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ÜBER ANWENDUNG VON ERGEBNISSEN DER LASERENTFERNUNGSMESSUNGEN ZUM 

MONDE BEI AUFLÖSUNG EINIGER PROBLEME DER ASTRONOMIE UND GEODYNAMIK 

. *) 
V. K.Abalak1.n ,

. **) J. L.Kokur1.n ,

*) *) *) 
V. N.Bojko , M.A,Fursenko , O.M.Gromowa ,

**) *) *) W.� Lobanow , L.I.Rumjanzewa , A.A.Schirjajew ,
*) **)S.W. Sserowa , A.N. Ssuchanowskij 

A b s t r a c t  - The present paper deals with some problems 

related to applications of lunar laser ranging 

results to improvement of parameters of the 

theories of the Moon's orbital motion and rota

tion (the :Moon's physical librations) and to 

determination of the polar motion, the Earth's 

rotation variations and the continental drift 

effects. The principles of the numerical ap

proach to the LLR ephemerides computation have 

been exposed in general features. 

les of astronomical interest, i.e. 

and GE determinations, are given. 

Seme examp

the UT0 

P e 8 m M e - B CT8TDe paCCMO'l'J)eBS HeKOTopue npo6JieMH, CBll88HHHe 

0 DpßJIOKeHHeMpesyJILT8TOB JiasepHol CBeTOJIOR8Inf}I 

*) 
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Im wesentlichen ist die Methode der Laserentfernungsmessungen 
zum Monde (weiterhin als LEM-Methode bezeichnet) dem Radarverfahren 
ähnlich und besteht in der Bestimmung der mÖglichst genauen Fortpfla!!_ 
zungszeit der Lichtimpuls-Signale von der Erde zu dem Monde und zu

rück (der sogenannten Zeitverzögerung). 
Die LEM-Experimente bis an die Mitte von 1979 waren an 9 Be

obachtungsstationen zu verschiedenen Zeiten erfolgreich durchgefÜhrt 
und nämlich, an dem Liek Observatory (Kalifornien, USA), dem MacDo
nald Observatory (Texas, USA), der Catalina Station (Arizona, USA), 
der Observatoire Pie-du-Midi (Frankreich), dem Krimer Astrophysika� 
lischen Observatorium der Akademie der Wissenschaften der UdSSR, der 
Dodaira Station (Japan), der Agassiz Station des Smithsonian Astro
physical Observatory (Massachueetts, USA), dem Mount Haleakala Obse� 
vatory (Hawaii, USA) und an der Orroral Valley Station (Australien), 
zur Zeit auch die Orroral Station kurz genannt. 

Das heutige zu weitläufiger wissenschaftlicher Verwendung zu
gängliche Beobachtungsmaterial besteht vorwiegende:rweise aus den an 
dem MacDonald Observatory gemachten Laserbeobachtungen (mehr als 
2600 Normalpunkte umfassend), welche auf das Zeitintervall von März 

1�70 bis März 197�, verteilt sind. Y..an kann diese Beobachtungsan
gaben durch Vermittelung des U. S. National Space Science Data Cen
ter (das COSPAR World Data Center - A) erhalten. Der grÖsste Teil 
der bisher gewonnenen wissenschaftlichen Ergebnisse ist ausschlies
slich auf diesen Daten gegründet. 

Früher waren es verschiedenartige Abschätzungen von möglichen 
Verwendungsperspektiven der LEM-Ergebnisse zur Auflösung von den zu 
verschiedenen wissenschaftlichen Untersuchungsgebieten gehörenden 
Problemen durchgeführt, welche gezeigt haben, dass es möglich ist, 
einige Parameter der orbitalen Erde- bzw. Mondbewegung wesentlich 
verbesser� zu können, auch die Lagen der Mondretroreflektoren und 
die Parameter der physischen Libration des Mondes zu bestimmen. Als
andere Anwendungsziele kann man auch Bestimmungen von Positionen der
Beobachtunesstationen auf der Erdoberfläche, die Untersuchungen der
Erdrotation und der Bewegung der Erdpole sowie der Änderungen, die
in der eegenseitigen Lage der geotektonischen Schollen vorkommen 

'

und die Experimentalprüfungen verschiedener Gravitationstheorien er-
wähnen. 

Es ist selbstverständlich, dass fÜr die erfolgreiche Auflös-
ung aller diesen wissenschaftlichen Probleme die Mondephemeri-
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den von hoher Genauigkeit notwendig sind. Die Lösung dieses funda

mentalen Problems wird zur Zeit hier im Institut fÜr theoretische 

Astronomie folgenderweise durchgefÜhrt: 

Es werden zur adäquaten Beschreibung der Bahn- und Drehbewe

gungen des Mondes in womÖglichst vollständiger Übereinstimmung mit 

den LEM-Ergebnissen und mit den optischen Mondbeobachtungen die nu

merischen Theorien konstruiert. Diese Theorien dienen als eine 

Grundlage fÜr die Ephemeridenrechnung der topozentrischen Mond

entfernungen D , die fÜr DurchfÜhrung der LEI\1-Experimente am Krimer 

Astrophysikalischen Observatorium nötig sind. Diese Experimente wer

den da von der von Dr J L Kokurin geleiteten wissenschaftlichen Grup

pe des Peter-Lebedew-Instituts fÜr Physik mit dem 2.6 Meter Reflektor 

durchgefÜhrt. Die Bezeichnung "Numerische Theorien" bedeutet, dass 

es sich um das Verfahren handelt, bei welchem die geozentrischen 

Mondkoordinaten durch die numerische Integration der die Mondbewegung 

beschreibenden Differentialgleichungen unmittelbar berechnet werden. 

Dabei wird es eine sehr effektive Methode benutzt, die von Bulirsch 

und Stoer ausgearbeitet und in der ''Numerischen Mathematik" beschrie

ben wurde. In dem dynamischen gravitationellen Modell werden es die 

StÖrungseinflÜsse von der Sonne und den sechs grossen Planeten des 

Sonnensystems (Merkur, Venus, Mars, Jupiter, Saturn, Uran) sowie die 

von den nicht-sphärischen Gestalten der Erde und des Mondes verur

sachten Störungen berücksichtigt, d.h. die zonalen Harmoniken in 

den Reihßnentwicklungen von betreffenden Gravitationspotentialen wer

den bis zu der zweiten und der dritten Ordnung ins Acht genommen. 

Falls die Anfangsbedingungen des Integrationsverfahrens genügend ge

nau sind, ist es möglich, die Mondephemeride auf Grund der Bulirsch

Stoerschen Methode mit dem maximalen Fehler von ± 0.5 Meter in der 

geozentrischen Mondentfernung zu berechnen. Die gegenseitige Ver

gleichung von den in dem ITA berechneten numerischen Mondephemeriden 

mit der Mondephemeride, die mit LURE 2A bezeichnet ist, hat die Ab

weichungen in der Mondentfernung von ± 60 Meter gezeigt. 

Was die numerische Theorie der physischen Mondlibration be

trifft, so ist sie auf der gleichzeitigen numerischen Integration des 

gesamten Systems von den die Mondbewegung in der geozentrischen Bahn 

beschreibenden Differentialgleichungen und den die Mondbewegung um 

den Mondmassenmittelpunkt beschreibenden Eulerschen dynamischen Glei

chungen gegründet. Der Mond wird dabei als ein absolut starrer Kör

per betrachtet. Es werden in der Reihenentwicklung des Mondgravita-
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tionspotentials die sphärischen Harmoniken bis zu der vierten �rd
nung einschliesslich berücksichtigt. Die Anfangsbedingungen fur 
die numerische Integration der Differentialgleichungen der Drehung 
des Mondes werden auf Grund von den von Dr Eckhardt sowie von Dr 
Kaula und Dr Baxa ausgearbeiteten analytischen Theorien der physi
schen Mondlibration ermittelt. 

Hier wollen wir eine Bemerkung machen, die den Unterschied 
zwischen dem traditionellen selenographischen Bezugssystem und dem 
selenodätischen Koordinatensystem, dessen Achsen mit den Hauptträg
heitsachsen des Mondes zusammenfallen, betrifft. Dieser Unterschied 
wurde von Dr Williams aus dem Jet Propulsion Laboratory entdeckt und 
abgeschätzt. Nämlich ist die Achse des kleinsten Hauptträgheitsmo
mentes ca. um 270 Bogensekunden in Länge ostwärts von Richtung des 
Ersten Radius, d.h. der fundamentalen Richtung des selenographischen 
Koordinatensystems, und um 75 Bogensekunden in Breite südwärts ver
schoben. 

Um die Nominalzahlenwerte der Parameter zu verbessern, wird 
die Methode der Diff'erentialkorrektion angewandt, die auf der Auf
lösung von Bedingungsgleichungen für Parameterverbesserungen mit 
verschiedenen Ausgleichungsmethoden gegründet ist. Als solche wer
den, z.B., die Methode der kleinsten Quadrate, die Kollokationsme
thode u. a. auserwählt. Als Beispiel wird das Ergebnis der einma
ligen Verbesserung der Anfangsdaten der Integration, die der numeri
schen Theorie der Mondbewegung LURE 2A und der von Dr Eckhardt in 
1971 ausgearbeiteten Theorie der physischen Mondlibration entspre
chen ( f,t 0, 63982, d.h. � = 6.3126 x 

__ 
10-4, 'f= 2.2737 x 10-4,

J = 5552.721), angegeben. Es lauten namlich die Verbesserungen der 
Parameter der Erd- und Mondbahn wie 

6(( = + Ü�0J2 + 0:026 
I 6e1 = 

l\'Jt,, = + 0:032 + 0:029 A(1 = 
rlL 

II II I 

A = + 2 • 2 5 + 0. 86 , A f =
te = - 0.006 + 0.001 , AJ = 

folgt: 
- 0.027 ± 0.014,
+ 0.200 ± 0.037,

0.0009 + 0.0006 /
" 1i 

0.6 + O.J ·
-

, 

lir0= + 36 ± 9 (Meter);
dabei beträgt der Gewichtseinheitfehler 6

0 
± 30 Meter. Hier wur

de es von 1109 Normalpunkten Gebrauch gemacht, welche aus den am 
MacDonald Observatory ausgeführten Entfernungsmessungen zu Mondref
lektoren "Apollo 11 ", "Apollo 14" und "Apollo 15" abgeleitet wurden. 
Als Anhang werden einige Arbeitsformeln und -ansätze gegeben, welche 
das zum Auflösen der gestellten Aufgabe dienende Algorithmenapparat 

-
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illustriert. Hier werden einige Aspekte der Berechnung der topozen
trischen Mondentfernungen D und der Koeffizientender Bedingungs
gleichungen erläutert und Ergebnisse der Benutzung der Laserentfer
nungsmessungen in den Untersuchungen der Erdrotation (die von Dr 
Peter Bender ermittelten Differenzen von der Form UTO - UTO (BIH)) 
sowie bei der Verbesserung der fundamentalen astronomischen Konstan
ten (der von Dr Jim Williams berechnete Wert der geozentrischen Gra
vitationskonstante GE).

Zum Schluss sei es uns erlaubt, die wichtige Rolle von sol
chen internationalen kooperativen Unternehmungen wie EROLD und MERIT 
zu unterstreichen, welche sehr viel zu erfolgreichen geodynamischen 
Untersuchungen beitragen. 

Es ist eine sehr angenehme Pflicht, unseren Kollegen vom Zen
tralinstitut fÜr Physik der Erde der Akademie der Wissenschaften der 
DDR f'Ür ihre liebenswürdige Einladung und die herrlichsten Aufent
halts- und Arbeitsbedingungen während des 4. Internationalen Sympo
siums "Geodäsie und Physik der Erde" unseren innigsten Dank hier 
auszusprechen. 

Unsere D�nksagungen sind auch an Prof. Dr Jean Kovalevsky, 
., 

Prof. Dr Milan Bursa, Prof. Dr Carrol o. Alley, Prof. Dr William M. 
Kaula, Dr Odile Calame, Dr Barbara Kolaczek, Dr J. Derral Mulholland 
Dr Peter Shelus, Dr Peter Bender, Dr Jim Williams fÜr ihre Unter
stützung und Mitarbeit gerichtet. 
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ANH AN G 

Die Konfigurationsgeometrie in dem oben gestellten Problem 
der Laserentfernungsmessungen zum Monde kann man mit der folgenden 
Abbildung illustrieren, wo mit den Symbolen 'B und � eine 
terrestrische Beobachtungsstation und ein Mondreflektor bezeichnet 
sind, r

( 
und D sind die geozentrische Distanz des Mond.mae

senmittelpunktes bzw. die topozentrische Entfernung des Mondreflek-
tors, �B , ?\

E 
, <p 1 

sind die geozentrischen Koordinaten der 
Beobachtungsstation, �(, {; , ,{,, sind die �elenographi-
schen Koordinaten des Mondreflektors. 

Die topozentrische Entfernung· D wird aus der Formel 

D = ( x2 
+ Y2

+ z2)'½.
( 1.A) 

berechnet, wo 

-
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X 

y 

z 

'X-<[+ 'X -Xe 

lf( + 1 - �ß 
':z.(( + % - 'L5 

und die rechtwinkligen. geozentrischen Mondkoordinaten 
t;t( durch die Formel 

----

�sc Co:)a,<C 

� � «: � � c

/)-tV\,, � (( 

(2 .A-t 

(3.A) 

mit den geozentrischen äquatorialen Mondkoordinaten C(,( , �((

und der horizontalen Mondparallaxe � C verbunden sind. 

.. 
Sind (X. , 'f , '2.J di� rechtwinkligen ge�zen�rischen 

aquatorialen Mondreflektorkoordinaten, so werden sie mit der For
mel 

':X;. 

t =='],c p(-e) r [-(n+(5+t.<!>)] PC J+�) x
'L � 'tr � t

X r[1io"-(((+-,;)+0+6'+t:.(\)1 · C.0,, {r-'>i.h. { 
��-rr 

(4.A) 

durch die selenographischen Reflektorkoordinaten <:R, (( , {,. , tr
ausgedrückt, wobei c( und n mittlere Längen des Mondes und 
des aufsteigenden Mondbahnknotens auf der Ekliptik bezeichnen, E, 
ist die Schiefe der Ekliptik, J ist die Neigung des Mondäquators 
gegen die Ekliptik, � , o , 1:' bezeichnen hier die Komponen
ten der physischen Mondlibration und ÄQ) ist die Nutation in Län
ge. Den ähnlichen Ansatz bekommt man auch :f'Ür die rechtwinkligen 
äquatorialen Koordinaten der Beobachtungsstation 'B 

".X,8 

lj's ::c. (?s r(-.S) p(�r)9'(u;,)
�ß 

Co) ({) I � 9' E 

Co':>(p' �h'A E

l>-tV\. cp' 

(5.A) 

'X: C , 'tc , 
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wo mit .S die wahre Greenwicher Sternzeit, mit �p , �,
die auf das CIO bezogenen Polkoordinaten bezeichnet sind.

Bezeichnet man mit 'J)
i. 

und 'P.s beliebige mit dem Mond

bzw. mit der Sonne verbundene Parameter, so lauten die Bedingungs

gleichungen fÜr die Parameterverbesserungen ß f wie folgt

- "' ( 'oD 6 �� \ Doe.s - DcALc. - L., 1>p
1., 

PL + Op5 Ps / ' (6.AJ
'PJ.,S 

in welchen bei der Analyse von Laserentfernungsmessungen zum Mond 

Pi. == t (( , 'lLc , e , r '= ,'),\,VI, i , r o , t , J 1 

?s = { T / e'} 
als Parameter p

.L 
und Ps auserwählt werden können. 

Die Koeffiziente�,d. h. die Differentialquotienten 

(7.A) 

oD 

op , 
die in den Bedingungsgleichungen (6.A) auftreten, kann man auf 
Grund von bestimmten mathematischen Modellen berechnen, die entwe
der die Dynamik des betreffenden Himmelskörpers oder die betrachte
te geophysikalische Erscheinung beschreiben. Stellt man, z.B., 
die Greenwicher Sternzeit als 

(8.A) 

.dar, wo die Erdwinkelgeschwindigkeitsvariation ö5
Ausdruck 

den folgenden 

oS ::: C1 �(2n-'3G52ST) + 6��n{�.-�6S25T)+ 
+ C:2_ (.o-) ( 21t. 100 T) + � 1 l:>iV\ (21t-1001) +
+ c

3
CO') (21t.. i6T) + 1)3 ;yin..-(2.rr- iGT')

(9:..A) 

oD 
hat, so berechnet man den Differentiaikoeffizient � , der

bei der Parameterverbesserung ßC� steht, indem man die folgende 
Formel benutzt 

-
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oD a'D �s 
1,C� ?J5 oC

,1

X p (1p) <t (,:,cp) 

pce.0) P NLr r (-S) 

( 10 .A) 

,u, l :1 CD') (<2'Jt• "365'2.5' 1)

T 
wo mit ('U. "\t �) der geodätische Ortsvektör der Beobachtlllig_! 

station bezeichnet wird.

Das einfachste mathematische Modell, das die Verschiebung 
der die Beobachtungsstation 'B tragenden Kontinentalscholle be
schreibt, kann man durch den folgenden Ansatz 

( 11 .A) 

+ 

darstellen, sodass der Differentialkoef�izient bei der 

Verbesserung kann man auf Grund der Formel 

'oD -( = -p €Jo)
'o'lA.,1

--

PN (12.A) 

berechnen. 
Die Symbole P und N dienen in den Formeln (10.A) und

( 12 .A) zur Bezeichnung der Präzessions- bzw·. der Nutationsmatrix, 
mit L r wird die mit der Ableitung der Rotationsmatrix r vei
bundene Matrix von Lucas bezeichnet, so dass 

¾(r) = LF • r(()(.) �
wo d., ein gegebener Rotationswinkel ist. 

Wie es oben schon erwähnt wurde, waren die am .Ma.cDonald Ob
eervatory gemachten Laeerent�ernungsmessungen zum Mond von mehre-

- ------ )( 

-
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ren wissenschaftlichen Untersuchungsgruppen an verschiedenen An
stalten fÜr astrometrische und geodynamieche Analyse benutzt. Ins
besondere gelang es Herrn Dr Peter Bender aus dem Joint Institute 
for Laboratory Astrophysics zu Boulder, Colorado, die zwischen den 

von dem BIH veröffentlichten Werten der Weltzeit UTO und den aus 

den Laserentfernungsmessungen zum Monde bestimmten UTO-�erten be
stehende Differenz in folgender Form 

" " 

UTO - UTO (BIH) = - 0.007 sin 0 - 0.023 cos 0 + 
II 

+ 0.011 (t - t0)
darstellen, wo 0 die Sonnenlänge zur Zeit t bezeichnet und 

t0= 1973 ist.
Herr Dr Jim Williams aus dem Jet Propuleion Laboratory zu 

Pasadena, Kalifornien, hat auf Grund derselben Laserentfernungs
messungen zum Monde den Wert der geozentrischen Gravitationskon
stante �E , und nämlich, G,E = 398600.49 km3 e-1, ermittelt,
. d  

'"' · 
R hn in em er�seinen ec ungen den Massenwert vom Erde-Mond-System

E + M gleich 1/ 328 900.53 und die Mondmasse JA, gleich
1/81.3007 gesetzt und für die Lichtgeschwindigkeit C den Wert 
299 792.458 km s-1 angenommen hatte.

Abbildung 1 : Die Geometrie des Problems 
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LEAST-SQUARES ADJUSTMENf IN HILBERT SPACES 
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Abstract: Tbe Hilbert spaces with their inner products are 

uaed to describe methods of least-squares adjustment as ortho

gonal projections on finite-dimensional subspaces.A unified

Hilbert space approacb of tbe least-squares adjustment metboda

A and B is suggested.Hence a new meaning to tbe intrinsic

connections of adjustment groups, which can be derived from

the geometry of Hilbert spaces is given.The interrelationships

between adjustment groups make tbe accordance and the content

congruency of tbe tecbnically different solutions complete.

Finally, two examples are given, wbicb demonstrate 

the correctness of our treatment.We are convinced that Hilbert 

apace techniques in least-aquares adjustment is an elegant and 

powerful geodetic method. 
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Data of new types and of higher accuracy hold out the prospect 
of determining the geoid to a higher accuracy. Over ocean areas 
the geoid has uses in its relationship to tectonic features, in the 
study of oceanographic features, in checking the accuracy of 
assumptions made in oceanographic techniques, and in determining 
the datum level for geodetic surveys. 

On land, the uses of the geoid include investigations of 
tectonic features, relating satellite observing stations to 
terrestrial points, and providing the transformation between 
terrestrial surveys and positions fixed by satellite techniques. 
With increasing use of Doppler and, later, GPS systems, this last 
application will assume great practical importance in the future. 

Techniques for determining the geoid to an accuracy of 10-20 cm 
depend on availability of suitable data. Over sea areas, a represent
ation of the long wavelength geoid features can be obtained from 
satellite geopotential models. A relative geoid for regional areas 
is obtainable from gravity. For the continents, the major problem 
is transforming the levelling network to a geoidal datum, after 
which a gravimetric geoid can be calculated. 

-
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1. INTRODUCTION

The data available for geoid determination over ocean areas has always

differed from that on land. Previously the data at sea was sparse and 

inaccurate but now these areas have satellite altimetry coverage, which is

not available on land. In recent times, also, geoootential solutions from 
satellite tracking have become available, giving a global coverage of 
data for the first time.

The improved extent and prec1s1on of data provide the possibility of 
determining a higher accuracy geoid. Current solutions have an accuracy 
approaching ±1-2 m (e.g. LERCH et al, 1978A;RAPP, 1979). The present paper· 
looks at the need for a geoid one order of accuracy higher, ±0.1-0.2 m, and 
the possible methods for realising this accuracy in calculating it. For 
convenience this geoid will be referred to as the "10 cm geoid". 

Many additional problems arise when trying to increase the accuracy of 
the geoid determination. The presence of sea surface topography complicates 
the solution in many ways. 

Geodesy in general is in a transition between the 1 part in 106 precision of 
the early satellite era, to 1 in 108 (ANGUS-LEPPAN, 1973). An improvement 
in geoid determination is in line with this development. 

2. THE NEED FOR A 10 cm GEOID

2.1 Over the Oceans

The stimulus provided by the availability of satellite altimetry has
had a double effect. Ini tially i t gave extra data on the geoid. In detail, 
however, the measurement refers to the sea level surface which is displaced 
from the geoid by a variable amount, the sea surface topography (SST), which 
may amount to ±2 m. lt is of great value in oceanography and geodesy to 
know the magnitude of SST and its variations over the ocean surface and with 
time. As a result, the satellite altimetry has given rise to a need for an 
accurate, independently determined ocean geoid. 

Uses of the ocean geoid include: 

Geodynamics. The geoid and its undulations can provide data 
which is irnportant in investigations of tectonic structural 
features such as plate boundaries, ocean trenches, subduction 
zones, sea-rnounts, etc. 

Oceanographic Features. In order to determine SST the three 
sets of data required are the satellite orbit, satellite 
altirnetry and geoid height. (see e.g. MATHER, 1975). The SST 
is rela�ed directly to pararneters such as ternperature, density 
and motion of the water, and can thus show up features such as 
ocean currents and eddies. Time-varying cornponents of these 
features as well as tides and seasonal variations can be 
rnonitored. lt can also be noted that for deducing the short
term differential changes with time, e.g. tides, determination 
of the geoid is not essential. 
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oceanographic Methods. The independent determination of SST by 
geodetic methods, can provide a valuable �heck on �he �sswnptions
made and the degree to which the theory f1ts pract1ce 1n 
oceanographic methods such as steric and geostrophic levelling. 

· Height Datum for Geodetic Surveys. _The magnitude of SST_at the
tide gauge which defines the levell1ng datum can be appl1ed so as
to relate the geodetic levelling net to the geoid, rather than
the mean sea level at a particular statio.n. At the same time this
makes it possible to relate the levelling nets for different
cotmtries and continents.

