterthan
the SIR. However, it propagatetheinformationprovidedby
the datato the unobsered y- componentmuchworse. As
a result, the SIR solutionfor ¢ € [4,5] is almostidentical
to thetruetrajectory while the EnKF catchest only att=5.
This situationis a stablefeaturewhich do notdepencbn the
ensemblesize.

Therearetwo moreexamplesof inadequatéransmission
of theinformationprovidedby the dataon z andz to theun-
obsenedy. Let usconsiderthe analysisstepatt=19 for the
smallerensemble.Both filters lost the systemtrajectoryat
aboutt = 18.5. With theanalysisstep,they recover the ob-
senedcomponent®f thesolution.However, the SIR makes
a betterinferenceabouty andis capableto follow the sys-
tem trajectoryfurther while the EnKF losesit immediately
after the analysisstep. The samesituationoccursatt = 7
for thelargerensemblelnspitelargedeviationsbetweerthe
forecastandthe data,the SIR placesthe analysisjust at the
systemntrajectory TheEnKFupdate®nly theobsenedcom-
ponentsn a propermannemwhile they-components pulled
evenin awrongdirection.

Thisdoesnot meanthatthe EnKF makesthe updateof the
unobseredpartof the systemstatealwayswrongly whenit
faceslarge datamisfits. For example,the analysisat t=12
was madeby the EnKF very precisely However, keeping
in mind thatthe EnKF doesnot make useof the whole er
ror statisticsonecanconcludethatthefilter hasproblemsin
transferringthe informationfrom the datato theunobsered
partof thesystemandthey cannoteresohedwith enlaging
theensemblesize.
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Fig. 1. Filteredsolutionsfor 250 ensemblenemberswith the fixed model
parametersthe SIR - red, the EnKF - green. The blue cur is the true Fig. 2. ThesameasFig. 1 for 1000ensemblenembers.
trajectory startsareobserations.



Table 2. RMS deviation of the filtered solutionswith the adjustedmodel
parameterfrom thetruetrajectory

Filter EnK SIR EnKF SIR
Ensemblesize 250 250 1000 1000

X 9.2 7.1 97 5.6

y 106 82 11.0 7.1

z 142 7.7 147 6.6

4 Sequentialcombinedparameter- and stateestimation
with the SIR filter

Extensionof the SIR andthe EnKF for the system(1), (2)
is straightforvard. To examinetheir potentialitiesthe exper
imentdescribedn Sect.3 wasrepeatedvith the initial en-
semblen theparametespacedravn from thehomogeneous
distributionfor v € [0,30.] andr € [0, 44.8].

One can easily verify that the systemtrajectoryis more
sensitve to thechoiceof r. Thus,it is nota surprisethatthe
SIR catcheshevalueof r afterthefirstanalysisstep(Fig. 4).
The next analysisstepproducesa very goodestimatefor +.
However, it is impairedwith time until the filter collapses
in the parametespace.Sincethetrajectoryof the systemis
tolerantto variationsof -, the quality of thefilteredsolution
(seeTable 2) which is of our primary intereststill remains
almostidenticalto thatpresentedh Sect.3.

It is notthe casefor the EnKFE In the parameteestimation
problem,the EnKF hasto dealwith the PDFsbadly approx-
imatedby the Gaussiardistribution. Sucha modificationin
the problemformulation completelycorruptsthe filter per
formance Thesolutionproducedyy the EnKF hasvery little
commonwith the true trajectory(seeFig. 3) andits quality
doesnotdependntheensemblesize(seeTable2).

Thefailureof the EnKF is causedy its incapabilityto re-
cover the true valuesof the model parametergseeFig. 4).
The evolution of estimatedor v resembles randomwalk
overtheparametesubspaceAs we canexpectandit wasthe
casefor the SIR, thatthis parameteis derivedfrom the data
with aloweraccuray comparedo thatfor r. It is astonishing
thatthe EnKF doesevena muchworsejob whenestimating
the more crucial parameter. After removing fluctuations
from the correspondingurve presentedn Fig. 4, one can
easilyseea pronouncedendenyg of pushingtheestimate®f
r in theoppositedirectionwith respecto thetruevalue.lt is
worth noting that the parameteestimatebtainedwith the
EnKF for the both ensemblesre indistinguishable. These
pointoutthatthe EnKFis completelyunableto dealwith the
PDFsdefinedover constrainedsets. An additionalevidence
for this conclusionis thatthe EnKF waspermanentlytrying
to producenegative analyzedparametewaluesfor someen-
semblemembersandthe conditionof non-ngatvenesad
to beimposedby force.
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Fig. 3. Filteredsolutionswith the adjustednodel parametersthe SIR for
1000ensemblenembergred) andfor 250 ensemblenembergblack), the
EnKF for 1000ensemblenemberggreen). The blue curwe is the true tra-
jectory startsareobserations.
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Fig. 4. Evolution of the parameteestimates:the SIR for 1000 ensemble
memberdqred) andfor 250 ensemblenembergblack), the EnKF (green),
andthetrueparamete(blue)