2.2 On Land 

The use of satellite altimetTy and the many new oceanographic applications 
have diverted attention away from the geoid on land. Any inference that the 
geoid is less important on land would be wrong. There are both scientific 
and practical functions for which the geoid is needed, and the practical 
application in particular is growing. 

Geodynamics. As for sea areas, the relationship between the geoid 
and tectonic features is important in various investigations. 

Relating satellite stations to ground surveys. A f.urther scientific 
use is in relating observing stations to ground surveys. These can 
serve to monitor their stability, to give the relative positions of 
different stations and provide ground truth for space experiments 
(e.g. WENZEL, 1979).

Doppler and GP.S. A practical use, which will undergo significant 
growth in the next ten years, is in relating satellite-determined 
positions on an ellipsoidal system to ground surveys, the heights 
in which are based on the geoid. For this application the geoid
ellipsoid separation is needed, to an accuracy related to that of 
the satellite position determination. 

3. THE DEFINITION OF THE GEOID

In aiming at the higher accuracy of 1 in 10 8 geodesy,a number of factors
have to be reassessed. These include the fundamental definitions, the basis 
and constants of the reference system, and the definition, accuracy and 
limitations of the data. In making these assessments it becomes apparent 
that SST is a factor which needs to be taken into account in many aspects. 

When the geoid is determined to say ±6 m it is satisfactory to assume 
that it coincides with the mean sea level. The displacement between the two 
surfaces reaches ±2 m at most. For the higher order geodesy (1 in 10 8 ), a 
more precise definition of the geoid is needed. Clearly the geoid should be 
a level surface - a geopotential - and it should give the best mean fit to 
the sea surface. The various surfaces propo_sed by the definition differ 
only in the data used and the method of sampling in deriving the rnean fit 
(MATHER, 1975B; LELGE�fANN, 1976).
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Further requirements are that the surface chosen shou�d.still be
suitable for the operations in the traditional, lower prec1s1on geodesy 
(1 in 106 ),and that it should be acceptable to both oceanographers �nd 
geodesists. It should be possible to monitor, accurately, changes in the 
position of the geoid with time. 

Each definition proposed refers to a level surface, at a selected 
epoch for which SST sampled has an average of zero. 

For the g eodeü.c. geoid, the SST is sampled at all the world's 
levelling datums· .• 

For the ocea.n,lc geoid, SST is sampled globally over the oceans, 
on an equal area basis. 

For the ocea.n,lc/geodetlc geoid, SST is sampled globally over the 
oceans on an equal basis, a.nd at continental tide gauges. Only 
these.continental areas containing a tide gauge are included in 
the averaging process. 

For the "ge.odetlc bowtdalty vai..u.e .60.lu,üon" geoid the level is 
chosen so that SST has no zero degree harmonic. In practice 
this differs from the previous definition only in using, for 
the whole land area serviced by a levelling datum, the value 
of SST at that datum. 

All definitions except the oceanic geoid depend upon the set of tide 
gauges at levelling datums, and the geoid could vary with changes in that 
set. For this reason, and because it is arguably better to ornit continental 
areas, where there is no physical surface to define SST, the oce.an,i,c 
definition is recommended. This is acceptable to geodesists provided the 
SST is determined from satell i te al timetry. 

A set of satellite altimetry data suitable for this task do�s not exist 
yet. The requirements are that the altimetry should be global and near
simultaneous, but repeated at intervals throughout the year so that seasonal 
influences can be eliminated. 

With these geoids, it is necessary, after defining the surface, to 
determine the value of the geopotential on the. geoid. lt is possible to 
approach the problem from the other end, initially defining the geoid in 
terms of its geopotential (see e.g. RAPP, 1980).

4. DATA FOR GEOID DETERMINATION

Types of data which may be used for determining the geoid, include:

surface gravi ty. 

geopotential models derived from analysis of satellite tracking. 

satellite altimetry. 

astro-geodetic positions. 

ground positions frorn satellites. 

Characteristics of the data which are significant for geoid determination 
are their accuracy, distribution 1over the globe, resolution and the nature of 
the errors, their wavelengths and correlations. 



5. DATA FOR THE GEOID IN OCEAN AREAS

215 

Th d nt of satellite altimetry has stimulated investigations into the
e a ve · 

· · · · 1 d for 
determination of the geoid in ocean areas. The 1nvest1gat1ons 1nc u e, 

1 those of MATIIER (1974) CHRISTOOOULIDIS (1976) and RAPP (1979). The
examp e' ' 

. d . . t. d b review which follows is based mainly on a deta1le 1nvest1ga 10n ma e y 

RIZOS (1980A). 

5.1 Surface Gravity 

The basic equation for the determination of the geoid f:om gr�vitf is 
Stokes' Integral, which states that the geoid height, or geo1d-ell1pso1d 
separation, N, at a point P, is given by (HEISKANEN & MJRITZ, 1967, 94): 

Here, 

N = _!_ J J f(w) 8g da
41T{ 

(5 .1) 

� is the angle between the two geocentric radii, one to the 
computation point P, and the other to the element of surface 
da, 

R is the geocentric radius, 

8g is the gravity anomaly, 

f(w) is Stokes' function, given by: 

f(�) = cosec (�/2) - 6 sin(w/2) + 1 - 5 cos W 

-3 cos � R.n {sin(w/2) + sin2 (w/2)} (5.2) 

The integration in (5.1) is over the whole globe, requiring values of 
6g to be known at every point on the geoid. 

The solutiQn using (5.1) is complicated by several factors: it is 
assumed that 6g· represents values on the geoid, and that the geoid is 
spherical, of radius R. Also, there must be no mass outside the geoid. 
The procedure for taking these factors into account is complex and will not 
be detailed in this paper. In the Molodenskii approach (HEISKANEN & MORITZ, 
1967, Section 8.3) the gravity anomaly on the geoid is replaced by the 
anomaly on the earth's surface and the geoid height is made up of two 
components, the Stokesian term N ,  which is predominant, and the non-Stokesian 
correction term s . For a parti�ular point P., the Stokes' integral is C 1 evaluated by a system of quadratures: 

N . =
S1 

where M 
6g. 

J 

µ .. 1J 

w .. 1J 

1T2R M 
( , A mgal) 

3.24x104(41T"') l (nxm). µ. · f(w .. ) ug."" 
j =1 J 1J 1J J (5. 3) 

is total number of gravity anomalies, 
is the representative gravity anomaly for an (n°x m0) area 
is either a) cos $j for the equiangular surface element
(n°x m0) defined by lines of latitude and longitude, 
or b) sin Wij, where the surface elements are based on 
templates, the subdivision being defined by concentric 
circles around P., and 

1 

area. 
is the angular distance from P. to the element of surface 

1 
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Tue requirements of the gravity anomalies used for computation are: 

error of representation less than ±3 mgal. (Requires 10 km spacing 
of stations in non-mountainous country.) 

gravity based on a standardisation network with stations spaced on 
a 1000 km grid, and errors less than ±0.1 mgal. 

systematic errors of gravity anomalies diminishing as wavelength 
increases (for wavelength 4000 km, error below ±0.05 mgal). 

normal gravity computed from geocentric coordinates. 

atmospheric attraction correction applied in determining gravity 
anomalies (RUMMEL & RAPP, 1976; Ai�DERSON, 1976). 

A further requirement is that the height of the gravity measurement be 
referred not to sea level but to the geoid. Tue convenient assumption that 
sea level is the geoid involves an error in height of up to 2 m. It has 
been shown that, by modifying the geometry of the Telluroid in the Molodenskii 
approach to the boundary value problem, the necessity to know the SST at the 
observation point itself is avoided (RIZOS, 198U�, pp. 48-49). However the 
indirect effect of SST through the evaluation of the quadratures leads to an 
error in the geoid height estimated to be in the range ±0 .. 15-0.60 m. 

Global coverage of gravity observations is incomplete. A few continental 
areas, such as A9stralia, Europe and North A.�erica, have good coverage, which 
also extends over their continental shelves. The oceans in the northern 
hemisphere have a fair coverage, but in the southern hemisphere it is poor, 
particularly south of 40°S where observations are very sparse. 

The quality of surface gravity data is not yet of the standard required. 
WENZEL (1979) has made an investigation in an area in which, comparatively, 
the observations are of very good quality and coverage is dense. Tue area 
extends between 31° and 78°N and 2s0

w - 42°E, covering Europe, the Mediterranean 
Sea and part of the North Atlantic Ocean. Two sets of data were supplied, one 
by the Defense Mapping Agency and the other by the International Gravity 
Bureau. Each set was in the form of 1°x 1° mean anomalies. When compared, 
the r.m.s. difference was ±12 mgal, with discrepancies of up to 87 mgal. 
There was evidence of differences being systematically distributed in parts 
of the area. 

5.2 Geopotential Models 

Geoid determination through the geopotential model makes use of the 
relationship expressed by Brun's equation (HEISKANEN & MORITZ, 1967, 85): 

N = T/:y (5.4) 

where N is the geoid height, 

T is the disturbing potential, and 

'Y is the normal gravity. 
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The disturbing potential, T, is the difference between the gravitati�nal_ 
t. 1 w and the normal gravitational potential of the reference ellipsoid,

poten 1a , , · 
P· U (HEISKANEN & K)RITZ, 1967, Sections 1.9, 1.10). At a po1nt 

G 
n' 

= � I p n=O
s a.nm

Here: GM is the product of the gravitational constant and the 
mass of the earth, 

Rp is the geocentric distance to P,

a is the radius of some arbitrary sphere, 

(5.5) 

n' is the ·highest degree to which coefficients C are known, 
a.nm 

CNnm are spherical harmonic coefficients wh�ch can be determined
-= from the analysis of orbital perturbat1on of satellites, artd 

s
a.nm are harmonic f1.D1ctions defined by:

51nm =
P (simp) 
nm 

cos JllA = P (sin�) sin mAnm (5 .6) 

where p (sincj>) is the Legendre function of degree n and order m.nm 

Making use of (5.5) and (5.4) the geoid height can be expressed as: 

N r (� ) n � � 
l R l l c

a.nm 
s

a.nm n=O p m=O a'= l
(5. 7) 

where Ca.nm are the residual coefficients obtained after correcting 
C for the harmonic representation of the normal gravitational potential UG.a.nm 

This brief summary glosses over a number of factors and does not take 
into accol.Dlt the effects of the atmosphere, though in practice this is 
essential in determining the 10 cm geoid. 

There are many examples of the use of a geopotential field model to 
calculate geoid heights. 

The odd-numbered Goddard Earth Models (GEM 9, GEM 7 etc.) use this 
form of data (LERCH et al, 1977). Accuracies are approaching the one metre 
level and further improvements can be expected as more laser tracking 
observations become available. Substantial volumes of additional observations 
from the latest generation of lasers will improve the positions of the 
tracking stations as well as providing improved values for the harmonic 
coefficients. The most serious defect in the current program is the globally 
uneven distribution of satellite laser ranging stations, particularly the 
lack of sufficient stations in southern latitudes. 
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Satellite observations for geopotential, tmlike other data for geoid ·
determination, are free from any relationship with the geometry of the sea
surface. They only provide low resolution, and cannot represent features of
wavelengths less than about 1000 km. The geopotential model needs to be
downward continued to the-geoid, taking into �ccotmt the mass of the atmosphere.
The theoretical development for this process requires care (RIZOS, 1980A,
pp. 139-142). 

The main limitation of geopotential models from satellite observations 
for geoid determination is their limited resolution. Various methods have 
been proposed to improve resolution, including a low level, drag-free 
satellite, satellite-to-satellite ranging, and use of gravity gradiometer. 
Of these, the satellite-to-satellite ranging approach appears to offer the 
most promise. Limited test observations have actually been carried out 
between the GEQS-3 and ATS-6 Satellites (MARSH et al, 1977). For further 
details see also HAJELA (1977), RUMMEL (1975) and RUMMEL (1976). 

5.3 Satellite Altimetry in Combined Solutions 

GEOS-3 satellite altimetry has also been used to improve geoid models, 
for example GEM 10B and GEM lOC (LERCH et al, 1978c). The GEM lOC solution 
combines three sets of data, the satellite tracking data used in GEM 9, 
surface gravity (38400 1°x 1° mean gravity anomalies) and GEOS-3 altimetry 
(28000 1°x 1° block means derived from 2300 passes). The accuracy appears 
to have reached the sub-metre level. 

The geoid height N is related to geoid and ellipsoid as follows: 

R5 = N + SST + A (5. 8) 

where RS is the height of the satellite above the ellipsoid, a
quantity determined from data on the satellite orbit, and 

A is the corrected satellite altimeter reading. 

In using satellite altimeter data for the geoid, the assumption is made 
that SST = 0, so that the geoid height is merely the difference between 
satellite height and altimeter reading. 

Further progress in geoid determination will need to take into account 
the different relationships of the data types with SST. The data from 
satel�ite tracking is tmaffected by the sea surface. However, surface gravity 
data 1s affected by the sea surface and the geoid in an indirect manner 
the indi

7
ect effect being estimated at 0.15-0.6 m. Satellite altimetry'data

refers directly to the sea surface rather than the geoid this direct effect 
being 1-2 m. ' 



6. DETERMINATION OF THE OCEAN GEOID

Calculating SST from satellite altimetry is one of th� most exac�ing

tasks of geodesy. For each point it involves �he �alcul�tion, to a high 

accuracy of the radial position of the satell1te 1n orb1t, the corrected

altimete� height above the surface, and the geoid height . �e �atellite 

altimetry is needed for differencing, and can make no contr1but1on to the

geoid height determination. 
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A procedure for the solution of the ocean geoid is to compute the SST

first using the geoid as derived from the geopotential model (RIZOS, 1980A, 

pp. 37-51; 131-142; 259-260). Since this geoid includes only long wavelength

features, the SST derived by differencing from it will include correct long 
wave inforrnation and, in addition, short wave SST superimposed on short wave 
geoid information. If necessary the short wave signal can be eliminated by 
appropriate filtering. 

For regional SST studies, and where it is essential to separate the short 

wavelength geoid and SST undulations, high precision relative ocean geoids 
can be computed, provided there are gravity observations of sufficient accuracy 
and density. This is possible because the effect of SST on the computed geoid 
height is not direct, but comes in indirectly through the quadratures. This 
effect is of long wavelength, so it will displace the regional geoid by an 

amount which will be nearly constant over the region. 

8. DATA FOR THE CONTINENTAL GEOID

The mean sea level determined at a tide gauge station will differ from
the geoid by the amount of the SST. If this mean sea level is adopted as 
datum for a levelling network, all orthometric heights, including those of 
gravimetric stations, will be affected by the error, of magnitude equal to 
the SST. 

Two additional sources of data are available on land: astro-geodetic 
positions and satellite-geodetic positions. 

8.1 Astro-Geodetic Positions 

Deviations of the vertical with respect to the ellipsoidal normal are 
g�nerally_ acce?ted t� have an accuracy of approximately ±0.5 arcsec. They
y1eld geo1d he1ght d1fferences which can be used to supplement data from other
sources. An example where such data have been successfully used is in the land 
areas of the North Sea Region (MONKA et al, 1979; WENZEL, 1979) where it was 
estimated to give geoid height differences with an accuracy of ±0.02-ls to 
±0.04r'S m, whe

7
e S is in_km. I� this case data already existed for a !arge 

number_of �tat1ons, fo�1ng a high density network. The astro-geodetic geoid
determ1nat1on was carr1ed out using least squares collocation in order to 
avoid several disadvantages of the conventional techniques of' astronomic 
levelling in profiles or networks. 

The basic relationship for the geoid from astro-geodetic position is: 

dN = e: dS (8. 1) 

where N is the geoid-ellipsoid separation, 

., 
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s 

is the deflection of the vertical at the geoid, that is 
the deflection at the surface, corrected for curvature 
of the vertical between the surface and the geoid, and 

is the distance. 

In practice, where a limited number of astro-geodetic stations are to

be used a linear variation of E between stations can be assumed. For_the

differe�ce of geoid-spheroid separation at two stations A and B, equat1on (8.1)

becomes: 

ßNAB 
= (8.2) 

where Eis the mean deflection ½(EA+E8), and 65 is the distance AB.

Because the determinations are tedious and expensive, even with new 
automated instruments, it is unlikely that this method would be the first 
choice in a new survey for geoid determination. 

8.2 Satellite-Geodetic Positions 

Systems which determine three-dimensional positions on a reference 
ellipsoid, from satellite observations, can be used to deduce the geoid height 
N, which is simply the difference between the ellipsoidal height and the 
height derived from levelling: 

N = h - H (8.3) 

where h is the ellipsoidal height, 

H is the orthometric height, and 

N is, as before, the height of the geoid above the ellipsoid. 

An example of this principle in the determination of N is given by L ACHAPELLE 
(1979). 

At present, using commercial receivers in the Doppler-Transit system, 
the observations at a single station take several days, and unless extra
special techniques are used, the precision of a position is approximately 
±1.5 m. The results are of value in determining the relationship between the
reference frames of the geodetic survey and the satellite systems. However 
the method would not be economical for large scale determinations of geoid 
height, at present. 

Geodesists are watching with interest the development of the Global 
Positioning System (GPS) designed to supersede the Doppler before 1990
(PARKINSON, 1979). Although designed for navigation there are possible modes 
of use for precise position fixing which are being investigated (ANDERLE, 1979).
lt has been reported that it will be possible to design convenient receivers, 
to fix positions to a precision of a few centimetres, and in a very short time. 
If these specifications are achieved, the surveyor will have a powerful new 
tool for position fixing in every day surveys and the geodesist a precise and 
economical method for geoid determination. 

€ .6S 
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Using such an instrument for geode:y• a fi�ld traverse would
_
be comparable 

in effort to a gravimeter survey. Station spacings �n_
a 10 km grid_

w�uld be

feasible wherever the density of geodetic survey pos1t1ons was suff1c1ently

high. 

For each point fixed using the instrument, for which the geodetic position

was Jcnown, a geoid height would be known from equation (8.3). This could 

lead to a very detailed and precise geoid. Tue conventional methods for 

determining the geoid would not, however, be superseded as it is likely that

the GPS receiver will only yield very precise �ef..o.,t,lve positions. Tue most

useful form of the GPS data for geoid determination would then be as differences

of geoid-ellipsoidal separation ßN. 

The changes brought about in practical surveying through widespread day
to-day use of·a system like the GPS, will also have their effect on geoid 
determination. The rapid determination of positions in a geocentric-ellipsoidal 
reference system will be very convenient and economical, but in order to relate 
the positions to all the pre-existing ground survey points and to current 
levelling results, geoid-ellipsoid separation N will be essential. So this 
will lead to �n additional call for a detailed geoid, at an accuracy related 

to the precision of the best GPS position determinations. 

9. GEODETIC LEVELLING DATUM

The geodetic levelling network for a continental area usually has one
tide gauge adopted as the fundamental station for height datum, but for 
practical purposes the network may be deformed so as to fit mean sea level at 
a number of tide stations. (See for example the Australian case described in 
ROELSE et al, 1971.) Scientists prefer a free net adjustment, connected to 
only one tide station. Although mean sea level at that station will differ 
from the geoid by the amount of the SST, it can be assumed that the whole 
height network is displaced by a constant amount. 

In the case of Australia, the free network has been calculated (MITCHELL, 
1972) and the SST at the fundamental tide station, Jervis Bay, calculated by 
geodetic methods as (RIZOS, 1980A, p. 243): 

SST at Jervis Bay: 0.2 ±0.4 m 

This compares with 0.3 ±0.2 m extrapolated from oceanographic values of SST 
in the adjacent oceans. 

Th� fact that the datum adopted for levelling is mean sea level and not
the geo1d causes an error in orthometric heights of 1-2 metres and a corres
ponding error in the gravity network of 0.3-0.6 milligals. It is a zero 
degree effect which can be interpreted as the gravity datum being in error by 
an abs�lut! amount and the magnitude in terms of an absolute geoid height 
error is g1ven by: 

where R 

� M{R-A } Y ug 

is the earth's mean radius, 

is the normal gravity, 

denotes the mean value, and 

is the effect, in milligals, of the 
datum for the country or continent. 

(9 .1) 

SST at each levelling 
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Al ternati vely, this zero degree effect can be us.ed to adj ust the surfa�e
chosen in the definition of the geoid. For example, rather than the "oceamc" 
definition based on satellite altimetry, the geopotential surface through the 
tide gauge zero can be adopted. If the displacement between tide gauge mean 
sea level and the geoid is unknown, the geoid definition can, in principle, be 
modified to take this into account. 

lt is now accepted that geodetic levelling is subject to systematic 
error, which may amount to a few decimetres per 1000 km (ANGUS-LEPPAN, 1979). 
In the north-south direction this is estimated at (0.3 S)mm where S is the 
length of the line in km. The systematic error in the east-west direction 
is smaller, but not negligible. Taking these errors into account, it is not 
justifiable to assume that a levelling network of dimensions 500 km square 
or larger, has a constant datum error with respect to the geoid. Away from 
the fundamental datum, the freely adjusted network will gradually warp. 

In order to transform the levelling network to a datum surface which is 
consistently on the geoid to within 10 cm, it is necessary to go one step 
beyond the procedure described by RIZOS (1980A). SST must be determined at 
tide gauges, at intervals along the coastline, to which the levelling is 
connected. In order to maintain a precision of ±10 cm, a suitable spacing of 
the set of tide gauges is approximately 500 km. A levelling network adjusted 
to this set of gauges, where the mean sea level has been corrected by SST to 
give geoid height, should give heights accurately based on the geoid, which 
in turn are the appropriate levels for gravity stations. 

10. DETERMINING THE GEOID ON LAND

A major problem in geoid determination on land, the effect of SST on
the height datum, has been discussed in Section 9. This clears the way for 
the calculation of the geoid by the gravimetric method, taking into accotmt 
the factors listed in Section 6.1. For a description of a careful determination 
of the geoid in the North Sea Area, which could well be a model for future 
operations see: MONKA et al, 1979, WENZEL, 1979. For the central area, mean 
gravity anomalies were prepared for areas 6'x 10'. 

The gravimetric data can be supplemented by astro-geodetic geoid height 
differences where available. Similarly, the results of comparisons of Doppler 
and geodetic positions provide supplementary data. The role of GPS data when 
it becomes freely available, is discussed in Section 8.2. 

Because satellite geopotential models provide smoothed,low-resolution 
geoids, this data does not have a major role in geoid determination on land. 
However it is valuable as an independent check on the geoid as determined by 
other methods. 

11. CONCLUSIONS

_ Researchers in geodesy, already used to handling !arge volumes of data, 

�111 have to be prepared to deal with even !arger volumes, if the 10 cm geoid
1s to be realised. For this, the data needs to be also of the appropriate 
precision. 

The data requirements include: 

Altimetry data for definition of the geoid. Assuming that the 



oceanic geoid is adopted, data will be all of the same type. The 
ideal data would be from a satellite fitted with an altimeter of 
the precision of SEASAT, in polar orbit and with period such that 
a global coverage could be achieved in a short time span. At 
least two global sets, but ideally about six, would be required, 
evenly spaced through the year so that seasonal variations could 
be eliminated. For this reason (and others) geodesists should be 
pressing for a successor to SEASAT, with appropriate orbital 
parameters for a global coverage. 
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• Surface Gravity. This is the only means of obtaining an accurate,
detailed geoid at sea. The high cost of obtaining the data is a
deterrent, but for regions of special interest it is worthwhile.
Other areas where efforts should be concentrated are in improving
the accuracy, by completing the standard gravity networks, and
filling in the blank areas·of the southern oceans.

On land, efforts should be continued to bring the coverage,
universally,up to the levels achieved in Australia, Europe and
North Arnerica, basically a 10 km spacing of stations in low
topography and denser coverage in mountains.

Geoid Heights. The operation described in Section 8.2 to bring
levelling networks onto the geoid daturn, is an essential part of
the program to improve the accuracy of gravity data, and hence
the geoid. The requirement is the determination of SST at a
selected set of tide gauges, which are connected to the levelling
network.

Geopotential Models. High accuracy ranging to satellites for
improving the geopotential model appear to be a most effective
means of improving the geoid. Extensive programs of laser ranging,
with an accuracy of 10 cm or better, are required.

GPS. When the new system is implemented fully, and if the
specifications promised for the receiving instrurnents are achieved,
a method of great economy and accuracy will be in the hands of the
geodesist. This will provide the means of determining the geoid
to unprecedented accuracy and detail on land. lt will, at the
same time, create a demand for the determination of a detailed,
high accuracy representation of the geöid-ellipsoid separation.
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A contribution to the mixed boundary value problem 

by 

K. Arnold1) 

Summary 

The-dates given beforehand are the geoid undulations on the oceans and the gravity 
anomalies on the continents. There is derived a series development into certain 
functions X for the N-values on the Earth's surface the coefficients of which are 
determined by integrating over the N-values on the oceans and the AgF -values on the
continents. Xhis development is analog to the spherical harmonics development for the 
potential in case the gravity values are, given all over the Earth. 

The functions Xn depend on the spherical harmonics by a successive procedure. This
is a solu�ion of the mixed boundary value problem. 

Further, an iterative procedure is developed to determine discrete values of Non the 
continents from N-values on the oceans and ÄgF-values on the continents, according
to the mixed boundary value problem. 

In the satellite altimetry and gravimetry, known quantities are the disturbing poten
tial, T, on the oceans and the gravity anomalies, ÄgF, on the continents. From these
heterogeneous data, the expansion by spherical harmonics shall be determined for the 
disturbing potential on the Earth's surface and in the external space. 

(1) T = 

In view of 

(2) 

L Tn s (cr ,A)
n 

n 

it follows that 

(J) 

where U denotes the radius of the Earth, S0(f,A) are the spherical harmonics, and
r, lf>, ). are the geocentric polar coordinates. Extending the expansion up to the 
order n =  V ,  aooording to Brillouin one has 

(4) r = 

(5) r --- minimum 

1) AdW der DDR, Zentralinstitut fUr Physik der Erde, 
DDR-15 Potsdam, Telegrafenberg A 17 

[ (n-1) T S /2 Q2 dae 
n 

n n 

D 



ac, denotes the area of the ooeans, while ae
2 

means that of the continents.

2 

(6) Q = � •

/lg 
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/lT is the residual root mean square deviation for the disturbing potential on the
oceans, /lg being the corresponding valUe for the gravity anomalies on the continents. 
The conditions for the minimum are 

(7) 
aT = 
öTq O, (q = o, 1, 2, ••• )

Instead of the spherical harmonics S
n

(y,i), the funotions Xn
(�,i) are introduced by 

setting 

X
0 

1s obtained sucoessively from Xn_1, 

Now one has for the gravity anomalies 

(12) 

The function r to be minimized then becomes 

(1J) r =

The minimum conditions 

(14) 
ar 

c7!q = 0 ' 
(q = o, 1, 2, ••• ) 

yield the coefficients f Sn '

k = O, 1, 2, ••• , 

(15) ff T x
q dae - ff ÄgF y(x ) Q2 

döt
Xz �l 

q 

on.q is the Kronecker symbol, 

(16) J n.q = {
n = q} • 
n „ q 
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Acoording to (1J) and (15), the functions X0 satisfy the following condition. 

(17) 

where 

(18) 

Jf xn xq dx + ff y(Xn) y,(Xq) Q2 d�
x., •z

The coefficients 

for calculating the functions X
0 

from the spherical harmonics S0 are successively
derived from the following equations. 

(20) 

(21) 

(22) 
k � i 

- ff ¾: xi dae - f{ y,(Lk) -y,(X) Q2 dae ,
X1 llez 

i o, 1, 2, 
. . .  ' (k-1) 

k = O, 1, 2 , ••• , 

The coefficients \n of the expansion of the disturbing potential T by the functions
Xn are found by the relation

(2J) �n

If required, the spherical harmonics may again be substituted for the functions Xn.

For an infinite extension, (v --• o0), Q is the corresponding quotient of the random 
errors of measurement. Then Q does no longer depend on v and the functions Xn can a
priori be determined once and for all. 

If, on the basis of the desired boundary value problem, the T-values shall be 
determined at disorete points on the oontinents, then Molodensky's formula does good 
service for the inversion of the Stokes formula, Let N be the geoid undulation, then 
it follows that 

(25) e = 2 R sin �2 

&n. q 
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For the singularity in the nearest neighbourhood of the test point one has 

(26) 

(27) N-N0
= V 1.1 8 00S°' + v

1
•2 e sinoc. + 

+ 112.1 e2 oos2oc. +
2 V

2
•

2 
e sinoc. 00S CX. + 

+ "2.J 8
2 sin2oc. + • • •

If the radius f is ohosen small enough, the integral (26) beoomes zero. Then, if � 
is the remaining part of the spherioal surfaoe ae, after the exolusion of the nearer 
neighbourhood of the test point within the radius f, one obtains the following 
equation. 

(28) 
2 2 

[ Q. - ��. Jf 1,r dw.] (N)o + � Jf � dac + (Ä gF)O = o • 
R 

� e
.} 

� e 

A substitution of sums for the integrals gives 

(29) = 0 ' k # 0 • 

By separating, in the sum in (29), those areas where the N-values are known and un
known, respectively, one obtains 

(JO) � an.p NP + t an.q Nq + (.d gF)n = 0 ' 

(J1) n,p � O, 1, 2, ••• , F, 

(J2) q = F+1, F+2, •••,X •

Setting 

(JJ) bn = f an.q Nq + (.Ag
F

)
n 

for the known part, one obtains a linear set of equations for the determination of 
the unknown N-values, 

(J5) n,p = O, 1, 2, � •• , F .  

This set of equations can be solved by the Gauss-Seidel iteration method. The oon
vergence of the method is ensured becaus·e i t can be shown that 

N-N 
Jf -fl sinV' dlf dcx. 
f e 
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Tue spacelike M:>lodenski problem including the rotationa.1 term
of the gravi ty _potential 

) 1 
A. Bode and E. Grafarend

O. Introduction
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The spacelike MJlodenski or geodetic bmmdary value problem has gained 
new interest for a statement of the degree of approximation by an ad
justioont of threedimensional networks through collocation. The classi

cal M:>lodenski problem is defined by a fimctional lineari zation of ab

servables of type gravi ty and potential through an isotropia normal 
field, e.g. gm/r where gm is the product of the gravitational constant 

and the mass of the earth, and r the distance of a telluroid point from 
the mass centre. Typically an isotropic botmdary operator appears in 
such a linearization process, e.g. only a derivative of order zero and 

order one with respect to r. There has been the tmSolved problem how to 
construct an tmique solution for the more realistic case that the nor

mal potential includes the centrifugal tenn, that is a nonnal potential 

of type gm/r + w2 r2cos2q,/ 2. This an.1.:sotropia normal potential will be our 

starting point, here: At first we rigorously construct the Unea:f'ized 
botmdary operator for such a normal potential tmd prove that zero and 

first order derivatives appear with respect to radius r and latitude q,, 
a generalization of the classical Stokes botm.dary operator. 

Secondly the geodetic boundary value problem based on such a linearized 

boundary operator is rigorously solved in the Hilbert space of spherical 

hanoonics, rnainly by applying the technique of base representation by 

Wigner Jj-aoeffiaients. Finally the infinite diioonsional system of 

equations is rigorously solved by the technique of Netunaml series, set 

up arotmd the Stokes solution. A aonvergenay proof is given. 

The problem we have solved here has attracted rnany geodesists; for in

stance, it was mentioned as an wisolvedproblem by F. Sanso (1977, 1978). 
Similar technology to construct a solution was used by K. Arnold (1980) 

who even used a more general normal field representation than ours. 

This contribution is part of another one solely on telluroid mappings 

based on the above normal gravity field. 
11 Geodätisches Inetitut der Universität Stuttgart
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1. Representation of the boundary operator of the geodetic
boundary value problem

Geodesy will be based on Euclidean vector space structure. Topological 
notions are given by mass-free and mass-filled regions, e. g. the exter
nal space R of the earth and the internal space R. = R 3/R separated 

e 1 e 

by the boW1dary aR, the surface. A boW1dary value problem will be called 
a geodetia one, if for a given gravity vector {{�,W(�)},�EaR, the obser
vationai funetionai, we can find (-Z:)' x or the geometry_ space of the 
boW1dary, (ii) W(�), �ERe' or the gravity space of the external region,

subject to the Poisson equation div ,t(�) = div grad W(�) = - 4rr_Gp(�) +

Zn2, f6ERi of a Wlifonnly rotating body of veloci ty n and mass densi ty

p(x) JJR.1ltiplied bei G, the gravitational constant, especially lim W(x) =
1'(; r+<>" 'v 

= O, r = 11�11• We refer to (i) as the geoiretric part of the gbvp, where-
as to (ii) as the physical part of the gbvp. Both, (i) and (ii) make 
the gcvp a free, nonlinear boW1dary value problem. 

In order to Unearize the gb--vp we deaompose W = w -r öw, where w is called 
the nonnal potential, öw its disturbing coW1ter part. Nrurely we choose 
w := gmr-1 

+ w2 (x2 
+ y2)/2 such that G = g + ög, w = n leading to LW(x) =

'v 

= Zn2 
= Lw(�, �EaR, L := div grad, the threedimensional Laplace opera-

tor, especially Löw(�) = O, �EaR! 

Due to fact that the geometry of the ' real boW1dary' is Wlknown, but sone 
approxirnate inforrnation 'where we are' is Jmown, we introduce the bijea
tive telluroid mapping T: P-tp, p = T(P). (T maps a point P of the 'real' 
boW1dary onto a point p of the approxirnate boW1dary, the telluroid, 
one-to-one.) The inverse telluroid mapping will be written P = r-1(p).

The known boWldary data ,t(�, W), W(�), �EaR, will be approximated by 
linear series of B. Taylor 'aroW1d a known point p' , nancly 

t(P) = tCP) + öt(P) = i(p) + (grad i) (p) ö� + öt(P)

W(P) = w(P) + öw(P) = w(p) + (grad w) (p) ö� + öw(P) 

or 

a22w a2 3w 
= a32w a33w + 

p p 

(1. 1i) 

(1. 1ii)

( 1. 2) 

tin a 11w &12W &13W a1öw 

ÖY2 &21W 
tix1 

&2ÖW 

fiy3 &31W fix2 
&3ÖW 

tiw a 1ww &2W &3W fiX3 
ÖW 
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represented-:in an orthononnal (Cartesian) fr� such that ßyi:=ri(P)-yi(p)
are the coordinates of the gravity anomalyvector ßy(P,p), ßW:=W(P)-w(p) 

'\, 

the potential anomaly, a. = a/ax., a .. = a.a .• We will refer to (1.2) as 
1 1 1J 1 J 

the nrixed form of the linearized nonlinear botmdary operator : 

ßX = x(P) - x(p) is unknown in georretry space, öy = grad öw and öw are 
'v 'v 'v 

unknowns in gravity space. A version with unknowns only in gravity space 

can be constructed in the following way: The matrix containing a
i 
w and 

a . .  w is partitioned according to 
1J 

[�lj 
U

J
J

W 

ßX2 = a21W 
ßX3 a31w 

cl12W 
clz2W 
a32W 

a1•jlYJ _ 
cl2 3W • ßY2 
cl33W ßY3 

p 

öw(P) - a.w(p)aijw(p)a.öw(P) = 

1 J

tw(P,p) - a
i
w(p)öi

jw(p)ßy
j
(P,p)

a10WJa20W (1. 3) 

cl3ÖW 

(1.4) 

where aijw indicates the regular inverse of aij
w. Tue summation conven

tion over repcated indices is applied. Actually the first three equations 
of (1.2) have been used to detennine tx, in return this result was put 
into the fourth equation of (1.2) leading finally to (1.4) to which we 
refer as the gravimetric fonn of the linearized nonlinear boundary ope
rator: lt contains only öw and grad öw as unknowns in gravity space. In 
addition a shorter version of (1.4) is 

öw - y.aöw/ay. = ßW - aw/ay.ßy. 
1 1 1 1 (1.5) 

In order tobe rore precise we must state the application of the tellu
roid mapping to make (1.4), (1.5) computable, e.g. we have to transfonn 
anomalies as being two-point functions into one-point functions, for in
stance ßy := r(P) - y(p) = r(T-1(p)) - y(p) =: r(p) - y(p), and similarly
Löw(P) = ax./ax1ax./axia.a.öw(T-1(p)) = o, xEaR. An example for a tellu-1 J 1 J  71, 

roid mapping is �(P)/ 11 r(P) II = y(p)/ II y(p) II, W(P) = w(p) leading to a 
special fonn of (1.5)� namely 

/ 
-1 öw - y.aöw ay. = - y.aw/ay.y ßy

1 1 1 1 ( 1. 6) 

-
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In tenns of graviiootrical spherical coordinates the telluroid mapping of 
this type can be written A(P) = \CP), �(P) = q,y(P), W(P) = w(p). For
the detailed corrputation of the linearized bOlllldary operator ( 1. 4), 
(1.5), (1.6) we take adventage of the fact that, in geometrical spheri-

-1 2 2 2 -1 cal coordinates, the nonnal potential w : = gmr +w (x + y ) /2 = gmr +

+ w2r2cos2q,/2 = w(q,,r) depends only on two coordinates q,,r instead of 
three, x,y,z:

Lerrma 1.1 

Let (1.4), (1.5), (1.6) be the linearized geodetia bounda.ry opemtor on 

a hamonia disturbing potential öw. Assume a teUuroid mapping of type 
-1 A(P) = >.{p), �{P) = q, (p), W{P) = w(p). If w = w(q,,r} = gmr +

+ w2r2aos2 cw'2 is a ahoiae of a norrral potential, then (1.6) aan be rigo

rousl,y represented in tems of geometriaal, spheriaal aoordinates by 

-[2 + ß(l - J sin2q,) ]öw + Jß sinq, aosq, aöw/aq, - (1 - ß)r3öw/ar =

r (1 - ß)2 
+ ß{l + 2ß) sin2p - Jß2sin4

q, 

(1 - e:)½ 
(1 + _e:_ sin2

q,/2 

1 - e: 

where 

ß := w2/grrrro-3, e: .- ß{2 - ß) 

CoroZZary 1.1 : 

. !J.y (1. 7) 

If w2 = O, then the Zinearized geodetia boundary operotor (1.7) reduaes 

to 

-1 - 2r öw - aow/ar = tJ.y (1.8) 

kna,m as the geodetia boundary operotor of G.G. Stokes (1848). 

Proof: 

For the proof we acknowledge the fact that for the nonnal potential 
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w = g,nr-1 + 
11
i2 cx2 + y2)/2 = gmr-1 

+ w2r2cos2q>/2 the nonnal gravity

coordinates 

3 -3 2 y 1 = aw/ax = (- grr.r-
+ w2)x = (- gmr + w )r cos q> cos A

•: Ylt COS A

y2 • aw/ay = (- gmr-3 
+ w2)y • (- gmr-3 

+ w2)r cos (l) sin A

=: y4 sin A 

-3 -2 . 
y 3 = aw/ az .. - gmr z ,. - gmr sm q> 

(1.9i) 

(1.9ii) 

( 1.9iii) 

can be written in terms of wo independent ftmctions, namely y3 and Ytt
-3 2 := (- gmr + w )r cos q> such that

y . ..  ay1./ay y , aE{3,4}
l. a a 

y1..a/ar1.• • ay./ar y a/ay. = y a/ay •1. a a 1 a a 

Let us introduce geanetrical spherical coordinates by

Y1 := A, Y2 := q>, Y3 := r • 

(gmr - w2)r sin q>

[ _

3 

-2 - gmr cos q) 

[-1 -1 
r a .

s1n <P

-1 -1 2 a cos ip

-3 2 -2 

J
(2gmr + w )cos q>/(-2'!Jffr a) 

-3 2 (-wrrr + w2)r sin q>/(-2g;trr- a) 

(1. 10) 

(1.11) 

(1.12) 

(1.13) 

(1.14) 

(1.15) 

(1.16) 

( 1. 17) 

(2ginr-
3 

+ _ w
2 )cos •] 

2 gmr 3sin <P 
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(1. 18) 

In (1.18) a is not an index. If we combine (1.12), (1.14) and (1.17)

for (1.6) we arrive at (1.7), q.e.d. 

2 • Solution of the geodetic boundary value problem by the 
Hilbert-space-method 

The geodetic boundary value problem has already been solved by integral 
equation nethods. However the practical realization of the results has 
been proven to be very problematic. 
Therefore we want to find the solution wi th an other method, which we 
call Hitbert-spaae-method for the following reasons. 

öw and 8y will be represented by harrnonia series, that is as elenents 
of a Hitbert spaae with the solid spheriaat harmonias, or the surfaae 
spheriaat harrnonias, respectively as basis (subbasis). The aoordinates 
(coefficients) of 8y are assumed as known. Substitution of the hannonic
series for öw and 6.y into the boundary operator, recombination of the two 
sides of the boundary operator with respect to the basis and comparison 
of the coordinates of the recombinated left and right hand side yields 
the systew.s of equations for detennining the coordinates of öw. This is 
similar to the comparison of the coefficients of two polynomials. 

Hannonic expansion for öw and 8y 

Because the disturbing potential öw should satisfy the untransformed 
Lap taae di ff eren tia i equation, • öw can assl..llled to be expanded in a harrno
nia series. 

"' 
n+ 1 n ..JT1 öw = E (R/r) E Pn(sin<P) (�cosnu + bmsinmA)

n=O m=O 
n (2. 1) 

-3 2 3 2 a : = [ gm r - w ( 1 - 2 cos 1p)] 

m 
..JTl( ·.--~ (1 "2" d n+m 1' µ) _ µ2) ,-µ (µ2 _ 1)n 

Il 21\i! ClU 
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are the Legendre po 7,ynomia 7,s , see for ins tance E • W. Hobson ( 19 31 , p • 91 ,

6 .) • 

lJle basis fi.mctions for öw are the (3-dimensional) solid spherical harmo-

nics 

R n+ l . [ cosm>.
(r) �(SIDQ>) • Siill11A 

After substituting (2. 1) for öw into the boundary operator, which is defi
ned on the telluroid, r also IIR.1St be taken on the telluroid, or more 

exactly r = r(>.,Q>) would have tobe substituted. A rearrangement of the 
boundary operator into a series of surface spherical harmonics would have 

tobe perfonned. 
However for simplification pu1'[)oses we approximate the telluroid with a 
sphere of radius r = R. Hence let be R the radius of this ·sphere approxi

mating the telluroid. 

According to (2 . 1 ) we assume, that the gravity anomaly on the telluroid 
1\, 

Ay = r(p) - y(p) is developed into an approximating finite series of sur-

face spherica 7, harmonics, which will be wri tten as an infinite series • 

eo n 
Ay = i: i: pffin(sinq>) (cmcosm>. + dm

sinm>.),
n=O m=O 

n n 

cm : = dm : = 0 , n > N.
n n 

The coordinates cm , dm of Ay are assumed tobe known! n n 

(2 .2) 

Because Ay has been developed only on a surface, the basis functions for 
Ay are the (2-dimensional) surface spherical harmonics 

v11(sin ) . [c?sm>. 

Il 
cp 

SlilIDA 

Here the quotients (R/r)n+ 1 are unity. 

Otherwise we have to take r = r(>.,cp) on the telluroid and Ay would not be 
completely developed into a series of surface spherical harmonics, which we 

assumed. 

5 
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Substitution of the series for öw and /J.y into the botmdary operator. 
Basis representation of the botmdal"}'Value operator 

By nrultiplication with g;n/r3 and other sinple transfonnations the bol.lll
dary operator ( 1 • 7) takes the sui table form 

wn aöw � 2 aöw [- (2 �r + w2) + 3w2sin2q>]öw + 3w2sill(I) cosq> - + (- + w )r - =
oq> r ar 

ßo + ß 1 sin2
q> + ß2 sin4q> 

= � V ½ /J.y , (2 .3)
r (1 - E) 2 (1 - � sin2q>) 

ßo .- (1 - ß)2 ß 1 := ß(1 + 2ß) , ß2 := - 3ß2 

E : = ß ( 2 - ß) , � : = 1 
-_ \ ; ß : = w2 / 'iJil r -3

, 

Tue right hand side of (2.3) can be e.xpanded by applying the binomial se
ries on (1 - � sin2

q>)-v2 . 
"" 

r.h. side of (2.3) = 'iJil r-
2( t f: sin2j

q>)/J.y ,
j=O J 

2 . •
fJ. := (1 - €)-1/2 E ß.(�1/?)�J-1

i=O 1 J-1 

Ca):= a(a - 1)• ••• •(a - n + 1), (�:= 0 for n < 0n n! n 

are the binomial coefficients . 

2.1 Left band side of the boundary operator (2.3) 

(2.4) 

Together with öw the following derivatives are to be substituted into 
(2. 3) 

1 .., n+1 
n 

ööw/ör = - - E (n + l)(R/r) E pffi(am 
COSJllÄ + bm si.nm.A) rn=O rn:O n n n 

(2. 1. 1) 
"" n+l n · m 

a~/a~ = L (R/r) E #(sin~)/d~(am COSJIIA + b SllUilA) 
n-0 m=O n n n 



Hence prcxiucts of the following form arise. 

sin2cp �(sincp) , sincp coscp �(sin<P)/dcp 
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They are to be transfonned into a basis representation of the form 

Ea� • We use two wellknown recurrence relations of the theory of har-
J J 

nxmic functions : 

(Zn + 1)�(µ) = (n + m)�_1(µ) + (n - m + 1)�+1(µ) , 

(1 - µ2)�(µ)/dµ = (n + m)�_1(µ) - nµ� (µ) 

(2. 1. 2) 

See I.S. Gradshteyn, I.M. Ryzhik (1965, p. 1005), E.W. Hobson (1931,
p. 108 (42)), W. Kertz (1973, p. 59), N.N. Lebedev (1973, p. 248 
(7.12.11), (7.12.15)) 

. Setting µ : = sincp and repeated application of the formulas (2. 1.2) 
yields 

m (n + m - 1)(n + m)
Pn-2 .- (Zn - 1)(2n + 1) 

m ._ (n - m)(n + m) + (n - m + 1)(n + m + 1) 
0n ·- (2n - 1)(2n+ 1) (Zn + 1)(2n + 3) 

Tm ._ (n - m + 1)�n - m + 2)
n + 2 • - ( Zn + 1) Zn + 3) 

sincp COS(j) d.Pm( sincp) / dcp = am 

Zpffi 2 + ßm p1ll + m p1ll n n- n- n n Yn+Z n+Z'

m (n + 1)(n + m)(n + m - 1)
an-2 (Zn - 1)(Zn + 1) 

ßm (n + 1)(n - m)(n + m) n(n - rn + 1)�n + m + 1) 
n (Zn - 1)(Zn + 1) - (Zn + 1) Zn + 3)

rn _ n(n - m + 1)(n - m + 2)
Yn+Z .- (Zn + 1) (Zn + 3) 

(2.1.3i) 

(2 .1.3ii) 

Obviously the 'spectrum' becomes wider by multiplying öw with sin2
cp or 

aöw/a(j) with sin(j) cos(j) 

. n2 ..Jll m p1Il + ,...Ill.Jll + Tm ..Jll 51 (j) .l:'n = "n-2 n-2 vJ'n n+Z.l:'n+Z ' 

.- -----------
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The formulas (2.1.3i-ii) yield 

sin 2q, öw = 

eo n+ 1 n ...Jll m m = E (R/r) E sin 2q, Y (a COS mA + b sinmA) = 
�o •O n n n 

= 
; (R/r)n-1 r ,m p1Il(a m 

2COSIDA + bm 

2 sinmA) +
n =2 m=O n n n- n-

00 n+ 1 n m ...J11 m m + L (R/r) L cr y (a COSmA + b sinmA) + 
n =O m=O n n n n 

00 

n +3 n m ...Jll m m + L (R/r) L P
n 

Pn(a
n+-

zCOSmA + bn+Z sinmA)
n =O m=O 

(2. 1.4i) 

sin q, cosq, aöw/aq, = (2.1.4ii) 

00 

n + 1 n ...J11 m m = I: (R/r) E sinq, cosq, d P
n

(sin q,)/dq,(a
n 

cos m). + b sinmA) = 

�o m=O n 

= ; (R/r)n-l � ym pffi(a m zCOSIDA + b m z sinmA) + 
n =Z m=O n n n- n-

+ ; (R/r)n+l � ßm P m(d11cos mA + b m sinmA) +
n =O m=O n n n n 

n + 3 n m ...Jll m m + L (R/r) La p (a 
+zCOSffiA + b sinmA)

n =O m=O n n n n +Z 

Because of Pm = 0 for m > v , we observe that a m

\) \) 
O, m > v. 