5 Conclusions

Dataassimilationfor high-dimensionahonlinearoceanand
atmospherianodelsis a challengingtask. On the oneside,
high-dimensionalityforcesus to use simplified representa-
tion of theerrorstatisticsandthusto neglectsomesource®f
uncertainties. Developing approachesor low dimensional
representationis an active areaof research. On the other
side, nonlinearityof the modelsraisesa fundamentafues-
tion of the potentialityof usinggeneralizationsf the tradi-
tional Kalmanfilter which is optimal only for theliner sys-
temsandfor the Gaussiarstatisticss studiedmuchless.

In a recentpaperVerlaanand Heemink (2001) demon-
stratedbetterperformancehe EnKF comparedo the EKF
for theLorenzsystem.Thatwasthereasorwhy the SIRwas
confrontechereonly with theEnKF. It wascleara priori that
the EnKF is subjectto two problems.Oneof themis com-
monfor all Kalmanfiltering schemesn applicationto non-
Gaussiandistributions: they do not producethe variance-
minimizing estimatan the analysisstep.In addition,though
theEnKF propagatetheerrorstatisticanoreaccuratelythan
theEKF, it initializestheFPK equationwith anensemblehat
preseresonly first two momentsof the true analysiserror
statistics.The SIR is free from thesedrawvbacksand,asthe
resultspresentedn Sect.3 reveal, recoversthe trajectoryof
thestochastid_orenzsystemwith the higheraccurag.

Superiority of the SIR to the EnKF becomesamore pro-
nouncedwhenthey areappliedto the parameteestimation
problem.TheSIRadjustedhemostcrucialmodelparameter
very closelyto its true valueafter a coupleof analysissteps
andthe quality of the solution appearedo be independent
onwhetherthe modelparameterareinitially known exactly
or with someuncertainty Thereis a distinguishingfeature
of the caseconsideredn Sect.4 in comparisorwith numer
ous applicationsof the the nonlinearKalman filters where
they shavedhigh skills. Namely the EnKF facedhereadis-
tribution badly approximatedy the Gaussiarcurve. In this

situationit demonstratetbtal inability to copewith theprob-
lem. This point canbe of high importancefor atmospheric
andocearndataassimilationvheremary statevariablessuch
astracerfieldsaredistributedsimilarly. In this situation,the
Gaussiarapproximatiorto the error statisticsutilized in the
Kalmanfilter yieldstotally wrong transmissiorof the infor-
mationfrom the obsered variablesto the unobseredones.
This failure cannotbe avoid by increasinghe ensemblesize
sinceno corvergencesxists.

The SIR makesthe analysiscomputationallysimplerand,
dueto utilizing the whole error statistics,muchmoreaccu-
ratethanthe Kalmanfilter. In addition,it offers moreflexi-
bility allowing oneto tunepoorly known modelparameters
andeasilyto considerobsenationshaving non-Gaussiaer-
ror statisticgasit is thecasefor thetracerfields)andnonlin-
earlyrelatedto the statevariables. The main problemof the
methodis thatthe solutionbecomesinstablevhenthe most
partof theensemblenember$ave badfitnessto thedatadue
to undersamplingAsit wasnoticedin Sect.3, theEnKFper
formsbetterin this situation. This weaknes®f the SIR can
be especiallypronouncedn the parameteestimationprob-
lem whenall but oneof the memberglie at the resampling
stepwhile the lack of the noisein Eqn. (2) preventsthe en-
semblefrom regeneratiorin the parametespacewith time.
This problemwill be studiedin the future. A possiblesolu-
tion couldbe addinga noiseto theensembléf it is nearlyto
collapse.This proceduranakesit possibleto restorethe en-
semblesizeandevento detectregulartemporaloscillations
of somemodelparametergLosaetal. , 2001).
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