Substitution of (2.1.4i-ii) together with aöw/ar in the fonn of (2.1.1) 
yields for the left hand side of (2.3): 

eo n 
E (R/r)n-1 E w2r m p1Il(am 

2 cos mA + b m 

2 sinmA) +
n =Z m=O n n n - n -

00 n+ 1 n 
3 m ...J11 m + E (R/r) E [(n - 1)gm r- + w2s] Y(a cosIDA + b m sinmA) + 

n =O m=O n n n n 

eo n 
+ E (R/r)n+3 E w2t

n

m p1Il(am

+Z cosmA + b m

+Z sinmA) , (2.1.5) 
�o •O n n n 

yffi 3(a m + ,m) = 
_ 3 (n - 3)(n - m - 1)(n - m)

n 
· -

n n ( Zn - 1 ) ( Zn - 3) 
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m 3(ß� + cr�) (n - 1)(n + 1)(4n + 3) + 1Sm
2

Sn
- (n + 2) = -

(Zn - 1) (Zn + 3) 
(2.1.Si) 

.-

tm 3(a� + p�) = 3 (n + 4)(n + m + 1)(n + m +
(Zn + 3)(2n + 5) .-n 

m m 
0 a =b = , m>v. 

\) \) 

2) 

Hence the restriction of the left hand side of the boundary operator 

(3 .3) onto the sphere with radius r = R, approximating the telluroid, 

has the basis representation

00 n 2 m m [ ( ) -3 2 m] m 2tm am ) ..Jll 
E E {(w rn an-Z + n-1 gmR + w sn an + w n n+Z Yn cosmA +

n=O m=O 

+ (w2rm bm 

2 + [(n-1)gmR- 3 + w2sm]bm + w2tm bm 

2) p1ll siI1I11A}
n n- n n n n+ n 

m m a = b = 0 , m > v , 
\) \) 

(2.1.6) 

where the cases n=0,1 are also included (see the first sum of the pre
ceding e:xpansions). 

2.2 Right hand side (2.4) of the bolllldary operator (2.3) 

The following product rnust be transformed into a basis representation. 

c � f. lj) 1:ir =

j=O J 

00 2j N n m m m = (_E
o
f;µ ) E

o 
E Pn(µ)(cn COSmA + dn sinmA) '

J= � n= m=O 

µ • - sinm cm 
= dm 

= 0 n > N.., n n ' • 

(2.2. 1)

It is sufficient to show how the transformation works for the term 

"' 
2. N n

( E f.µ J) E E cm pffi(µ) COSmA 
j=O J n=O m=O n n (2.2.2) 
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2. At first the powers µ J can be expressed by Legendre polynornials: 

2j j 0 µ = r �- F2 (µ) ,
K 

=() J , K K 

2j + 1 

II. 

J,K

, K = Ü 

2 �4f< + 1) � f - ;\ + 1
j + 1 )..=l 2j + 2A + 1 ' .

K 

> Q

(2 .2 .3) 

II denotes the product. (E. W. Hobson ( 1931, p. 44 ( 4 3) and others) 

2. Hence the products µ J � can be reduced to linearcombinations of pro-
ducts of the fonns Pz

K 
p� which are again to be transfonned into a ba

sis representation. The coordinates of these basis representations are 
essentially the Wigner 3j-aoeffiaients. 
The following expressions for detennining these coordinates are based 
on results taken from D.E. Winch, R.W. James (1973). 

Between our definition according to E.W. Hobson (1931, p.91, 56.) 

and the definition with coIJt>lex representation according to D.E. Winch, 
R.W. James (1973, (2.1), (2.5)) exists the correspondence 

ynm(>..,µ) := [(2 n + 1) (n - m)!] 1/2 pffi(µ) eim>.. 
(n + m) ! n (2 .2 .4) 

For products of surface spherical haTIOOnics we take from D .E. Winch, 
R.W. James (1973, (5.7), (5.8), (5.12), (5.18)) the representation 

Y� Yv

m = E[(21 + 1)(2m + 1)(2n + 1)] 1/2 yw (1 m n)(l m n) 
.i; n n u vw 000 

valid: if u + v + w = 0, 

(2.2.5) 

1 

~(µ) 



L ... 1, m, n must satisfy a triangle rule, which we will specify 
only for our application, 

the complex conjugate of Y:. 

And the Wigner 3j-aoefficients:

(1 m n): =
u v w 
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-1l-m-w6(1,m,n)[(l - n)!(l + n)!(m - v)!(rn + v)!(n - w)!(n + w)!]1/2 
•

•[(-1)t[(l - u - t)!(n - m + u + t)!(rn + v - t)!(n - 1 - v + t)!t!
t 

I: ... 
t 

(1 m n)
000 

(1 + rn - n - t)!]-1 , 

t runs as long as positive factorials occur (nust here not be

specified rnore precisely). 

6(1,m,n) s ! 1 l)!(s _ rn)!(s _ u)! , + rn + n even
(2s: = 1 + m + n) 

0 , 1 + m + n odd 

6(1,m,n): = ((1 + m - n)!(m + n - l)!�n + m - 1)!1 1/2
(1 + m + n + 1). 

Taking (2.2.4) into account one obtains frorn (2.2.S) 

·L(2n + l) [(n - w�!] 1/2 pw e-iwA(l m n)(l m �)
(n + w ! n u v w O O O' 

n 

For u: = 0 the condition u + v + w = 0 yields w = - v. Hence we obtain
according to E.W. Hobson (1931, p. 99 (23)) 

pw = p-v = (-l)v(n - v) ! ·pv

n n (n + v) ! n 

n 

(s -
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lt follows 

n < m+l 
Po Pv 

= (-1)v [(m + v)!] 1/2. I::-
1 m (m-v)! (n � max{m-1, v}) A (l+m+n even) 

From (2.2.6) results 

o "�K m m 
p ZK 

� = L 1 w p n+ 2v ' 

mw 
K,n,v

"� max{-K, - zCn-m)} K,n,v

= (-1)m [(n + m)!1 1/2 (n +Zv + 1) (n + 2v - m)!
(n - m)! (n + 2v + m)!

• (ZK n n+2v)(2K n n+Zv) 0 m -m O O 0 

(2.2.6) 

(2. 2. 7) 

The basis representation of the right hand side (2.4) of the boundary 
value operator now is obtained from (2.2.3), (2.2.7) in the following 
steps. 

oo N n 

CL f. µ
2j)( I:: I:: c� � cos m>.) = 

j=O J n=O m=O 

N n oo 

= [ [ cm ( I:: f. �2j pffi
n
) cos m>. =

n=O m=O n j=O J 

N n oo j 
= [ [ c� ( I:: f . I:: 1r • P� pffi) cos mA = 

n=O m=O j=O J K=O J,K K n 

N n oo j v�K 
= L [ c� ( I:: f. I:: n

J
. • I:: 1 w m P

n
!z

v
) cos IDA = 

n=O m=O j=O J K=O ,K "� max{-K, - zCn-m)} K,n,v 

N n m 
= I:: I:: cn I:: 1 n=O m=O Ko � - zCn-m)

00 min{k,N}K � J(N-k) 
= I:: I:: � t. 

k=O m=O Ko � {cm-k)

pTl 
n+ZK cos rn,,_ = 

0 

rn rn .JJl 
ck+ZK vk+ZK K Pk cos rn,,_ = 

o o' o 



00 k 

= E E c'� � cos IDA 
k=O m=O 

,m 
C k 

,m 
C k 

1 
K � -(N-k)o 2 m 

= E 1 ck+2K 
K

o � zCm-k) 0 

= O, m >N 

1 (- 2 (n-m) � K
o 

< �)

Analogously the transfonnation of the d� is obtained: 

1 
Ko � zCN-k) 

= E 1 Ko � zCrn-k)

d'rn = 0 ,  m > Nk 
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(2.2.8) 

(2.2.8i) 

(2.2.Sii) 

(2.2.9i) 

(2.2.9ii) 

Hence the right hand side (2.4) of the boundary operator (2.3) has on 

the sphere with radius r = R, approximating the telluroid, the basis

representation 

00 n 

grn R-2 E E p111 (c'rn cos IDA + d'rn sin mA) ,
n=O rn=O n n n 

c':, d': according to (2.2.8i - 2.2.9ii). 

For w = 0 we must have 

c 'm (w = 0) = cm d' m Gw : = 0) = dm

n n ' n n 

(2. 2. 10) 

(2.2.11) 

Hence the coordinates of the right hand side can be expressed by the 
coordinates of ty in the following form. 

rn 
2 rn 

C + w ÖC n n' (2.2.12) 

-

m 
~+ZK 

0 
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From (2. 1.6) and (2.2.10) we obtain 
Lerrma 2.1 : 

The boundary operator in the form (2.3) rza.a on the sphere 1,n,th radius 

r = R, approximating the telluroid, the basis representation 

CD n 
I: I: { 

n=O m=O 

(w2r: a�_2 + [(n-l)gmir3+w2s:] a: + w2t: a:+2) � aos mÄ +

oo n 
= gmJr2 L L i!" (c'm cos mÄ + d'm sin mÄ) , 

n=O m=O n n n 

m m a =b = O, m >v; 
'V 'V 

c'm , d'm 
according to (2.2.Bi - 2.2.9ii), uJhere n n 

c'm =d'm =O, m >N n n 

(2 .5) 

(2. Si) 

3. The systems of equations for detennining the coordinates of the
disturbing potential ow and their solutions.

From Lerrma 2.1 follows immediately, that a compar-ison of coordinates 

wi th respect to the base functions p111 cos ru and p111 sin JJ1A leads to 
n n 

Lerrma 3.1 

The equations for determining the coordir.ates a� � b� of the dis-tuPb

ing potential ouJ are given by 

am : = 0 , n-2 < m n-2 

c'm 

n , (3. li) 

(3. lii) 

= gm1r2 



b
m 

= O, n-2 < m 
n-2

= ,..,,,,,,p,-2 d'm 

::t"""' n 
, 
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(3.2.i) 

(3. 2ii) 

Because the equations (3.1i - ii) are mathematically the same as 

(3.2i - ii) we can restrict us in the following to treating only the 
equations (3.1i - ii) and we will obtain analogous results for the 
equations (3.2i - ii). 

Tue equations (3.1i - ii) contain for every fixed rn E {O, 1, 2, .•• } 
two systems of eguations, depending on the fact whether n is even or 
odd. The.range n� of the index n of the equations (3.1i), which are 

l 

contained in one of these systerns, is uniquely deterrnined by the index

pair '�' , i E {1, 2} , e.g. 1 for n odd, 2 for n even. This is 
essentially a result of the condition (3. 1ii). 

Definition 3.1 

i = 1 m 
{m + 1, 3, . . .  } 

m 
= 0) (3.3i)m even : n. = m + (am-1 1, 

i = 2 m 
{m, 2, . . .  } 

m (3.3ii): n. = m + (a 2 = 0)
1, m-

odd i = 1 
m 

{m, 2, . . .  } 
m (3.3iii)m n. = m + (a 2 = 0)

1, m-

i = 2 m {m + 1, 3, . . .  } 
m 

= 0) (3.3iv)n. = m + (am-1 1, 

Now the cha.racteristic systerns of equations can be typified by 

cf.1 : = �-f.1 a� = C 1 � (3 • 4) l l 'vl 'v l 

where the index pair'�' indicates, that the rows of the matrix � 
l l 

contain the coefficients of the equations (3.1i) with n E n�. In ana-
rn l 

logy the unknown vector �i and the right hand side �,rare defined.
Every further application of the index pair'�' runs analogously.

For w: = 0 we arrive at the cZassicaZ solution of G.G. Stokes (1848):

(3. Si) 

-

m 3 2 m] bm + 2tm bm = 
w2r~ bn-2 + [(n-l)grnl( +w sn n w n n+2 

1 

: 

,m ( 0) cm ....._ (n-1)gmR-3 am = gmR-2 m m R m 
c n 00 : = = n -:>' n cn ~ an = n-1 cn 
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Taking the above fonnalism into account the Stokes solution can be 
written in the fonn 

m d" ( R )m m
�i = iag n-1 i �i

(3. Sii) 

where diag ( ..• ) denotes a diagonaZ matrix. 

Example 3.1: 
A nondegenerate system of equations, m = O , i = 2

(- SE! + w2s8) 
R3 

w2r� 

0 

w2t0
0

( + SE! + w2s0) 
R3 

2 

w2r0 
4 

sg = -1, t8 = 8/5

0 

w2t� 

(3 � + w2s0) 
R3 4 

ro 
= 2 2, s� = - 11/7, tg = 24/7

w2 te 

ao 

0 

ag =�

R2 

aD
4

(3.6) 

ag leads to a refinement of the term u 0: = gm r- 1 in the potential or 
of gm, respectively. 

All the matrices of the other systems of equations have the � 
structure. 

Nearly all matrices Ml1 (incl. MR) allow a reguZar spZitting of type 
(D�)-1 rt.1 = I� - A�, whre rf.1 is a diagonal matrix, I� the correspond-

1 l 1 l 1 l 

ing unit matrix, AT a 'reguZar' tridiagonaZ matrix. What we call a 
'regular' matrix will be defined in the following chapter 3.1. 

We then call the corresponding systems of equations GT also reguZar .

In these cases one succeeds in proving the existence and cornputability 
of unique solutions, which will be done in chapter 3.1. Obviously the 
regularity of the A� can be interpreted as a generaJized 'diagonaZ

l 

dominanae' of the M1I1 

There are two exceptions of nonreguZar systems of equations, for the 
cases m = 0, i = 1 and m = 1, i = 1 . These cases will be discussed 
in chapter 3.2. 

c' o 

0 

c'g 

c' o
4 
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. 3. 1 Solution of the regular systems of equations �, 

In the case n * 1 one receives after division of the equations (3.1i) 
by the factor (n-1)gmR-3 the equivalent equations:

w2 ßn = 
gmR-3 (n-1) 

m = 0 , n-2 < man-2

c": 

(see 

R , m=-c n-1 n

(3.1ii)). 

(3.1.1) 

, 

By this transfonnation the equations � have been changed into the 

equivalent systems 

G1l1 : = (IT - AT) �r = c"T 
with the split matrices 

(I� - A�) : = (D�r 1 � , D� : = diag ((n-1)gmR-3)�
l l l l l l 

(3.1.2) 

(3.1.Zi) 

(without the cases m = 0, i = 1 and m = 1 , i = 1 , where in the 
first row of the corresponding matrices gmR-3 is multiplied by (n-1) = 0) 
and the right hand sides 

c"� : = diag (R(n-1)-1)� c'� 
"' l l "' l 

(3.1.2ii) 

The A� are again tridiagonal matrices. Their rows result from the row 
l 

Yectors 

(-ß l1 m m] m 

n n' -ßn sn' -ßn tn , n E ni
In the following we also will use the respresentation 

Am = . w2�
i 

. 
l 

when we want to point out, that the ßn contain the factor w2
•

We show that all the matrices A� are regular. 
l 

Definition 3.1.1 

(3. 1. 2iii) 

(3.1.3) 

A (not neaessarily finite) matrix A = [aij] will be aalled regular, if
the swns of the absolutes of the row elements are bounded by some
a < 1 :

-
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I: 
j=l 

la, -1 �ex, 1,J 
i = 1, 2, • • •

(3.1.4i) 

A (not neaessari"ly finite) veator lt = YI, Y2, • • • wiU be aaUed 

bounded, if the absoiutes of its aoordinates are bounded by some ß: 

IY., !:. ß , i = 1, 2,1, 

(see L. coiiatz (1964, p. 192, 14.4)) 

Lerrma 3.1.1 

The matriaes Am_ are regu"lar and a = 0. 9 • l(T 1 aan be taken.1, 

Proof: 

For the r:, s�, t� in (2.1.Si) the estimates are valid: 

(n =I= 1) 

Taking 

(3.1.4ii) 

(3.1.Si) 

w = 7.292 115 • 10-s [rad sec-1], grn = 3.986 030 • 105 [krn3 sec-2] ,

R = 6 400 [km] 

we obtain for the SlUilS of the absolutes of row elements (3.1.2iii) of 
the AI the estimation: 

lßn r�I + lßn s:I + lßn t�I = < 

< 3.497. 10-3 .zs ::t s.74. 10-2 (n =I= 1) (3. 1.Sii) 

Hence ex : = 0. 9 • 10-1 can be taken and the AIT} are regular matrices 
l. 

according to definition 3.1.1, q.e.d. 

The systems of equations � can be written in the fonn 

m _ Am m 11m _ • ...Jll m 
�i - i �i + � i - . 1i �i

Hence we will have to search for the fixpoints of the operators 't.1 .
1 

Statement� about solvability and representation of the solutions are 
obtained from the following theorem of the mathematical fix point 
theory. 

.., 
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Theorem 3.1.2 

Assume the matri:r: A to be regular and the veator l(, to be bounded. 

Then the equation ,t = � + w., = : T,t has a unique so lution x • 

The total step iteration 'tn+l : = T'tn aonverges for every bounded

starting vector � to the unique solution �. 

Corollary 3.1.2i 

The unique solution � aan be represented by a Neumann series, that is 

� = r I - Ar 1 ll = r I + A + A 2 + ••• J ll ,

where I is the corresponding unit matrix and (I + A + A2 + ••• ) is

a Neumann series. 

Proof: 

For the proof of Theorem 3.1.2 we must refer to the rnathematical 

literature, for instance L. Collatz (1964, p. 192, 14.4). 

Starting with � : = � the total step iteration yields

n n-1 x = Tx = (A + A + .. • + A + I) v
"-Il "'n-1 "'

Hence i t follows 

� = lim �n = (I + A + A2 + ••• ) � = (I - A)- 1 t , q.e.d.
� 

Supplement 3.1.2ii : 

Fr>om the proof of theorem (3.1.1) in L. ColZatz (1964) it beaomes 

obvious, that � is the unique solution in the complete space of all 

bounded �ectors � = [t1, t2, •.• ] • Sta.rting �th a bounded vector x, 
l\,() 

the total step iteration remains in this aomplete space. 

The consequenae is, that a solution, which is different from the unique 

bounded solution �, cannot be bounded. This is important for one of the 

tb>o rumi'egul,aia systems d'! in ahapter 3.2. 
'l, 

------------~----
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The application cf Lennna 3.1.1, Theorem 3.1.2 and Corollary 3.1.2i 

to the systems cf equations � leads to the solutions cf the equivalent 
systems dl1. 

Theorem 3.1.4 

Let the r>ight hand sides a 1"! of the systems of equations d'! be bounded. 
"' 1, 1, 

Then the equivaient systems of equations d:J_ have unique bounded solutions 

a"! , whiah aan be represented by a Neumann series in the foUowing way. 
'v1, 

�� = (½ - A�J-l �'1 = (½ + A; + (A�J2 + ..• ) diag (R(n-1)- 1)� f?,'� =

(3. 1.6i) 

= diag (R(n-1J-lJ"! a"! +
1, 'v'l, 

+ w
2 {diag (R(n-1)- 1 )"! öa"! + If'! (f'! - A"!J- 1 diag (R(n-lJ- 1 )"! a"!} +

1, 'v1, 1, 1, 1, '1, 1\,1, 

+ w4 If'! (f'! - A"!J-l diag (R(n-1)- 1)"! öc"!
1, 1, 1, 1, 1\,1, 

, 
(3.1.6ii) 

where 0�7 is defined by the representation R, '� = R,7 + w
2 Öf?,� aaaording 

to (2.2.12), for If'! see (3.1.J). 
'1, 

Corollary 3.1.4i 

Breaking off of the ser>ies (3.l.6i) with the first order term 

A; diag (R(n-lJ-1) �,� yieZds for the aoordinates of the solutions �� 

the representation 

rm sm tm 

am =_!!_ {c'm _ (w2j,l!!.!.J(..!!:_ 0 ,m 
+ ..!!:.,_ 0 ,m + n ,m ) } 

m 

n n-1 n R3 n-3 n-2 n-1 n n+l O n+2 + • • •  , 
n E ni ,

(3. 1. 7) 

where (3. 1. 7i) 

for the first coordinates a: or m a
m+l , respectiveiy.

Proof: 

Up to (3.1.6i) all is clear because cf Lennna 3.1.1, Theorem 3.1.2, 
Corollary 3.1.Zi and Supplement 3.1.Zii. 

Substitution cf�'�=��+ w2 ö�� into (3.1.6i) and rearrangement with 
respect to the powers w0 = 1, w2 , w4 leads straightforward to (3.1.6ii). 

Taking into account the structure cf A� given in (3.1.2iii) we obtain 
(3. 1. 7) and (3.1. 7i), q.e.d. 



It is obvious that the first tenn in (3.1.7) 

(see (2. 2. 12)) 

contains the solution of Stokes R(n-1)-1cm (see (3.Si)). n 
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Hence, as expected, the solution of the problem under consideration 

results from Stokes' solution by adding some tenns of the order O (w2). 

More precisely the jifference to Stokes' solution is given by (3.1.6ii). 

The first tenn diag (R(n-1)-1)� c� = (3.Sii) represents the 
l l\,l 

solution of Stokes.

In the second tenn, which is of order O (w2), the first (second) 

part is due to the change on the left (right) hand side of the boundary 
operator. 

The third tenn, which is of order O (w4), can be explained by 

the mutual effect of the changes on the left and right hand side of the 
boundary operator. 

3.2 Solution of the nonregular systems of equations. 

In the first row of the corresponding matrices gmR-3 is multiplied by 
(n-1) = 0 (see (3.1i)). 

3.2.1 A not essentially degenerate system of equations, 
m = 1,i=1:

(0 • E!!! + w2s1 ):
R3 1 

1 
- - - - - -

w2tl 
1 

w2r} 1(2 � + w2s 1 )
' R3 3 

0 w2rl5

0 

0 
- - - -

w2tl3

(4 � + 
R3 

- - - -

w2ss) 

- - - - - -

0 

w2tg 

al1 C' 1 1 

al =� e
i l 

3 3 R2

al
5 c' 1 5

(3. 2. 2) 

-
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sf = - 3 

r} = 0 

tl = 36/7 , 

s 1 = - 33 tl = 10;11 

Because of r} = 0 the system of equations Gl is (partially)
deaomposed into the first equation with the index n = 1 

w2s1 a1 + w2t1 a§ = c' i (3.2.3) 
f\, 

and into the system of equations Gl, which in (3.2.2) is located in 
the lower right con1er (dotted lines). 

'v f\, 

The -matrix Mf corresponding to G} is again a tridiagonal 
matrix. Its row indices n are different from 1. Hence in analogy 
to the matrices treated in chapter 3.1, there exists a splitting 

f\, f\, f\, '\, f\, 

(Dl)-1 M} = (II - Al) with a tridiagonal matrix Af. Because the rows 
f\, 

of aj also satisfy the estimation (3.1.Sii), lelIBlla 3.1.1 is valid, that 
'\, 

is Al is regular. Hence the case m � 1 , i = 1 is reduced to the 
regular case discussed in chapter 3.1. 

f\, 

It follows from Theorem 3.1.4 and Corollary 3.1.4i, that the system Gf 

has a 1mique bounded solution, which can be represented by (3. i .6i-ii) 
or (3. 1. 7).

If the coordinate a! is known from the solution �l of Gy, then 
uniquely detennined by (3.2.3). Hence Gf has a unigue bounded af is 

solution �i. 
For af cannot be chosen just any value in contrast to what 

is the case in the solution of Stokes' problem. This is caused by the 
rotational tenn in the normal potential, by which the boundary operator 
is no longer isotropia.

3.2.2 An essentially degenerate system of eguations, 

(0 • .8!!! + w2sD)1

R3 1 ' 

1-

w2t� 

w2rO 1
(2 .&!!! + 3 1 

R3

0 w2rO
5

0 

0 

w2sg) w2t0 
3 

0 .

(4 E!!! + w2sg) w2tg 
R3

m = 0 i = 

aO
1 c' o

1 

aO
3 c' o

3

= SE! 
aO

5 R2 c' o
5

(3.2.4) 

1 



s0 = 01 tY = - 18/1 

rg = O , sg = - 8/3 , tg = 140/33 

Because the first coltmlil of the corresponding matrix M� is the zero 
vector, any value can be taken for a�, as in the solution of Stokes' 
problem. Hence the first coltmlil is not essential for the system of 
equations Gf. 
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The omitting of the first coltmlil of M� leads to the systems of equations 

Gf : = M� �y = �y (3.2.5) 

where in�� the first coordinate is ag 
MY is a Zower tI"iangZe matri:r:, so that the following recurrence relation 
leads to·a mique solution of (3.2.5). 

a0 
3 

- 1 2 c' o a0 - -- 1 ' 5 
w2t� R2

aO 
= 

_j_ {E!!! c' O - ui2r0 aO - ((n-1) .&!!! + w2s0) a0 } n+2 wZtO R2 n n n-2 R3 n n 
n 

(3.2.6) 

However without an additional condition for c'� the solution (3.2.6) is 
not usable, because for any c'� the solution (3.2.6) is in general not 
bounded, that is, it cannot lead to a convergent series for 6w. The 
unique bounded solution of G� is obtained, if c'i satisfies a certain 
condition. 

Lemma 3.2.1 

1\, 

Let G� be the system of equati0111 that is obtained from G� by omitting

the first equa.tion (in (3. 2. 4) in the ZOIJJe1' I"ight ao:rne:r given by the 
dotted Zin.es) • 
A soZution �i of ay is bounded if and onZy if a'2 o:r a�, :respeativety, 
satisfies the condition 

(3. 2. 7) 

Then äi is equa.Z to the unique bounded soZution it� of ay, 111hich is 
detemrined by (3.l.6i-ii), (3.1.7) o:r the :reCUl'l'ence :reZation (3.2.6) • 

• 

-
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ag in (3.2.7) is the first coordinate of �� and it can be represented 

according to (3.1.7) by

aD = !!.. {c'o - (w2f.l!!!.J(!!.3.2o c'g + .!]4 c'gJ + ••• }
3 2 3 

R3 

Proof: 

Let the system G� be separated into the first equation 

(3.2.8) 

(3.2.9) 

'v 

and into the system G� 
The matrix M�, corresponding to G�, is exactly as the matrices 

r/.1, treated in chapter 3.1, a tridiagonal matrix with row indices 
1. 'v 'v 'v 'v 

different from 1. Hence a Splitting cnv- 1 M� = (I� - AV exists with 
'v 

a tridiagonal matrix A�, which is regular, because its rows satisfy the 
estimation (3. 1.Sii), so that Lermna 3.1.1 is valid. It follows from 
Theorem 3.1.4 and Corollary 3.1.4i that exactly one bounded solution 
�� of G� exists, which can be represented by (3.1.6i-ii) or (3. 1.7). 

Now let ä� be a bounded solution of G 0
1 

• ä� is also a bounded 
'v 

'v 

solution of G�, which is unique according to the preceding statements. 

This means that the coordinate a� is already uniquely determined by the 
'v 

systern G�. According to (3. 1. 7) we have (3. 2. 8) for ag.

But ag rnust also satisfy equation (3.2.9). Substituting (3.2.8) for a� 
into (3.2.9) yields condition (3.2.7). 

Conversely, let �� be a solution of G� for a c'�, which satisfies 
condition (3.2.7). 
This solution rnust satisfy the recurrence relation (3.2.6), which leads 
to a unique solution, so that �� is uniquely deterrnined. Therefore i� 
must coincide with the unique bounded solution (which necessarily satis-
fies condition (3.2.7)), q.e.d. 

Solutions �� of G� frorn another c'�, which does not satisfy condition 
(3.2._.:), cannot be bounded, because the bounded solution of G� is unique, 
as is proved in Lemma 3.2.1. These solutions are of no significance, 

because they Canß)t lead to converging series for the disturbing 
potential öw. 

c' o 1 
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For the coordinates bm corresponding to the basis functions p11ln sin IIlA.::...::...:__----n 
the same statements as for the am are obtained, because the equations 

(3.2i-ii) to determine the b: are mathematically the same as the equat-

ions (3.1i-ii) to determine the a�. In the preceding only the letter 

'a 'must be replaced by the letter' b' and the letter' c 'by' d' 
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The linearized bounda.ry operotor of the geodetia bounda;roy value Problem 
ie derived for a no!'mal potential inaluding a tel"fTI of the aentrifu.gal 
potential,. The Unearized boun.dary opera.tor is rigorous 1,y aomputed 
1,eading beeide a derivative with respeat to the spheriaal aoordinate 
radius r to an additional, derivative with reapeat to the spheriaal, ao
ardinate tatitude q,. The Unearized geodetia bounda.pY vaiue probl,em is 
rigorous1,y solved by the Hil,bert spaae method, e.g. a spheriaal harmo
nia repreeentation of the unknCMn distu'I'bing potential, and the knO/,JY/, 
grovity anomaly! A base rep'l'eeentation of the infinite dimensional 
syetem of equations is aahieved by using reaurrenae .re tations · of sphe
riaal, hcmnoniae and Wign.er 3j-aoeffiaients. The solution of the eystem 
of equa.tions is aonstrru.cted by a Neumann eeries whose aonvergenay is 
proved by a theorem of the mathem::r.tiaal fi:r: point theory. It beaomes 
obvious that the solution aan be repreeented by a generalized Stokes 
funation which beeide the spheriaal, distan.ae depends upon the azimuth 
of a great airale aonneating two pc,ints projeated onto the unit sphere. 
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1 ) 

SOU RESULTS OF DASUBEMENTS OF NO.N-TIDAL GRA VI TY CHANGJ!:3 

ID tbe USSR, f'irst researobes on seoular or, in otber terms, 

non-tidal gravity cbanges commenced in 1935. Tbey were stimulated 

a great deal by large disorepano3 (of several tens of mgal) 

1D repeated gravi t3 measurements wi tbin tbe Caucasus and Middle 

Asia [1]. 

Wi tb tbis purpose, Drs. Boulanger and Pariislcy performed 

repeated pendular measurements witbin tbe Central Caucasus. As 

a result of tbe analysis made by Dr. Pariislcy [2] it was deduced 

tbat great gravity cbanges result from accumulation of measurement 

errors. In case we do assume gravity variations in time, tbe3 

cannot exceed several tentbs of m gal per yea:r. 

Tbe pendulum installation, wbiob existed at the time, did not 

bave sufficient accuracy capable of regist:e.ring gravity Variations 

of such value. Tbere arises, tberefore, a necessity to work out 

new means of measurement and tecbniques wbicb could allow to raise 

tbe acou.racy of gravit3 definition. Tbe Second World War illter

fered witb this work and interrupted it for a long time. Only 

in tbe fifties it became possible to resume tbis researoh. BJ 

tbat time, there was constructed a bigbly accurate wide-rang� 

gravimeter "GAE-3" and, a bi t la ter, - "GAG-2". 

M8.Il3 times repeated gravimetric conneotions between Moscow 

and Potsdam and repeated measurements performed tbrougb Potsdam

Riga-Moscow-Kazan-Sverdlovsk-Cbita-TakbtaJD3gda-Petropavlovsk 

Kamcbatslcy and also tbrougb Tbilissi-Asbkhabad-Balkbasb-ilma-Ata 

-DusbaJ1be sbow tbat tbe obtained gravit3 variations are much

less tban tbe errors of tbeir definition and do not exceed ±0.02

mgal per 3ear [3]. 
1) Inst-. Fiziki Zemli AN SSSR, Moskva, Bolschaja Grusinskaja 10

-
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Later, repeated measurements made in 1968 and 1974 b3 Inter

national Gravimetrie Expedition, sponsored by KAPG (Commission set 

up by the Academie s of Socialist countrie s on "Planetary Geophysic•J 

Research program) and the geodetic services of Sooialist oountries 

show that non-tidal grav�ty ohanges at sites Tallin, Vilnius, 

Warsaw, Krakow, Prague, Budapest, Bucharest and Sofia are in

significant relative to Potsdam and cannot exceed 2-3 JUgal per yea:r 

[5]. 
World literature bas many examples of significant gravity 

cbanges revealed by repeated measurements. Lack of sufficient 

metrological facilities for these measurements in the majority of 

cases does not allow to compare the results of these measurements • 

At tbe same time, ma.D.3 authors regard tbese discrepancies as 

related to tbe cbanges of tbe Earth's gravity field. Such experi

mental measurements of gravity field cbanges in time often differ 

by two orders or more. 

Tbearetical estimations of possible gravity cbanges, based on 

comparison of various Earth models and on tbe influenoe on tbem of 

endogenio and exogenic ef.f'ects, also differ by several ordere. 

Tbus, tbe problem of variability in time of tbe Eartb's 

gravity field is considerably complex. Its solution, no doubt, bas 

great significance for tbe whole complex of geosciences and far 

many other branches of ita pbysics, metrology, geodesy, astronom,3, 

etc. Therefore, eacb new result sbowing gravity cbaoges in time 

sbould be carefully analysed. Besides, it should be noted that up 

to the most recent time all measurements of gravity cbanges bave 

been performed by relative metbods wbicb principally could not 

reveal global cbanges. 
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At tbe end of tbe sixties, in the field of instrumental 

gravimetry great progress was acbieved. New instrumants were

constructed-absolute ballistio gravimetres which bave greater 

accurac3 of measurements than the relative instruments. Professor 

Sakuma (Sevres, France) constructed the stationar3 absolute 

gravimeter, Professor Faller (USA) - portable absolute gravimeter. 

The analogue instrument was crea�ed in tbe USSR in tbe Institute 

of Automatics and Electrometry of tbe Siberian Department, USSR 

Academ3 of Sciences. A bit later, a portable instrument was built 

in Italy. 

Tbe Faller and Sakuma instruments were used to establisb a 

reference mark and scale of the new International Gravimetrie 

Standardisation Net in 1971 (IGSN-71) [4]. From 1967 to 1973, tbe

Sakuma instrument was used to perform systematic measurements of 

absolute gravit3 changes in Sevres. 

Tbe Soviet absolute gravimeter. callad GABL (absolute ballistic 

laser gravimeter) was first used in resea.rch in 1972. Later, the 

instrument was modernized and, at present, it is possible to take 

measurements of gravit3 witb the accuracy of about ±6-8x10-9g [ 6 ]. 
GABL instrument was utilized to perform numerous repeated 

measurements of gravit3 in Novosibirsk, at the International 

gravimetric site Ledovo (Moscow) and in Potsdam, in 1976 and 1978. 

In 1977, in Sevres, GABL was calibrated witb the Italian instrument 

and tbe instJ:-ument of nr. Sakuma. 

Table 1 presents comparison of gravit3 measurements at sites 

of IGSN-71 which were obtained in 1969-1970 during the construc

tion of tbis system with gravit3 measurements performed b3 GABL 

in 1976-1978. These results show that for this period gravit3 

bas increased, in average, at 45±2.7 ..Jl gru. at all four sites: 
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Sevres, Potsdam, Ledovo, and Helsinki. It is remarkable tbat all 

obtained resul ts are in good agreement. 

These cbanges first of all oould be tbe result of tbe sbift 

of tbe IGSN-?1 reference mark or, second.13, of real gravit3 

obanges at tbese sites. Tbe most probable is tbe first oause. 

Data by Prof. Saku.ma show tbat in Sevres, du.ring tbe oonstruction 

of tbe IGSN-?1 (1969), tbe gravity value was minimal. In 19?2 

it inoreased b3 4.5 f" gal. Later on, tbere were no considerable 

gravity changes. Du.ring tbe oonstruction of IGSN-?1 g value 

in Sevres acquired great signi.fioanoe and tbe value obtained in 

1969 was in fact oonsiäered as tb& reference mark, wbicb caused 

lower gravity value at sites of IGSN-?1• 

Tbe reason for gravity cbanges in Sevres is not establisbed. 

It can be of global soale, of regional or of local one. In 8IJJ 

case, bowever, tbe inorease in gravity in Sevres by +54±14JS8al 

f or 1969-19?? [ 5 ] is apparent. 

Fig. 1 sbows results of repeated gravity measurements 

performed by GABL at sitesa Novosibirsk, Ledovo and Potsdam. For 

better olarity all results are adjusted to Lemovo. Tbe scbeme 

indicates tbat for 1973-19?8 praotically tbe same gravity obanges 

were reoorded at all tbree sites. In Moscow, tbe rate was 9•1± 

± 2.0 jU gaJ./year, in Novosibirak - 10.?±0•9 ./l' gaJ./3ear, and in 

Potsdam - 9.9 ± 9•1 .f( gaJ./yeax. In total, measurements sbow tbat 

tbis reduotion bad the rate of 9.9 ± 1.3 .f1 gal/yeax. 

In th• first approximation, tbese changes oould be considered 

as quasi-periodical wi tb tbe 5-.Year period and 20 .JU gal ampli tude. 

Reliability of tbese measurements is supported statistically. If 

we oonsider tbe totality cf obanges as random distribution of 

errors, tbe error for weight unit will be ±11•7 .Jl,(gaJ.. Tbis error 

will be lese by half, i.e. ±5•7 _f(gal, if it is calculated by 

• 
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diverge from tbe approximated curve. Sucb reduction of tbe error 

cannot be attributed to random distribution of errors. 

Similar tendency was registered b3 Prof. Sak.uma in Sevres 

during 1967-197�- Tbere were recorded tbe quasi-periodical 

gravit3 cbanges witb about tbe same period but ratber greater 

amplitude - about 25 jUgal. It was considered as a local pbeno

menon. Observations of gravity cbanges taken b3 us were performed 

along tbe line over .5000 km. It allows, for tbe first time, to 

conclude an global cbaraoter of tbe observed gravit3 cbanges or, 

at least, consider tbis pbenomenon covering tbe significant part 

of Eurasi�. 

It is obvious, tbat performed observations are not suffi

cient eitber to define tbe period or tbe amplitude of tbe revealed

pbenomenon. Tbus, in future it is necessary to oontinue measure

ments at tbe old sites and to add at least two new sites looated 

east of Novosibirsk: witbin tbe Baikal rift and in Kamobatka. 

It is necessar3 to define tbe latitudinal effeot of tbtse cbanges. 

For tbis purpose observations sbould be made at considerably 

different latitudes. 

In conclusion, tbe autbor expresses bis gratitude to all 

tbe participants of tbe work witb tbe absolute gravimeter: to 

Drs. Arnautov, Sobeglov, Kalisb, Stus, and Tarasjuk, witbout 

wbose assistance the results described in tbe paper could not be

obtained. 

J.D.Boulanger

Koscow, April, 1980 

-



Table 1 

Compariso.n of new absolute gravity measurements•/ witb IGSN-71 results.

NN Site 

1. Potsdam S-13

2. Potsdam S-13

3• Helsinki

4. Sevre s A
_;

g 
in IGSN-71 

p 9a e

981 261 371 + 17 

981 261 371 ± 17 

981 900 590 ± 19 

980 925 880 ± 14 

Type of measurements 

transmission from Ledovo 
by relative metbods 

by GABL instrument 

transmission from Pot
sdam by relative 
metbods 

by GABL instrument 

g 
new results 

Pgal 

981 261 421+12 
-

981 261 416±9 

Disorepano3 

j1'gal 
+50 + 21

-

+45 ±, 19

981 900 632 + 20 +42 + 28 
- -

980 925 929:±16 +49 + 21 
- -

Average: 

•; Corrected according to results of tbe tbird g measurement in Potsdam 
(September, 1980). 

+46 + 1.a
-

N 
O'\ 
� 
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TESTING OF GEOl?OTENTIAL MODELS BY SATELLITE ALTIMETRY 1) 

Milan Bur�a, Zdislav �im.a 
Astronomical Institute of the Czechoslovak Academy of 
Sciences 

Abstract 

An attempt has been made for testing geopotential models 
SE II, SE III, SE IV.3, SE V, GEM 6, GEM 7, GEM 8, GEM 10B, 
GRIM 2 using new altimetry data (Rapp 1979, OSU rep. No. 

285). On the basis of the altimetry geoid heights, an assum.ed 
geocentric ellipsoid and the tested model the geopotential, 
scale factor R

0 
= GM/W

0 
has been calculated for each ~ .5° x 

5° block. Assuming errors in the altimetry data as negligible, 
the scatter of values R

0 
is due only to errors of geopoential 

modele. In this case the standard deviation in R (for ~ .5
°

0 
0 

x 5 block) indicates the tested model accuraoy as a whole. 
The possibility of detecting the differences in the mean 
sea-level heights on the basis of satellite altimetry has 
been discussed. 

1
> Erechienen in: Bull. Astron. Inst. Czechosl. J,g(1981)2,

s. 65 - 67
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Laser Satellite Hanging Using the Automated SBG Camera 

by 

Harald Fischer1 , Reinhart Neubert1 and Ludwig GrunwaJ.dt1 

Abstract 

Da;ylight and Earth shadow laser ranging of satellites has been obtained with the aid 

of a computer controlled step motor drive for the Potsdam SBG-Camera. 
SAO orbitaJ. elements are used as input information for the controlling desktop computer. 

No detailed predictions from a large computer are necessary. 

1. Introduction

The Potsdam Laser Ranging Station has been operating since 1 974. At the 3rd Symposium 
in Weimar 1976 we reported on first experiments to change from visuaJ. tracking to absolute 
pointing. After having checked that the mechanicaJ. stability of the SBG mount is suffi
cient for that purpose, an automatic tracking system was constructed and put into 
experimental operation in 1 976. Punched tape input was used at first converting later 
to on-line computer control. The purpose of this paper is to summarize the present state 
of the equipment, associated software and experience obtained. 

2. Description of the Eguipment

2.1. Mount and Optical System 

The Potsdam laser ranging system uses a modified SBG camera mount. The 4 axis mount 
of this camera is used even in the automatic tracking mode which simplifies the mount 
control because only smaJ.l accelerations of the drives are necessary. Step motor� are 
used as drives at the 3rd and 4th axis and in addition the axes are equipped with digitaJ. 

encoders. These encoders are used only for presetting the mount and for caJ.ibration 
measurements (star o,bservations). During the pass no back information is sent from the 

encoders to the computer. The mount is preset before each pass in such a wa;y, that the 
3rd axis drive acta approximately aJ.ong track, with smaJ.l cross track corrections 

1 Akademie der Wissenschaften der DDR, ZentraJ.institut für Physik der Erde, 
DDR - 1500 Potsdam, Telegrafenberg A 17 
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applied by the 4th weis drive. 

The precise presetting of the mount bears some problems, however, which could be 

solved with the help of additional inclination measuring equipment and taking into 

account the bending of the 3rd, i. e. the main tracking axis. Frequent checks of the 

mount base orientation are necessary using observations of the polar star. 

The transmitter is a two-stage passive Q-switched ruby laser giving approx. 20 ns 

duration pulses at a rate of 10 pulses per minute in normal mode. 

Table 1. Main Technical Data 

Laser 

Type: 

Pulse Energy: 

Pulse Duration: 

Repetition Rate: 

Mount: 

Type: 

Tracking Mode: 

Tracking Accuracy: 

Epoch Counter Resolution: 

Range Counter Resolution: 

Range Noise: 

Hanging Capabilities: 

Ruby 

1 J 

20 ns 

10 per min. 

4-Axis 

Automatie, Step Motors 

1 min of arc 

10 microsec 

0.1 nanosec 

0.4 ••• 1.5 m 

All Laser Satellites 

The receiver system, placed near the cassegra1n1an focus of the main telescope, now 

uses a gated RCA 31034 A photomultiplier with high quantum efficiency at ruby laser 

wavelength. 

To gate the PMT, total voltage is switched from half the end value to full voltage 

immediately before the expected arrival of the echo signal. 

By help of a dichroic mirror, the receiver telescope may be used as a guide in the 

case of weak satellites, which has proved to be very helpful for the aquisition of 

STARLETTE and LAGE0S and in some cases for GE0S A, too. 

2.2 Hanging and Control Electronics 

A simplified block scheme of the electronical system is given in Fig. 1. 

In comparison to the earlier configuration /1/, /2/, the automatic control block 

and the computer have been added and the counters for epoch and range have been replaced 

by instruments with higher resolution (10 ps and 0.1 ns, respectively). 
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� 
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m o u n t r an g e  .. � ran g e
-

gate 
stop counterd r i v e -

1 

Fig. 1. Simplified Block Scheme of the Laser Ranging System 

Central part is the HP 9825 desktop computer interfaced via the bus system to the 

control block, epoch counter, range counter and to a tape punch for output of the 

results. 

For timing, we take advantage of the cesium clock-based time service located at 

our institute. Via cable we receive a 1 MHz reference frequency and in addition pulses 

for marking each minute and second. So the mount control and epoch counter are easily 

synchronized to UTC. Only for the range counter the internal reference generator is 

used. During a pass, the computer is forced by interrupt pulses each 2nd second to 

calculateand output a control information. These numbers represent the angular velo

city along track, the cross track angular correction and the expected range. After 

these 3 values are output, a new cycle starts. The control unit has built in registers 

and accepts the information, calculated before by the computer, in an exact 2 sec 

sequence. After acception, the new value is valid for control. So any change in 

computing time has no influence. 

Immediately after acception of the expected ranges, that means each 6th second, 

the laser is fired and measurement starts. A small part of the laser power is led to 

a photodiode which generates start pulses. These start pulses trigger the epoch 

counter to output the epoch, startthe range counter and the digital gate time genera

tor. The latter generates delayed pulses according to the predicted range which are 

used to sv1itch on the PMT power supply and 225 ps later to open the range gate for 

the signal pulses, 

-

• =====r==7r--- r----7 

L.___---r--,_=-_= 
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The hardware realization of the 3 control functions is based on identical counter

comparator circuits. To generate a given pulse frequency for the along track step motor, 

this circuit is used as a programmable frequency divider as follows. The 1 :MHz master 

frequency is fed to the counter and the comparator compares the count with the number 

stored in the associated register. If the count is equal to the stored number, the 

comparator generates a pulse which resets the counter to zero. The train of resetting 

pulses is used on the other hand for step motor power unit. Thus the computer has to 

output the time difference between successive step motor pulses inp.s. 

For the other functions the circuit is used to cut a given number of pulses from 

a fixed 2 kHz pulse frequency as input to the cross track atep motor,and to generate 

the gating delay pulse. In these caaes the first comparator pulse is used only. 

The observer has the possibility to introduce hand corrections independent of the 

computer. Al.eng track velocity changes are made by removing or adding some percentage 

of pulses to the 1 MHz master frequencY, and for cross track corrections we apply 

additional pulse groups to the cross track motor. In addition, there is the possibility 

to introduce corrections via the computer keyboard, which is prefered for blind tracking. 

Only time shift corrections are used at present. 

3. Software and Operating Procedure

The system software may be di vided into three parts: the prediction and real time

control system, the reduction and analysis system and some auxiliary programa. All 

subroutines for the first part are present in parallel in the memory to simplify the 

use by the observer. The HP 9825 desktop computer has proved to be very well suited 

for our purpose, because all necessa.ry subroutines may be called simply via apecial 

function keys and time corrections may be input during progra.m execution via the 

keyboard without complications. The measurements are recorded after the satellite 

pass on the second track of the same tape c.artridge which contains the program. This 

cartridge also contains a library of SAO orbital elements. 

The analysis program system is used to compare the measurements with updated 

predictions to reduce instrumental influences and to do some filtering. The reduced 

measurements are collected on a separate cartridge. 

Auxiliary programs are available for data handling and formatting and for mount 

orientation calculation from polar star observation. 

3.1. Prediction and Control System 

Main parts of the software are subroutines for satellite orbit prediction based 

on SAO orbital elements. We use the polynomial terms, the most important long periodic 

perturbation terms and in addition short periodic perturbation terms accord.ing to J2•

Neglecting short periodic perturbations according to tesseral harmonics and to lunar 



271 

interaction, we have some loss in accuracy but a streng simplification of the program. 

From comparisions to calculations using the well known AIMLASER progra.m and to 
measurements we found, that the contribution of the tesseral harmonics is often of the 

same order of magni tude or even lower tha.n the error caused by inaccuracies of the SAO 
�lements itself. The latter is especially the case for GEOS C which shows time shifts 

of up to 1 sec 10 da;ys after the reference epoch already. 

The time required to calculate a satellite position is approx. 0.7 seconds so 

that computing time is not a great problem for the simple program. 

At first the observer has the possibility to let the computer print out a list of 
culmination times of the useful passes for a given satellite and time period. Imme

diately before the selected pass, the mount orientation angles are calculated and 
printed out including corrections for instrumental errors. A:t'ter that, the control 
program ma;y be started. Input information for this program is the epoch counter start 
time and the wanted receiver gate time (usally 50 p.s). The program then outputs the 
first angular veloci ty value a.nd wai ts for the first synchronizing interrupt pulse. 

The interrupt pulses are blocked by a gate, which is opened by the next minute pulse 
from the time base after pressing the start key. The computer delivers at first only 
velocity information raising up the velocity step by step in such a way, that the 
satellite velocity is reached when it passes the center of the field of view. A:t'ter 

that, the program calls each 6th second the satellite position routine "SAPOS" and 
outputs cyclic the three necessary components as described earlier. No precalculation 
of satelli te posi tions and associated interpolation are used. After the "SAPOS" call 
and output of the new velocity to the interface there is sufficient time to read the 
last measurement. This measurement is then compared with the prediction and an 
acoustic signal is generated by the computer if the deviation is smaller than 1 km 
indicating an echo signal. 
After each pass a set of usually 10 target calibration measurements is taken and 
the average is included together with meteorological data in the data set recorded 
on magnetic tape. 

3.2. Data Analysis 

The data analysis program reads the measurements from magnetic tape and compares 
them to predictions. Some time shift ma;y be input for improved matching. There is a
subroutine to calculate this time shift in such a wa;y, that the difference between
predicted and measured range becomes equal for two selected points. Using the so
determined time shift the range deviations are usually well below 1 km. The operator
ma;y input a limit to the computer so that points, the deviation of which exceeds the
limit, are automatically omitted. During the process of comparison the calibration
correction and mount centering correction are carried out. The atmospheric refraction
is not corrected according to international practice, but the zenith distance angle
of each point is calculated from matched predictions and included in the data set
for later use. 

-
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To detect very small errors and to check the range noise level, the Operator may 

call a polynomial subroutine to fit the differences between predicted and measured 

range. The polynomial degree should be chosen as low as possible. The computer prints 

out the residuals of the polynomial fit, the rms error and enoptional histogram of 

the residuals. From this information "runaway" points or possible instrumental errors, 

for instance missing bits in the measured data, are easily found. Points with residuals 

greater than three times the standard deviation are usually omitted. After completion 

of data inspection the reduced set is stored on a separate tape cartridge. The proce

dure of data analysis takes a few minutes. So the observer may quickly check the data 
quality between observations. In addition, he may easily calculate time corrections 

to be used for the next passes. 

3.3. Auxiliary: Programs 

To take advantage of the dialogue capability of the desktop computer, we installed 

further programs. Among this is a program for the determination of the mount orienta

tion bias angles from polar star observations. Main part of this program is a subrou

tine for the cE!,].culation of the apparent place at given MJD (precession, nutation, 

aberration). If completed with a catalogue of well distributed stars on tape, this 

program may be used in future for a more refined mount orientation method. 

A second group which is not complete yet, is for management of the growing number 

of measurements. Among these there is a program for transfer of the data into special 

formates. 

4. Results

After introduction of the new control system the tracking has become more reliable 

and the amount of measurements could be increased. This is the case especially for 

STARLETTE and LAGEOS. The results obtained using the new configuration are summarized 
in table 2. The hardware changes were introduced step by step during the whole period 

Table 2. Ranging Results 

(Given numbers are number of passes and, in brackets·, number of points) 

Period GEOS A GEOS C STARL. LAGEOS Sum 

Sept. -Dec. 78 25(689) 12(181) 12(209) 49(1079) 
Febr.-Mar. 79 3(81) 3(50) 2(82) 2(50) 10(263) 
Apr.-June 79 38(1250) 44(1486) )(47) 85(2783) 
Sept.-Oct. 79 33(1500) 14(490) 4(73) 10(385) 61(2448) 
Mar. -Apr. 80 12(553) 9(296) 5(87) 4(118) 30(1054) 

Sum 111(4073) 82(2503) 26(498) 16(553) 235(7627) 
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and therefore the output was limi ted somewhat by instrumental di:fficul ties. 

\Vhereas the majority o:f passes is observed catching the satellite visually at the 

beginning of the observation, some passes using fully blind tracking (Earth shadow, 

daylight) have been obtained for all satelli tes except :for LAGEOS. We did not try to 

observe LAGEOS at daytime yet because of the very high noise background at single 

photoelectron level. For the other satellites we reduce the PMT voltage to prevent 

damage of the sensitive GaAs-pho to ca thode. 

Improving the optical background suppression we hope to be able to observe LAGEOS 

under twilight conditions in future. 

As� example that the system may detect echo signals out of very strong back

ground noise we show in Fig. 2 the analysis of a LAGEOS measurement taken at a very 
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clearly shows the signal peak at small deviations. The detection conditions in this 

case are not far from the moon ranging, but usually (at night) we work under conditions 

of much lower background noise and stronger signals giving about 30 % detection probabi

lity for LAGEOS. The typical :rms value of the range scattering is for LAGEOS about 

1.5 m according to the laser pulse width of 20 ns. As an example the dist�ibution of 

range residuals were plotted in Fig. 4 for a LAGEOS pass with 63 signal points. 

For strong signals we have a somewhat lower range noise between 0.4 und 1.0 m rms 

for GEOS satellites and STARLETTE. In Fig. 5 the distribution for a GEOS C pass with 

56 points is given. No points have been removed in both cases. In the last example the 

rms noise may be somewhat overestimated because of unsufficient fitting of the poly

nomial. The lowest range noise (0.1 ••• 0.5 m rms) has been observed for calibration 

target measurements. This would have been expected because of the lower signal 

fluctuations from the terrestrial target in comparison t.o satelli te signals. 
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GEODÄTISCHE DATUMTRANSFORMATIONEN
========---

====------------------

E. w. Grafarend, Stuttgart, E. H. Knickmeyer, Stuttgart,

B. Schaffrin, Bonn

Surmnary: 

A systematic approach of geodetic datum transfon:1ations inclu�ing 
geometric and physical tenns and refering to a linear Gauß -_Markov
model is presented. Observational equations c':1fl_be �h�racte�1zed 
by a typical rank deficiency with respect to �nJectiv1ty wh1c� can 
be excluded by a sufficient number of constra1nts. Reference 1s 
rnade to the geometry of null space of the observational equations 
(functionals). Two examples prove the power of the rnethod: 
(i) adjustrnent of a distance neti-vork in geometry space;
(ii) adjustment of observational functionals in geornetry and

gravity space (physical geodesy).

Zusammenfassung: 

Geodätische Datumtransforrnationen werden in systematischer Weise 
für ein lineares. Gauß - Markov Modell vorgestellt, welches sowohl 
geometrische als auch physikalische Parameter im Unbekanntenvektor 
umfaßt. Der injektive Rangdefekt (Spaltendefekt) der Desigrnnatrix 
erster Ordnung in den Beobachtungsgleichungen steuert das Daturn
problem und die Anzahl der BedingungsgleichLmgen, die zu einer 
Inversion eines Normalgleichungssystems notwendig sind. Die RoJ.Je 
des Nullraumes der Beobachtungsgleichungen (Funktionale) wird 
herausgearbeitet. Zwei Beispiele belegen die Kraft des hier 
präsentierten Konzeptes der Datumtransfonnationen: 
(i) Ausgleichung eines Str�ckennetzes im Geometrieraum
(ii) Ausgleichung von Beobachtw1gsfunktionalen im Geometrie- und

Schwcreraum (physikalische Gcod�sie)
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O. Einleitung

Um aus geodätischen Beobachtungen Koordinaten ableiten zu können, 
bedarf es der Festlegung eines Bezugssystems, speziell eines Datums. 
Den verschiedenen geodätischen Aufgabenstellungen angepaßt, gibt 
es nicht nur eine Wahl eines Datums, sondern eine Folge von ver
schiedenavtigen Festsetzungen, beispielsweise in1 lokalen, regionalen, 
kontinentalen und interkontinentalen oder globalen Bereich. Vor allem 
in der :.�avigation und geometrischen Geodäsie begegnet man deshalb 
der Aufgabe, Koordinaten von einem Bezugssystem in ein anderes um-
rechnen zu müssen. Wir nennen hier nur die Arbeiten von S.Heitz (1969), E.J. 
Krakiwski und D. B. Thompson (1974), C. L. Merry und P. Vanicek 
(1974), R. Sigl (1978) und W. Torge (1980). Aufgabe unserer nach-
folgenden Untersuchungen ist es deshalb, eine Systematik von Datum
transformationen allgemeiner Art zu entwickeln. Als steuerndes 
Element.einer Datun1transforrnation wird sich der injektive Rang-
defekt (Spaltendefekt) der Koeffizientenmatrix eines linearen 
Modells der Beobachtungsgleichungen und das zugeordnete System 
von Bedingungsgleichungen erweisen, welches das lineare Modell 
invertierbar macht. 

Im ersten Abschnitt über Datumtransformationen innerhalb eines 
linearen Ausgleichungsmodells mit injektivem und surjektivem 
Rangdefekt geben wir zunächst die zwei entscheidenden Eigen
schaften eines Systems von Bedingungsgleichungen an, die zur Be
hebung eines Datumdefektes erfüllt sein müssen: Unabhängigkeit 
der Bedingungsgleichungen, Unabhängigkeit der Spaltenräume von 
A' und B', den transponierten Matrizen des Designs erster Ordnung 
(Konfiguration) und nullter Ordnung (Datum). Die Lösungstheorie 
spaltendefekter Gleichungssysteme mit dem Hilfsmittel von Be
dingungsgleichungen wird anschließend in den Zusarranenhang mit 
der Minimierung der Euklidischen Nonn des Unbekanntenvektors 
gestellt. Verschiedene Matrizen B1, B2, und Vektoren c1, c7 in
den linearen Bedingungsgleichungen Bx = c detenninieren die Da
tumtransfo11nationen (1.10). Ein erstes Beispiel der Theorie 
von Datumtransforrnationen wird im zweiten Abschnitt über drei
dimensionale Netze im Geometrieraum gegeben. Der dritte Abschnitt 
ist dem allgemeinen Zusannnenhang zwischen der Datumtransformation 
Wld den gewählten Restriktionen gewidmet, insbesondere der Frage 
nach der geometrischen - physikalischen Interpretierbarkeit von 
restriktiv gesteuerten Datumtransfonnationen. Ein zweites Beispiel 
der Theorie von Datumtransformationen wird im vierten Abschnitt 
über dreidimensionale Netze in1 Geometrie- und Schwereraum vor
gestellt. 
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1. Datumtransfonnationen innerhalb eines linearen .Ausglei
chungsmodclls mit injektivem und surjektivem Rangdefekt

Ein lineares Modell sei mit seinen ersten beiden Momenten des 

nx1 dnnensionalen Beobachtungsvektors y vorgegeben, namentlich 

(1.la) E(y) = Ax

(1. lb) D(y) = E{ (y-E(y)] (y-E(y)] 1
} = z.: , 

wobei A man dimensionale Designmatrix erster Ordnung vorn Ral)g 

r = r(A) < min {n,m} und z.: n.xn. dimensionale Designmatrix zwei

ter Ordnung, Varianz - Kovarianz - Matrix des BeobachtW1gsvek

tors, und x mxl dimensionaler Unbekanntenvektor ist. Die Dis

persionsrnatrix I habe vollen Rang, jedoch die Designmatrix A 

den Spaltendefekt d: = m-r � 0. Der Spaltendefekt der Design

matrix bewirkt, daß die kleinste - Quadrate - Lösung nur bis 

auf die Freiheitsgrade festgelegt ist, über die mit Hilfe von 

Bedingungsgleichungen 

(1.2) Bx = c 

verfügt werden kann. Dadurch wird das Datum eindeutig festge

legt, sofern etwa gilt 

(1.3a) o(B) = cix:m, r(B) = d 

(Unabhängigkeit der Bedingungsgleichungen) 

und 

(1.3b) S(A') f"\ S(B') = {G} 

(Unabhängigkeit der Spaltenräume von A' und B'). 

Eine Ausgleichung im Modell (1.1) mit den Bedingungen (1.2) 

führt auf eine eindeutige Lösung der Parruneter, namentlich 

(1.4) i = (A'E-1A+B'B)-l (A'E-1y+B!c).

Eine Herleitung von (1.4) ist in E. Grafarend et al (1979

p.189-192) gegeben, kann aber auch nach K. R. Koch (1980 p. 57-60,

170-172) erfolgen. Ublichenveise wird der Datumdefekt behoben,

_(i) 

indem einzelnen Komponenten des Parametervektors bestimmte 

Werte zugewiesen wer<lcn; 
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(ii) 
indem der ganze Parametervektor in der euklidischen Nonn mini

miert wird; 

(iii) 
indem ein Teil des Parametervektors in der euklidischen Nonn 

minimiert wird; 

natürlich können auch Mischfonnen, z.B. von (i) und (iii), auf
treten. Die dazugehörigen �1atrizen B für die Bedingungsglei
chungen (1.2) lassen sich ohne Schwierigkeiten angeben. 

lzu (i)j 
B besteht aus den d verschiedenen dxl Einheitsvektoren und 
dazu m-d dx1 Nullvektoren, z.B. 
(1.Sa) B = [Id,o];
(1.6a) c beliebig, aber fest 
c enthält die zugewiesenen Werte. 

�u Cii)l 

Der Spaltenraum von B' steht orthogonal auf dem Spaltenraum 
von A', also S(A') J..S(B') bzw. 
(1.Sb) AB' = O, r(B) = d

(1.6b) c = 0. 

lzu (iii)! 

Der Spaltenraum von B' muß orthogonal auf dem Spaltenraum von 
A' stehen, wobei A durch Streichen gewisser Spalten von A ent
steht, z.B. durch 

(1. 7) A : = A[ 
O O 

J 
~ 0 I 

so daß S(A') j_ S(B') bzw. 

(r(A) =
,...., 

Cl , Sc) fYl' • A [ g tJ B' • 0 , • (Bi • d � s

s-d;;,; 0
s 
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(1.6c) 

gilt. 
C = 0 

In den beiden letzten Fällen sollte beachtet werden, daß die 
Spalten von B' keineswegs selbst zueinander orthogonal, sondern 
� linear unabhängig sein müssen; außerdem ist B nicht ein
deutig. 
Auf Grund dieser Ausführungen wird deutlich, daß jede belie-
bige DatLnn - Transformation durch eine Änderung der Matrix B
und des Vektors c erklärt werden kann. Dabei sollen im folgen
den die Parametervektoren x1, x2 gegenübergestellt werden, die
mit unterschiedlichen Matrizen B1,B2 und Vektoren c1,c2 geschätzt
worden sind. Offensichtlich ist 
(1.8) A'E-ly = (A'E-1A+B1 B1)i1-B1c1 = (A'E-1A+B2B2)i2-B2c2
wid daraus 
(1.9) i2 = (A'E-1A+B2B2)-l [CA.'E-1A+B1 B1)i1+B2c2-B1c1]

andererseits durch Subtraktion 
(1.10a) i2 = i1+[(A'E-1A+B2B2)-1

-(A'E-1A+B1 B1)-1]A'E-ly

+ (A'E-1A+B2B2)-1B2c2-(A'E-1A+B1 B1)-1B1c1
c1.1ob) i2 = {I+ICA'E-1A+B'B )-1

-CA'E-1A+B'B )-1]A'E-1A}i 
- 1 2 1 1 1 1  1 1 

+(A'E- A+B2B2)- B2c2-(A'E- A+B1B1)- B1c1
unter Venvendung der Normalgleichungen 
(1.11) A'E-1�1 = A'E-l�z = A'E-ly. 

Eine Transformation T: R111-) Rm 
mit 

(1.12a) iz = T(i1)
folgt hier der Darstellung 
(1. 12b) i2 = �l + 1 

mit einer gewissen mxm Matrix M und einem gewissen m:x:1 Vektor 1, 
die beide keJneswegs eindeutig bestimmt sind, wie ein Vergleich 
von (1.9) und (1.10b) deutlich macht. i. (i=1,2) durchläuft bei 
Variation des Beobachtungsvektors y nicht den gesamten Rm, sondern 
nur den (rn-d)-dimcnsionalcn Unterraum

l. 



(1.13) Si := S{(A'E-1A+BiBi)-1A 1 E-l} (i=1,2)"
der um den Translationsvektor 
(1.14) s. := (A'E-1A+B!B.)-lB!c. (i=l,2)

1 1 1 1 1 

verschoben ist. Nur für i1 mit
(1.15) i1-s1 E s

1
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müssen die verschiedenen Darstellungen gemäß (1.12b) auf denselben 
Vektor i2 mit

(1.16) i2-s2 e s2
führen. 
Es bleibt uns freigestellt, nach einer solchen Matrix M und einem 
solchen Vektor 1 zu suchen, die zwar (1.12b) erfüllen, jedoch zu-

- sätzlich eine bestimmte Struktur aufweisen, die den geometrischen
und physikalischen Vorstellungen entspricht, die wir uns von einem
bestimmten Problem machen. Dazu möge das nachfolgende Beispiel
dienen.

2. Ein erstes Beispiel:
Dreidimensionale Netze im Geometrie-Raum

Der Parametervektor x möge ausschließlich Zuschläge von nähenmgs
weisen Punktkoordinaten enthalten und zwar je drei Koordinaten 
tsx.. : = X. - x. , 6y. : = Y. - y. , 6z . · =, Z . - z . für jeden Punkt

J J J J J J J J J 
P. (j = 1, ... , k). Werden beispielsweise ausschließlich Winkel in 
J 

einem Netz beobachtet, so kann (1. 1 2a) aus einer dreidimensionalen 
Nmlichkeitstransformation herrühren, z.B. 

(2.1) 

[ X

. + 

!).

x 

·1 [ X
. + 

!).

x 

·1y� + 6y� = (1+A) R3 y� + 6y� 
z. + 6z. 2 z. + 6z. 

1J J J J 

für alle j = 1, ••. , k, 

+ t

(2.2) t:= [:;] , R3 = [ -: : 
-
:] , A E R, 

tz ß -a 1
worin A einen kleinen Maßstabfaktor, t einen Translationsvektor und 
a,ß,y kleine Drehwinkel in einer dreidimensionalen Drehmatrix R3 be
zeichnen. Mit diesem Ansatz bekorrnnt (1 .12b) die Form (m = 3k) 
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(2.3) it2 = (1+Al [
?. �::.:] cv it1 l + ( [.I.] - x0 l 

= (1+A) (Ik m R3) Cxo + i1) + (e�t - Xo)
Dabei bezeichnet Ik die k-dimensionale Einheitsmatrix, ek == [1, ... ,1]'
den kx1 Surrmationsvektor, x := [x1,y1,z

1
,x

2
,y

2
,z

2
, ••. ,xk,yk,zk]' den

Vektor der Nähenmgskoordinaien und "m" das Kroneckerprodukt, definiert 
durch 

(2.4) A II B := [aij B].
Betrachtet man beispielsweise die 3xk Matrizen 

[

llx1
llx

k l
[ x1 • • .xk

� (2.5) Xi
:

= Ay1 •.• 6yk (i = 1,2), Xo== y1 • , ,yk 
621 • " Alk •· i z 1 • ' • 2k 

so gilt gerade 
,., " 

(2.6) Xi= vec Xi (i = 1,2), x0= vec X0 
Somit entspricht (2.3) der vektoriellen Fenn des GleiciRtngssystems 

" ,., 
(2.7) x

2 
= (1+A) R3 (� + x

1
) + (tck - x

0
)

Die zentrale Frage lautet nun: 
Wie Zaasen sioh aus der Kenntnis von B. und o . für i = 1, 2 die Para-

-z, 'l, 

meter der ÄhnZiohkeitstransfo1'111ation (2.1) geüJinnen, die in dem ?xl 

Vektor 

(2.8) p := [A,a,ß,y,tx,ty,tz]'
gesammelt sein m�gen? 

Dazu schreiben wir (2.1) unter Vernachlässigwig von Produkten kleiner 
Größen 

,., " 

[
& . l [ 

& . l ,.,J AJ 
(2 .9) 6y. = 6y. + F! p

6;; 2 
6;; 1 

J 

für alle j = 1, .•• ,k, mit [ x
i 

0 -z. y. 1 0

nJ J 
(2 .10) F! ·- y. z. 0 -x . 0 1 . -

J J J J 
z. -y. x. 0 0 0 J J J 

worin die Nähenmgskoordinaten (x.,y.,z.) der Plmkte P. (j = 1, ••• ,k) 
. h 

J J J J emge en. insgesamt verbleibt anstelle von (2.3) 



(2.1i) x2 = x1 + F'p
mit 
(2.12) F' := [F1' ... ,Fk]', o(F') = 3kx7
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Vergleiche hier insbesondere E. Grafarend et al (1979 p.192-195) und 
K. R. Koch (1980 p. 173-175). Wie dort angegeben, überzeugt man sic.h 
leicht, daß für das Beispiel des Winkelnetzes 

(2.13) AF' = 0 
(2.14) r(F) = 7

falls k ;: 3, gilt. In an<lercn Nctzt)1)Cn sind gewisse Modifikationen 
vorzuncluncn; so ist z.B. in Streckennetzen <lie erste Spalte von F: 
sowie die Komponente A im Vektor p zu streichen. 
Damit läßt sich das Gleichungssystem (2. 11) , das wegen (1 . 11) und 
(2.13) konsistent sein muß, eindeutig lösen nach (1.10a) und (2.14) 
durch 

(2.15) p = (FF')-l F(;2-;1) = 

= (FF')-1F[(A'E-1A+B2B2 )-
1 (A'E-\+B2c2)

- (A'>:-1A+B?1)-l (A'E-1
f+B1 c1)],

Selbstverständlich würde es auch genügen, 7 linear unabhängige Zeilen 
von F' zur Matrix ,E', z.B. 
(2.16) ,E' := [17 ,oj F'
zusammenzufassen und dann 

-1 A A 

(2.17) p = Ct) Cx2-x1)
zu rechnen; zur Kontrolle muß danach (2.11) erfüllt sein. 
Ein numerisches Beispiel sei das folgende eines ebenen Streckennetzes, 
bestehend aus drei Punkten. Tab. 2.1 gibt die einzelnen Streckenmes
sungen mit den Werten "beobachtet minus berechnet" an. Die berechne
ten Distanzen entstannnen den Koordinatennäherungswerten der Tab. 2.2. 
Die Designmatrix erster Ordnung A unseres linearen Modells E(y) = Ax

ist in Tab. 2.3 für Näherungsstrecken der Länge Eins zusannnengestellt. 
Tab. 2.4 enthält zwei Versionen von Bedingungsgleichungen, endlich 
Tab. 2.5 die zugehörigen nach (1.4) oder (1.9),(1.10) berechneten Lö
sungen ;1 und ;

2
• Sei F = B2, so ergibt sich (2. 15) p = [y, tx, t;J '

zu y = 0,00029 (Drehwinkel) und t = -0,01018, t = -0,02008 (Trans-x y 
lationen). Lösung 2 (B2x2 = 0) kann mit diesen Werten entsprechend
(2.3) verprobt werden. 
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Tab. 2.1 : Streckenmessungen 

s12 = 1,0001 , y1 = 6s12 = s12 - s12 = 0,0001

s
13 

= 1,0005 , y2 = 6s13 
= s13 

- s13 
= 0,0005

s23 = o,9996, y
3 

= 6s23 
= s23 

- s23 
=-0,0004

Tab. 2.2: Koordinatennäherungswerte 

x
1 

= /3/2 , y1 = 1/2 

x2 = /3 ' Y2 = 1 

x3 
= /3/2 . , y 3 = 3/2

Tab. 2.3: Designmatrix erster Ordntmg A 

-1(x
1
-x2)s12 

-1 -1(y1-Y2)S1z -(x1-x2)s12
-1-(y1-y2)s12 0 

A= 

A = 

Tab. 

B
1 

= 

B
z 

= 

-1
(x1

-x3)S13

. -1
(y

1
-Y3)S13

0 0 

[T
z -1/2 /3/2

-1 0 
0 /3/2 

0 

-1
(x2-X3)S23

1/2 .o 

0 0 

0 -1-(x1
-x3)s13 

-1 -1
Cy2-Y3 ls23 

-Cx2-x3)s23

-1/2 -/3/2 ,;J 
2.4 Bedingungsgleichungen 

n
0 0 0 0 
1 0 0 0 
0 0 0 1 [ lt -/3/2 1 

0 1 

1 0 

u ' c1 

-13 3/2
0 1 

1 0 

[ 0 , 01 ] 

= 0,02 
0.01 

-l!/2

J 
0 , 
1 

Cz = UJ 

0 
-1-(y1-y3)s13
-1-Cy2-Y3)s23



A A A A A A 

Tab. 2.5 Lösungen t\x, X = x+t\x, fly � Y = y+fly 

Lösmg 1 Lösung 2 

6Xl = 0,01 , x1 = 0,87602 ,

&y1 = 0,02 , Y1 = 0,52000 ,
6Xz = 0,00968 , x2 = 1,74173 , 
öy2 = 0,02075 , Yz = 1,02075 , 
ruc

3 
= 0,01 , x

3 
= 0,87602 , 

&y
3 

= 0,02050 , Y3 = 1,52050 , 

ruc1 = -0,00004
fly1 = -0,00033

ruc2 = -0,00021
b.y2 = +0,00017
6x

3 
= +0.,00025 

b.y
3 

= +0,00017 
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, x
1 

= 0,86599 
, Y

1
= 0,49967 

, x
2

= 1,73184 
, Y2 = 1,00017 
, x

3 
= 0,86628 

, Y
3 

= 1,50017 

3. Der allgemeine Zusatllncnhang zwischen der
Datum-Transfonnation und den gewählten Restriktionen

Fntsprechend der im vorigen Abschnitt geschilderten Vorgehensweise 
kann auch dann verfahren werden, falls keine genauen Vorstelllmgen 
über die Parameter des Vektors p wie in (2.8) bestehen. 
Ausgehend von (1.11) gilt stets 

1 A A 

(3.1) A't- A(x2-X1) = 0
md daher 

(3.2) ;2_;
l 

€ N(A'E-lA) = N(A) 

da t als regulär vorausgesetzt wurde; N(A) bezeichnet den �'ullratmt 
von A. Zur rucrn Matrix A mit dem Spaltendefekt d läßt sich eine mx:d 
Matrix G' konstruieren mit den Eigenschaften 
(3.3) AG' = 0 

(3.4) r(G) = d 

so daß gilt 
(3.S) S(A') lS(G'). 
Beachte die Korrespondenz dieser Bedingungen- zu (1.5b). Beispiels
weise nach K. R. Koch (1980 p. 33-34) gilt stets 
(3.6) S(A') l N(A) 
lD1d daher 
(3.7) N(A) = S(G') 

--
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wegen 
(3.8) dim N(A) = d = dim S(G'). 
Nach (3.2} gilt·deshalb 

,., ,., 

(3.9) Xz-X1 € S(G')
für jede Wahl einer Matrix G, die den Bedingungen (3.3) und (3.4) 
genügt. Folglich ist das Gleichungssystem 

(3.10) x
2
-x

1 
= G'p 

konsistent w1d läßt sich wegen (3.4) eindeutig auflösen zu 

(3.11) p = (GG')-1G(;
2-;

1) =

= (GG')-1GC(A'E-1A+B'B )-1 (A'E-\+B'c )
-1 -1 

2 �1 2 2 
- (A'T. A+B1 B1) · (A'E y+B1c..1 )1,

worin (1.10a) berücksichtigt worden ist. 

Mit dem dx1 Parametervektor p aus (3.11), in den nur die gegebenen 
Größen A, E, y sowie die unterschiedlichen B. und c. (j = 1,2) ein-

1 1 

gehen, läßt sich somH eine lhnrechnung von :t1 in �2 und umgekehrt
nach (3.10) vornehmen; p enthält dabei die zugehörigen Datum-Para
meter. Andererseits führt (3.10) auf 
(3.12) (I-G' (GG')-1G) (�2-;1) = 0 
so daß der mx1 Vektor 
(3.13) g := (I-G' (GG')-1G);. (i = 1,2)

1 

unabhängig von der Wa.11.1 der Matrizen B. tmd der Vektoren c. (i = 1,2) 
1 1 

ist; g hängt also nur von A, E und y ab. Beispielsweise nach K. R. 
Koch (1980 p.60) gilt explizit 

(3.14) (l-G'(GG')-1G) = (A'E�1A)+A'E-lA
so daß sich mit (1.11) 

(3.15) 
gleichzei.tig als kleinste-Quadrate-Lösung kleinster Norm im Modell
(1.1) erweist: Dies entspricht dem Fall (1.Sb) und (1.6b), wonach 
gemäß (1.4) sofort 

" ,.. 
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(3.16) g = (A'E-1A+G'G)-1A•E-1y

gefolgert werden kann. Geht man mit 
(3.11) ein und berücksichtigt 

(3.16) in die Fonneln (3.10) und 

(3.17) Gg=O 
auf Grund von (3.13), so erhalten wir für irgendeine kleinste-Qua
drate-Lösung (1.4), die best:i.nnnten Bedingungen (1.2) genügen soll, 
gerade den Effekt 

(3.18) ;_g = G'(GG')-1GUA'E-1A+B'B)-1(A'E-1y+B'c)l
gegenüber der kleinste-Quadrate-Lösung kleinster Nonn nach (3.16). Der 
zugehörige dx1 Parametervektor 

(3.19) p = (GG')-1G[(A'E-1A+B'ß)-l (A'E-\+B'c)]

enthält dann die speziellen Datum-Parameter bezüglich der Lösung
g nach (3.16). 
Gleichzeitig wird deutlich, daß die Datum-Parameter einer belie
bigen Transfonnation nach (3.11) als Differenz der speziellen 
Datum-Parameter zweier Transfonnationen auf g gemäß (3.18) resul
tieren. Beachte, daß (3.18) und (3.19) unabhängig von der speziel
len Wahl der Matrix G sind. Jedoch wird man G in der Regel so wählen, 
daß der Vektor p der Datum-Parameter gerade solche Komponenten bein
haltet, welche die Wirkung der Bedingungsgleichungen (1.2) geome
trisch oder physikalisch veranschaulichen, wie es im zweiten Ab
schnitt vorgeführt worden ist. 
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4. Ein zweites Beispiel:
Dreidimensionale Netze im Geometrie- und Schwereral.Ull

In Ptmkt�n P der Erdoberfläche seien Größen im Schwere- und Geo

metrieraum gemessen, mit denen im Sinne der integrierten Geodäsie 
. 

nach (1.2) unbekannte Parameter bestirrant werden sollen. Als Messungen 

oder .aus Messungen abgeleitete Größen mögen Strecken, Azimute, Hori

zontalrichtungen, Vertikalrichtungen (Komplemente zu "Zenitdistanzen"), 

astronomische Längen, astronomische Breiten, absolute Sclnverewerte, Po

tentialdifferenzen vorliegen. Unbekannt sind die cartesischen Koordi

naten der Punkte P, oder besser gesagt, Korrekturwerte auf Näherungs

werte, Störungen von astronomischer Länge, astronomischer Breite (Lot

abweichungen), von Schwerewerten und ·Potentialen relativ zu einem nor

malen Schwerefeld und zusätzlich normale Feldparameter, z.B. 

(grn, J
2
, a, w) - Produkt aus Gravitationskonstante g und, Masse m der 

M:>dellerde, zonaler Kugelfunktionskoeffizient J2, große Halbachse a

eines rotationssymmetrischen Niveauellipsoides, w seine Drehge�chwin

digkeit - un4 Parameter, welche die Transformation des no-nnalen Feldes 

in einem System festlegen, in dem die Punkte P koordiniert sind. 

In unserem numerischen Beispiel legen wir ein einfaches kugelsynme

trisches Normalfeld zugrunde, dessen Mittelpunkt M gegen den Koordi

natenursprung O verschoben ist, so daß gilt 

w = (gm) / lcx-�) 2+(Y-YM) 2+(Z-�) 2�

Die linearisierten Beobachtungsgleichungen können als solche in einem 

Somigliana - Pizetti - Normalschwerefeld angesehen werden - sie sind 

vollständig in E. Grafarend und B. Richter (1978) angegeben - in dem 

die Exzentrizität auf.Null gesetzt•wird. Wir verzichten hier auf über

schüssige Beobachtungen: In einem dreidimensionalen Dreiecksnetz seien 

die Strecken s12, s13
, s

23
, das Azimut A12, die Vertikalrichtungen

B12, B13 (Komplemente zu. "Zcni tdistanzen'� Schwerewerte r 1 , r 2, r 3 beob

achtet, astronomische Längen A1, 11.
2
, A

3
, und astronomische Breiten�1, t2,

�3 aus astronomischen Beobachtungen abgeleitet. Unbekannt sind die car-
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tesischen Koordinaten x
1
, Y1, z1, x2, Y2, z2, x3, Y3, z

3
, Stönmgcn

der astronomischen Länge öA1, oA2, öA
3 

und der astronomischen Brei
ten o�1, o$2, o$

3
, Stönmgen der Schwere oy

1
, öy2, öy

3 
sowie-Nonnal

feldparametcr gm, �' YM, �- Entsprechend E. Grafarend und B. Rich
ter (1 977) ist die lineare Abhängigkeit der Stönmgen des Azimutes 
öa tmd der Vertikalrichtung �ß von den ·stönmgen der astr. Länge oA

tmd der astr. Breite Ö$ direkt in die Beobachtungsgleichungen einge
arbeitet worden, um zusätzliche Rangdefekte zu venneiden. Das Fonnat 
der Matrix A ist durch die Anzahl n = 15 der Beobachtungen in der 
Reihenfolge Strecken, Azimut, Vertikalrichtungen, astr. Längen, astr. 
Breiten, Scln�erewerte und durch die Anzahl m = 22 der Unbekannten in 
der Reihenfolge cartesische Koordinaten, Störungen von astr. Längen, 
astr. Breiten, Schweren und Nonnalfeldparameter bestimmt. Der Spalten
defekt d der Matrix A beträgt d(A) = m - r(A) = 7 und kann wie folgt 
interpretiert werden: ein Translationsdefekt der Netzkonfiguration 
von drei, ein Defekt auf Gnmd des nicht festgelegten Wertes gm und 
ein Translationsdefekt von drei wegen der Struktur des nonnalen Schwere
feldes. Der Spaltendefekt d = 7 fixiert die Anzahl der Zeilen der 
Matrix B. In der ersten Datumfestlegung werden die Korrekturwerte 

ruc1 
= O, 6y

1 
= O, 6z1 = O, ö(gm) = O, � = 0, YM = O, � = O gesetzt. 

Dagegen ist eine zweite oder alternative Datumfestlegung 

ruc1
+ruc2+ruc

3 
= o, 6y

1
+6y2+6y

3 
= o, 6z1+6z2+6z

3 
= o

(Auffeldenmg der Koordinatenzuschläge auf den geometrischen Mittel
ptmkt), o(gm) = -1,7 • 1 0-9,. � = YM = -� = -30,000. Um die Dimen
sionen in den Fonneln (1.4), (1.9), (1.10) vergleichbar zu halten, 
sind die Bedingungsgleichungen so anzuschreiben, daß c dimensions
los ist. 

Während die Abb. 4.1, 4.2 und 4.3 die Struktur der Matrizen A, B1, B2
tmd Vektoren c

1
, c2 illustriert - nur Elemente ungleich Null wurden

gekennzeichnet - enthalten Tab. 4.1 die heterogenen Beobachtungen, 
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Tab. 4.2 Näherungswerte der Koordinaten und (gm), Tab. 4.3 die Lö

sungen /ix, X, 6y, Y, ßz, Z, oA, ö$, oy, o(gm), XM, YM, � für die

obigen Datumfestlegun6en. Die numerischen Ergebnisse lassen folgende 
Interpretation zu. Die Schnittstelle der bisher üblichen stufenwei
sen Auswertung (1. Stufe: Ausgleichung nach unbekannten Koordinaten, 
2. Stufe: Ausgleichung auf der Basis eines speziellen nonnalen Schwere
feldes mit Störungen als Unbekannten) wird durch die integrierte Be
arbeitungsweise bestätigt. Im Rahmen der Meßgenauigkeit sind die Beob-
achtung_sanomalien nahezu identisch mit den Störungen. Insbesondere
sind die Störungen recht empfindlich gegenüber der Datumfestlegung.
Von besonderer Bedeutung ist deshalb die Fonnulierung der Bedingungs
gleichungen.

Zusannnenfassend möchten wir die Vorteile der hier aufgezeigten Be

handlung des Datumproblems aufzeigen: Beliebig viele Daturnpara
meter können eingeführt werden, ein besonderer Wert im Rahmen der 

integrierten Geodäsie. Daturntransformationen ergeben sich in natür
licher Art und Weise anhand der Bedingungsgleichungen, mit denen 
injektive Rangdefekte "geheilt" werden. 



Abb. 4.1 : Struktur der Designmatrix erster Ordnung A 

Unbekannte 
1 • • • 5 • • • •10 • • • •15 • • • •20 •22

XXX XXX 

. XXX XXX 

xxxxxx 
. XXX XXX X X XXX 

5 xxxxxx X X XXX 

• XXX xxxx X XXX 

. XX 1 XX 

XX 1 XX 

63 • XX 1 XX 

§10 X X X 1 XXX 

� . XXX 1 XXX 

-5 • XXX 1 XXX 

� . XXX xxxx 

g • XXX 1 xxxx 

�1s XXX 1 xxxx

Abb. 4. 2 : Struktur der Matrix B
1 

und des Vektors c
1 

Unbekannte 
1 • • • 5 • • • •10 • • • •15 • • • •20 •22

1 

1 

1 

Abb. 4.3: Struktur der Matrix B2 und des Vektors c2

Unbekannte 
1 • • • 5 • • • •10 • • • •15 • • • •20 •22

1 1 1 

s:= • 1 1 

� 1 1 

§ . 1 
w 

5 1 
•.-t 

. 1
ü 

7 .:Q 
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0 
() 
0 

B2' c2
= 1 - • o-

9
- 'I • 1 

-30
-30
+30

A 

1 
i:: • 
~ . 1 

~ . 
i:: 5 

•r-i 
'O • 

~ 7 
1 

1 

• 1 
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Tab. 4.1 : Beobacht\lllgen 

s12 = 4.457,014 m , Y1 = �12 = 0,006 

s13 = 5.302,758 m , Y2 ., �13 = 0,002 

s23 = 9.047,544 m , Y3 = �23 = 0,005

Aiz � -193,81328 gon • Y4 = &112 = 0 

B12 = -4,4000 gon ' Y5 = Aß12 = 0 

B13 = 9, 1131 gon ' y6 = Aß13 = 0,00001 

Al = 13,54765 gon ' Y7 
= 

All
.. 0 

Az = 13,54180 gon ' 

y8 
„ 

Alz = 0,00057 

A3
.. 13,60574 gon • Yg „ Al3 = -0,00149 

tl = 53,09079 gon • Y10 = A�l = 0 

tz = 53,13393 gon Y11 = A�z = -0,00105 

t3 = 53,05783 gon • Y12 = A�3 = 0,00083

r, = 9,80592479 ms-2
, Y13 = Ayl = -0,000.000.01

rz = 9,80666543 ms-2
, 114 „ Ayz = -0,000.201.47

r3 = 9,80423035 ms-2
, Y15 = Ay3 = +0,000.638.78



Tab. 4.2 Näherungswerte der Koordinaten und des Produktes 
Gravitationskonstante und Masse 
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x
1 

= 4.187.535,996 m, y1 = 904.833,027 m

x
2 

= 4.184.221,479 m, Yz = 903.675,455 m 

x
3 

= 4.189.634,641 m, y3 = 909.391,494 m
9 3 -2 gm = 398.603 • 10 ms 

, z1 = 4.721.760,231 m
, z

2 
= 4.724.505,950 m 

, z3 = 4.720.046,957 m

A A A A A A 

Tab. 4.3 Lösungen 6x., X, 6y, Y, 6z, z, oÄ, oc/l , oy, o (gm) 

LösW1g 1 

6x.1 = 0

6y1 = 0
6z1 = o

6x2 =-0,003

6y2 = o
6z

2
=-0,003

6x.
3

=-0,005 
6y

3
= 0,001 

6z
3

=-0,005 

o:\1 = o 

, x1 = 4.187.535,996
, y1 = 904.833,027
, z1 = 

4.721.760,23 1
, X2 = 4.184.221,476
, Y2 = 903.675,455
, z2 = 4.724.505,947
, X

3
= 4.189.634,636 

, Y
3

= 909.391,495 
, z

3
= 4.720.046,952 

o:\2 = 0,000.57

0Ä
3

=-0,001.49 
0<1>1 = 0

0<1>
2

=-0,001.05 
0<1>

3
= 0,000.83 

oy1 = o

öy2 =-U,000.201.5

oy 3- =· o ,ooo. 638. 8
�m)= 0 gm=398.603•109 

\1 = 0
YM = 0 

�I = 0 

Lösung 2

1::;x 1 = 0,003 x1 = ,999 
, 6y1 = 0 y1 = ,027 
, 6z1 = 0,003 , z1 = , 234 

1::;x2 = o , x2 = ,479 
6y2 = o , Y

2
= ,455 

6z2 = o , z
2 

= ,950 
, 6x.

3
=-0,002 _, x3

= ,639 
, 6y3 = 0,001 , Y

3
= ,495 

, 6z3 =-0 �002 , z
3

= ,955 

oX1 =-0,000.34

o:\
2

= 0,000.22 

o:\
3

=-0,001 .83

ö<P1 = 0,000.46

o<t>
2

=-o,ooo.59 
0<1>3 = 0,001.30 

öy1 = 0,000.047.2
öy

2
=-0,000.154.4 

öy3 = 0,000.686. 1

c(grn)=-1,7•109 gm=398.601,3•109 

XM =-30 

YM =-30 

Zr-1 =+30 

,,.., ,,.., 
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1. Introduction

Great progress has been ma.de in the solution of the 
geodetic boundary problem during the past 5 to 6 years

( see HÖHMANDER [2] , S1\.NSO [14] , [15] , [16] ) •
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The function spaces principally used for studying the 
problem represent a significant advance as compared 
witb previous techniques sometimes replacing the exact
ness by intuition. Consistent work with function spaces 
makes it possible to profit from the whole wealth of 
abstract resul ts of the functional analysis. '.l'he geodetic 
boundary problem could thus for the first time be 
successfully sol ved as a non-linear one. Necessary a1�d 
sufficient conditions for the existence and the unique
ness of the local solution of the problem were speci
fied and the stability of the solution was possible to 
study. 

However, HÖHi,I.AHm.rn s and SAiiJSO 's resul t s require 
a certain degree of regularity of both the input bounda
ry data and the boundary i tself. 'l'hese requirements are 
sometimes considered rather mild but there is also 
a reasonably motivated tendency to generalize them. It 
seems therefore appropriate to study the problem in 
terms of the weak solution in the usual Sobolev spaces, 
see ::rnCAS (11] , REX'l10li'.YS [12] , LIONS-MAGENES [8] , 
L�IKELIH [9] , ',iliI'l'EI.:AN [lS] • 

lrnother reasons for using direct variational methods 
to solve the linearized geodetic boundary problem, i.e. 
an oblique derivative problem for the Laplace equation� 
issue from a numerical implementation aspect. The tradi
tional method of integral equations, if used to solve 
the given problem, leads to the singular equation contai
ning an integral convergent in the sense of Cauchy's 
principal value only. It is thus impossible to apply the 
rliesz theory on the compact operator ana problems could 
emerge in connection with the boundedness (continuity) 
of the respective inverse operator, that is with the 

·-

stabili ty of the method used. On the other hand, it is
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well known that direct variational methods are stable 

as relat ed to small variations in inpu t data. 

In addition, direct variational methods enable us 

to formulate a comparatively broad class of problems 

for various boundary conditions and for rather general 

simply as well as mul tiply connect ed o.omains. '.11his is 

very important v!hen taking into account the gravi tatio

nal interaction with other celestial bodies and, conse

quently, formulating time-dependent problems. 

The linearized geodetic bow1dary problem is formu
lated for an unbounded domain and the use of a direct 

variational method for an investigation of the weak 

solution would necessarily imply work in spaces wi th 

,Neight. 'rhis approe.ch will be e.voided by usin; t':0 

lCel vin transformation as a useful means of formulating 

an equivalent problem for a bounded domain. �t the same 
time, hov:ever, we will arrange the transformation so 

as to rclatively magnify in the image that part of the 

boundo.ry v,hich is of particular interest to us. In 

respect of the numerical solution requiring a limited 

number of basic functions, the approach just mentioned 

has some advantages. An appropriate choice of the Kelvin 

transformation could also be an efficient tool, if used 

under real conditioas, in suppressing in the image those 

parts of ehe boundary which are not covered by the input 

bounde.ry data. A sirnilar remark was also made by Irn.AiUJF 

in [6] • 

J„et i t be mentioned e,t the end of this introductory 
part that attempts have already been made to use varia

tional methods for the solution of the geodetic boundary 
problem. In these papers, however, the linearized geodetic 

boundary problem is dealt with only in its more or less 

simplified form, mostly in spherical approximation, e.g. 
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in IJAKIBOGLU (10) • ·./hen taking into account the oblique 

derivative as e,n essential fca.ture of the problem, it 
is necessary to find,in the first place,an e.ppropriate 
decomposition of the Laplace operator. �he problem 

becomes, of course, more cornplex but approaches reality 
in a more e.ccurate way. 

Let us recall fi!lally that the weak solution concept 
has an important e.dvantage consisting in the fact that 
the existence of the weak solution can be established 
relatively easily by some of the methods of functional 
nnalysis (Lax-I.:ilgram theorem). natural function spaces 
corresponding to this concept are the Sobolev spaces. 

As usual, general existence theorems do not answer 
the question concerning the quality of the weak solution 
(differentiability, etc.). Nevertheless, it is important 
for us to know what quality of the bounda�y (its smooth
ness) and all those data that define the problem in 
question is sufficient for the weak solution to be the 
classical solution (satisfying the differential ec,uation 
and the boundary condition pointwise). 

�roblems like this are topics of the theory of the 
regularity of weak solutions which in general is rather 
hard but assuming that the boundary and all input data 
belong to the class, say, C

00 
, we hope that all 

results can be expected to hold in the classice.l sense. 

2. Linearized geodetic boundary problem

To solve the linearized geodetic boundary problem 
means to find such a function ,;, that 

(2.1) A II" == 0 in ert r· 
1 



(2.2) 

( 2 • .3) 

,;, + < ,t ,, ;r;d V'> = F "1'l r ,

v-fy/ ,. c/lyl + O(tyr.1 J, /" - oo ,

where < ,, ) denot;es the scalar product and 

,t 
_, 

= -1" J1 ,

(2.4) # = 

,rld W- , 

I
J 

= f o>ir/ o/1 "JJ· j 
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r{ecall that w- in the above equations denotes the gravi ty 
potential of the earth's model body, e.g. of the referen
ce eJ.lipsc,iü; /' is so-called I;iarussi tensor; and 1' thus 
indicates �he isozeni thal vector field which on /7 is 
close to y/2 • J:he surface r represents a model shape 
of the earth's body, telluroid, the construction of which 
is coru1ected wi th the structure of the right hand side F 
of equa.tion (2.2) and will not be specified here. This 
and all the other important details concerning the formu
le.tion of the linearized geodetic boundary problem can 
be found in HÖ.-:.:.: .. MiJJlfü [2] • 

As mentioned in the introductory part, our aim is 
to obtain a direct variational solution of the problem 
(2.1)-(2.)). In the following section we will deal with 
the 1:elvin transformation, see KELLOGG (4] , p. 231, 
the use of which enables us to formulate an equivalent 
problem for a bounded domain. However, an attempt is 
made to arrange the transformation so as to relatively 
enlarge that part of the boundary /7 and its neighbouring 
space which is particularly interesting when solving the 
problem. li'or this reason we will si tuate the centre of 
the sphere of inversion S

R 
(with the radius R ) at a 

-
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point which in gencral does not coincide vd th the 
origin of the system of coordina.tes ( y,,, f2 „ Y.,) . 

Introducing a new system of coordinates {,r1 ,,, ..<2 „ .x3 )
,:a th the origin at point z such that the translati ve 
relation 

(2.5) y = .x + z  

is valid, the function 

u(x) = v- ( .x + z}

will have to be a solution of the follov:ing problern 

(2.1') 

, ? •) , ) 
1. - • "-

( •) .., , ) ... ._. _,) 

Llu = 0 ext r
, 

on r 
, 

ii(.x) = c/1.x + zl + 0(1,r+ zr3J, ...r � "'° 

1:owever, in regard of the asymptotic behaviour of the 
potential in infinity, see KELL0GG [4] , P• 144; SI,:Ii{NOV 

[18] , Chap. VI, Sec. 137, the last condition can be
rewritten as follows 

(2.J") iJ{.x} == c(J/lxl 

(2 . 6) 

i .1. 

< x„z)/1..-rJ} + 

+ Orlxl-J) ., .x ~ "° . 
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J. Kelvin transforrnation

By Kelvin transforrnation, in our case the inver
sion in the sphere S

R
, any point x is carried into 

its image x' and it holds 

(3. 7) 
R

2. 

x - x' - IJtl ·l .,'l = R2

' - 1.r'l2 ' .,. 

Further, if i1 is harmonic function in a domain ext r
then 

(3.8) ucx') = R 
l.x'I 

u(x) 

is harmonic in the domain .fl. = int r' into which e,el r
is carried by the inversion. 

E'rom (3 .8) i t also follows that 

· il(x) =- R
lxl 

2 

u (x'} = R { x R )
lxl 1x12 

and we can calculate 

J3ut 

and thus 

Jxj (x)
J,r_. 

l 

R
2 

(f %.·X· 
= - o.·· - 2 :2..:Z 

l..rl2 V IAl2
} 

Ju {x} = - l?x,- u{x'} + .!I E:: Ju {x') iJx} (x) • 
Jr,- lxl3 lx I J·-, tJ'i "-'z• 
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Hence, it is simple to conclude that 

and 

u +

( ,{
,. 

tfrdd u) = -

1
;3 (X, ,() U. +

+ Js..
3 

( ,! - 2 ..:..
2 

( -r,. ;()
1 

;7rt:1d u) 
lxl3 lxl 

Passing to coordinates we denote 

(3.10) 

(J .11) 

(J.12) 

2 

n r,,r'l - / - _!_ < J ,! { x' R + z)' \ .J r n2 „ 1...r'l2 
'/ 

s(...r') 

11(...r') -

R 

1...r'I 

Now the problem equivalentto (2.1)-(2.J), i.e. the bounda

ry problem for the function u , can be written in the 

form 

(J .13) 

(3 .14) 

(J .15) 

LJU = 0 m- mt r' ,

,,,,,,2

pu + R2 ( .r „ tfr,,u:f u) = H 071 

� ( I - _!_ (x I Z)} + R R2 „ 

+ O(lx'l2 } ,/ ...r1 
-- 0 , 

r' 
, 

- - I /?2 
F(,1 -, ,2 + z} . 

A' 1 

u(x') == 
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where the asyrnptotic development ( 2 .3 11) has been used in 
(3 .15). Comparing the coefficients of the Te.ylor expansion 
of the function u at point O wi th the coefficients of 
the development (3.15),it is obvious that the condition 
(3.15) is equivalent to equations 

, -;_ .16) '.., u(O} 

Ju 
{o) 

3x� 
I, 

R 

= -

' 

·c
z. i ,, 2 / .J = 

R.1
l ,/ 

.;;_ simple calculation can verify that 

(3 .lC) ls(x'JI = IA {yJI J 
( .,r 1

1 s(x1)) = - ( Ä� A (y}) .

Ls rE.gards the coefficient p (,,r') , i t can be stated that, 
for the time being, i t depends on the vector A • If given 
in a special form, i t s properties becorn.e more ep;iarent in 
the follovdng section. Ilowever, fJ (.,r 1} may e.t tain, in gene
ral, positive as vvell as negative values. 

i; .• !he sir.iple Molode:1sky problem 

;.1.
1 he ti tle oi this section corresponds to KfiAfrUP 'S 

terminology fror.1 [5] e.nd to the si tuation when 4 = y/2 . 

�ience, 

(4.1) p 
..L. ( I / ( x� z)) = 

R2 
, ,2 

( /i • :2) s 
/?2 

,x
i (1 + ;2 < x: �>) + .1. z =-

21.K'l
2 2 

C = 

(;.17)' 



304 

�xample 4.1. ]1or z = { 0, 0, 0) we have ' 

and the boundary condition (3.14) is of the form 

( 4.3) 

Introducing new coordinates r1 , tz , lj by the
relation 

(4.4) r + d z 
IZI ,

we obtain 

(4.5) 

Next, we 

(4.6) 

Thus 

( 4. 7) 

f' = J - ;�2 { ( r, z) + d I zf )

will calculate 
2 

lx'I d 2 

R2 = fzl L ! + R2 ((r,z) + dfzl) -

-��2 { d
2 

+ dl:, lr1'2 )J,

x' ( I + 2 z ( x � z)) - 1 r'I 2 
z R R2 

-. -rf /+ ;2 ((r,z) + dlzl)J 

I { 2 
2 

+ R2 z d + d R - frf
2 )

lzl 

lr12
) J.

J l.i - J ( -' 1 , 1rad u) = H on /1 1 
• 

s = - lzl f r + Ä, ( d.1 + d R2 -
2d lx"l 2 lzl 



305 

Example 4.2. If r is a sphere then, ovdng to confor-

mi ty of the Kelvin transformation, r' also is a sphere. 

If 'I is the radius of the sphere /7 (let be denoted s, )

then the posi tion of points A 
1 

0 

by the vectors 

in Fig. 1 is given 

XA - - { 'f + 1 Z f ) I: I I 
X D = ( f - 1 Z 1) ,:, 

Points A , 0 are carried by the inversion into points 

I 
x' == 

D 

I 

lying on the diameter of /7 • It can easily be conclu-

ded that 

(4.8) t' - J I-'� - -'A'I

J s. I 

is the radius of the sphere r (denoted by f' 

According to our figure the point 

(4 .9) %' {'!'- Lr' 1 
} ,:, -

s � 

s. l 

is the centre of the sphere , • 

The equation 

(4.10) 

·1s satisfied by

R
2 

f2- lzl2

0 

in 1ilig.l). 

z -

. 2 
- ff'' = 
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R
2 R.t, 2 1/2 

.d,z
+ { + f'}=-

4 lzl
2 

, 2fzl 

which in view of (4.8) yields 

R
2 lzl 2 ff'' 

( 4 .11) d, = r,z - lzl2
- StjTl (f - lzl2}f lzl

(4.12) dz R
2 1 t;>z 

- .r;n (f2
- lz 12) rr,:,- - = 

ff2
- lzl2 lzl

Taking now into consideration equations (4.4), (4.S) 
and (4.11),it is not difficult to see that for d = d1

( the root d2 is, f or the present, not discussed) the 
origin of the coordinate · syst em { r, / '2 , r:, ) is 
identical vti th the point 

x' s = d, 
z 

fzf 
, 

r/ i. e. ,,ti th the centre of · the sphere
Q <j' 

f;ime, however,
• At the same

l..r'I 

R2
= ld,I 

[ I + � ( ( r, z) + d1 1 zl } J =
Z Ji12 

(4.7') s 

= 

= ( R
)

2 (9'2 + lzl2 + 2flzl a,s,r„z)),
f

2

-lz12 

lzl <f2 - lzl2

-- r = - r 
2a, 2,f'2

S'f1l { f2 - lzl':J .!_ 
2f" 

r= 
. (l2 2;<rr .r11rz f -lzl 2 lrl 

and it may be noted that, in view of the first equation 
(3.18), the last result could be expected. Thus, the 

' 

. 

= 
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vector s is normal to the sphere s; - in agreement
with the conformity of the Kelvin transforme.tion. It
is also possible to verify for the example just quoted
that

(4.13) p 
I 

2 
'f I Z I COT ( r, Z) + 1 Z 1

2 

2 {'?2 
- lzl

2
}

and that for p the following inequality holds 

f-21ZI

2(<f'-lzl) 

't + 2lzl 
� P � 2('f'+lzl}

Sumniing up, if r is a sphere wi th t!.1e radius tf', and 
if we use the coordinate system { r,, � , lj J wi th the 
origin x} , then the solution of the simple Molodensky
problem requires to fina such a function u that 

( ,: .• 15) LJII = 0 lJl inf r' = in! �
J 

( LJ .• 16) 
1 [ I 

2 I - R2 ( ( r, z) + d1 I z 1 ) J u

t f 2 
- 2 I + R

2 
{(r,z) + d

1 
lzl }](r,1r.,;du) = H

(4.17) 

(4.lJ) 
Ju ( Z}
01 - d, IZI 

=-

C 

R 
, 

, 

on r',

- - --------

( ,~ .14 ) 

u(-d1 2) 
IZI -
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00 

00 
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fit. 1 
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As was already mentioned, we will be engaged in 
a weak solution of the problem (J.13)-(J.15). Our 
approach will be conformable particularly to that of 
NECAS in (11) , or REKTORYS in (12] , but our aim is 
not to give here a systematic exposition of the whole 
concept of the weak solution of boundary problems for 
elliptic equations. In order not to omit some characte
ristic features of such an approach but to retain its 
inte·grity, we will give here at least an elementary 
explanation of some basic notions. The reader is also 
referred to the pertinent information given by KUFNER, 
JOlfö, lilUCf:i( [7] • 

5.1. The space 

�ecall, first, that the use of the Kelvin transforma
tion made it possible to work wi th the bounded domain n

( = in! F 1
).

Let us denote by c ( Ji.) 

infinitely differentiable in 
a set of all functions 

. f2 a.nd together wi th all
. 

. 

their derivatives continuously prolongable on the closu-
re .i5. of the domain ../2 , i. e. up to i t s boundary 
J.12 • 'Let it be noted explicitly that in this paper 

we restrict ourselves to real functions only. 

By L
2 

( ./2} we · will denot e the Hil bert space of 
square integrable functions on fl • L

2 
(.fl} is provi

ded by the scalar product 

(5.1.1) ( 10 u) = ,l r(x) u(.x) dx

-------- ·a2Cl)(l2) 

-
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where _ cu = dx
1
dA'2 cäJ • The integrals are taken in the 

Lebesgue sense. Instead of L
2 

(.fl) we will simply wri te

only L2 
•

On c( fl} ·we introduce the scalar product 

(5.1.2) = ( ,,,-., · u ), =

1
1:he space Wzr'1(.fl} is de:fined as a closure of the set
er.n) produced as a completion of c(.fl) with 
respect to thc norm 

1/2 
(5.1.J) 11 tr 11

1 - ( r„ v-} 1

. .!!'or sake of brevi ty we will wri te simply lß/ {!) 
"2 • 

ilemark 5.1.1. The notion of completion is explained in 
�::iJK'l'OiffS [12] , Chap. 29, in general in RUDDJ [13] , 
p. 71 or in some other books on mathematical analysis.

If f € w_{i)
2 , 

as a function from 
definition of W. r;}

2 

where 

In E C(.fl) 

Jj'/J,'i· J 

L2 • In
, we have 

tnu.r 

z· = 1/ 2„ .:J, is defined 
fact, in view of the 

/' = tim. 'n in �fi) 
Tl--

is a Cauchy fundamental sequence in L2 • We denote i ts
limit in L2 by Jf'/J%i and we will call it a genera
lized derivative. It can be shown that in this way 
Jf'/J,,ri is uniquely defined, see NECAS [11] , §1, 
Sec. 1.1. 

W'.OJ The space 2 is, of course, equipped by the 
scalar product (5.1.2) and is often called an energetic 

( ?r/ u) w.r~ir:n.J 
2 -

== .t_ Y ·U cf% 
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space or a space of functions with "finite energy". 
In this connection, the scalar product (5.1.2) is 
often referred to as an energetic product and the noI'IIl 
(5.1.J), an energetic norm. 

Lipschitzian boundary and notion of trace 

Intuitively, the existence and properties of the 
boundary values of a function defined on 12 are influen
ced not only by the function itself but also by the 
smoothness of the boundary u..ll. • 

··11e say that the boundary JJ2 is continuous if
there exist c<. > 0 , ;<J > 0 , a finite number of
Cartesian coordinate system 
in brief { -r;.. 

1 
xrJ 

) , r 

continuous functions 
sets 

such that 

( Xr, , Xr2 , ,rrs J , 

- 1 1 2
1 

• • • , m , and 
defined on the open 

,. i) each point .-r € d.fl can be expressed at least in 
one of the m coordinate systems in the form 

X = ( �; 
1 

d (x; )} J 

(ii) the points .x = ( .x}
,, -Xr3 ) for which x,!. € .dr , 

a ( x)) c::: .xrJ 
c: er (,,r;} + ß belong to .fl and 

those for which x,! 1: Ll
r , a

r 
(x)} - /:1 < x

r3 
< ar (.r).)

belong to the exterior of ...fi (i.e. to E
3 

-.n_ ), 
see Fig. 2. 

-

- [ .. , 
"'r ; l = 1„2 } 
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fig. 2 

·.1e say that �.n.

functions d
r

this means that

-ex

is a lipschi tzian boundary if e.11 

are locally lipschi tzian in '1r

x'r

x)., y) € K � 1 ar (Ä/.) - ä{yJ) 1 � const. 1 x) - y/ 1

is valid for each closed set 

lipschitzian on each compact 
/( C LJr 

/(CAr 

; thus 

• 

is 

The bounded domain fl. we are concerned wi th is 

understood in the follovd.ng text to be the domain wi th 

the lipschitzian boundary. It can be stated that such 

a type of domain is already general enough to cover, 

with a small degree of idealization, also those domains 

wi.th boundaries whose regularity corresponds to the 

smoothness of real topography. Domains with the lipschit

zian boundary are, e.g. the sphere, ellipsoid, cube, 

and polyhedron as well as substantially more general 

domains with smooth, or piecewise smooth, boundaries, 

etc. Let us note, however, that among domains with the 

lipschitzian boundary cannot be ramged, for instance, 

those domains having singule.rities analogous to highly 

sharp vertices in two dimensional case. 

' 

= 
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It can be shown, see WECAS [11] , Chap. 2, §4, 
lemma 4 .2; KUFNER, JOHN, J:t'UCiK [7] , Chap. 6, Sec. 6 .2, 
Theorem 6.2.14 or FUCiK, KUFNER [1] , Chap. II, Sec. 8.J, 
that each of the functions dr describing the lip�chit
zian boundary of the domain .11 , has a total differen-
tial almost everywhere in �r

subset of �r (with respect to 
the lipschi tzie.n boundary Jfl 
mal almest everywhere. 

, 1.e. except a zero 
Lebesgue measure). Hence, 
has an outer (i�ner) nor-

As will be sho,m on the following pages, it is 
pos�ible to speak in a certain precise sense about 
boundary values on 3.12 of functions from wfu 

By L
2 

(tJ.fl) we will denote the space of square 
integrable function on tJ./2 • 

W (f} 2 was 

• 

In the preceding section the space 
produced by functions of · the set e { .fi.) and by their 
ncover" in metric (5.1.J), i.e., roughly speaking, by 
those functions from l2 (.12) for which i t is still 
possible to speak in a certain generalized sense about 
their derivatives of the first order. 

•�or every continuous function on .ii. , and obviously 
for every function 'll'- E c(.fI.} , its values on the 
boundary J.fl are uniquely defined. The function 
11'{.x) I ,( C an will be ce.lled a trace of the 

function V'€ c( JI) on u.fl • The trace of the 
function Y is evidently continuous on the boundary J.J}_ 
and hence, obviously, square integrable on iJ.fl • 

The possibility of extending the notion of the tra
ce to all functions from "'2fiJ ( fl) , and accordingly 
also to those which do not belong to e r.nJ or are 
not even continuously µrolongable up to the boundery, 

-
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is demonstrated in the following theorem (for proof see 
NECAS Lll] , Chap. 1. §1, Theorem 1. 2) • 

Theorem 5. 2 .1. Let ..n. be a bounded domain wi th the 
lipschitzian boundary. Then there exists a uniquely 
determLned continuous linear mapping from W.Z r,J ( Jl) 
into L

2 ( J.12) such that for all ..r e Jfl and 
1r € E°(.f1.} it is T(r)(x) v-(x) • 

According to theorem 5.2.1, each function 11'€ �r,J(fl) 
is given a function Tv- , its trace. On the contrary, 
the question arises as to whether each function from 

L
2 ( Jfl) is a trace of some function from � {t/ (fl.) • 

'i'he reply is negative, see NECAS [11] , Chap. 1, §2, 
�emark 1.2. Several comments on the question of traoes 
can be found in REK'.i.10RYS [12] , Chap. JO. Let us also 
mention that theorem 5.2.1 is not correct if J.fl is 
not the lipschitzian boundary. To see it, it suffices to 
consider a plane domain with a sufficiently sharp 
point on its boundary, e.g. the Lebesgue edge, 
see I'TECAS [11] , Chap. 1, §2, Exercise 1.7. 

In the following pages we will denote the trace on 
J.fl. of a function r from W

2 
r,J ( fl) simply by r • 

Recall that the space L2 (<l.12) was introduced here 
in a very intuitive way. Bxact formulations defining this 
norrned Banach space can be found in NECAS [11] , Chap. 2, 
§4.1. The corresponding notion of the surface integral
is defined by the lemma on the partition of unity in the
same book, i.e. in [11] , Chap. J, §1.1.

Let us have now in Ej a fixed Cartesian coordine.te 
system and let us formulate - at the end of this section 
(also without proof) - the Green theorem which is very 
useful in the sequel. 

Theorem 5.2.2. Let .12 
lipschitzian boundary. Let 

be a bounded domain with the 
u , V' be two arbi trary 

• 
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(5.2.1) 1 Ju(x} vü)dx = 1 uu)v(,r}n
1
-(.rJdS - 1 u(x) 1rr (x)dx

'.O. iJ.r,- l;n. l.n. v.,tz· 

where i = I, 21.J and 7/Ü) = { n1 ü) 
1 n2 {x)-' n3 (Ä)} is 

the unit vector of the external normal at point x 

Proof of this theorem can be found in general form 
in NECAS [11] , Chap. 3, §1.2. The existence of the two 
outer integrale in (5.2.l) is obvious. The existence of 
the surface integral is a consequence of the theorem on 
traces and of the fact, see p. 18 • that the normal of 
the lipschi tzian boundary exists almest everywhere •

6. Generalized oblique derivative problem

Let us mention that _in the following text .12 is 
still understood to be a bounded domain \'Vith the lipschit
zian boundary. 

Let äjj {x) 1 /Ji (%} ,· i1j = /121.7 be bounded 
Lebesgue-measurable functions in .fl and let i t hold that 

(6.1) 

for almost all 

2 

consf. 1 f 1 , c011.rt. > O 1 

x· € J.fl and all vectors 

( == { 4" 1 J 52 J (; } .I {' + 0 
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By 

(6.2) A (r, u} In 
3 

J 

,�,-, 

+ l, r='.f1 i=I 

JriJu 
,!/··--Y J,r,· 3-[f 

/J. v- ;Ju
I (1,1".· 

l 

d.K + 

d.r 

�(1)(-n) X ,�12(1)(· n) we define a bilinear form on JL "· JL • 

It can be seen immediately that Ar v; u} is conti-
nuous on w/1)(12) X w/1' (fl) ' i.e. there exists a
constant 11 > 0 such that for all 1/', u € w/1

; ( fl} i t 
i s A ( ,r, u) � M II v- 11

1 
• ß u 11 

•

f ,.,,,,(1)(.:a) ., ,�12(1} (.fl)Further, let us de ine on w2 � rv, 
the boundary bilinear form 

( 6 .3) a rv; u) - f «- Tv Tu dS
- lan

where « (x) is a bounded Lebesgue-measurable function 
on tJJl and T is the operator of tre.ces, see theorem 
5.2.1. 

}.."rom theorem 5.2.1 it is quite evident that the form 
a (70 u) is continuous on. w/"'r ..n.) x w/11 { n) . 

In conforinity with our earlier remark in i3ec. 5.2, 
we will denote in the following text the tre.ce on J.fl 
of a function Y simply as ,r • 

i�inally, let / E L2 (tJfl.) •

1'he fu.nction u <: �r,J ( .fl) is call ed the weak solu-
tion of the boundary problem with an oblique derivative if 

(6.4) 

holds for all 

-

A(v; u) + J(v„ u) - / v/as 
~.ll 
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7. Relation to the classical solution

It ��11 be shown that the definition of the weak

solution from the preceding section actually presents 

a mearµ.ngful extension of the classical notion of the 

solution of an oblique derivative boundary problem. 

li1or this reason we will assu.111e that u , the functions 

ä;i , /Ji , � , /' and the bou.ndary �./l. of the 

domain f2 are sufficiently smooth. Using now the Green 

theorem we obtain 

(7 .1) 

=-1
.n. 

where the vector <r 

(7.2) o.·✓ 
== 

.J Ju } I::::: Dt - dx + 
i=t J,ri

- (v,., � .,

r- ä1· ni
1-1 V

uj ) ' 

, 

defined on Jfl. , is oriented towards the exterior of 

the domain ./2. e.nd is never tangential to i ts bounda-

ry J..fl. • Indeed, . in view of ( 6 .1), we have 

(7 .J) ( � n) ;;. con&t. .> 0 . 

Ey means of a usual reasoning concerned with an integral 

from a continuous function it is now possible to write 

A r V', u) + a r ,r, u J -

11' ( ) 3 _I_ ( ä . . 1711 ) 
z~/•I ih; lJ J,r,; 

J 
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(7.4) 

(7.5) 

Jft ä-·tl J,r,. 
l, i=J 

+ ._) __
i•!

.J 

{_)_ 
/

""

' 

G{' u + ( <J' ., 9rad u) = I on

lfl fl 

and our definition from the preceding section then 

actually results in a generalization of the classical 

obltque derivative boundary problem. 

8. Oblique derivative problern for Laplace eguation

, 

The differential operator on the right hand side 

of (7.4) will be the Laplacian operator if and only if 

the coefficients_ ä1j 
, Dj will satisfy the following

relations 

äii - ' , 

( 8.1) ä12 (x) - ä21 {,x) - a
.J 

{x J ' 

a23 (x} -
/1.:12 (x) - ä1 (X}

' 

a31 <x} =

a,3 {x) - cl2 (x
} , 

- IJ
dd3· Ja2

UK2 dX3 , 

(8.2) - h2 = 

iM1 il.J3
Jx3

,h,
, 

- 03
Ja2 Ja1 
dX, Ö%2

•

JJl 

/ 
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In a case like this,the boundary problem (7.4), (7.5) 

will be of the form 

(8.3) ,d l,/ = 0 ilZ n 
I 

(8.4) « u + (c;-
J 

1radu) - I l.1T1 ;..o. 

where 

= n, + 82713
d3112 , 

(8.5) 6z - a,n
3

+
. n

2 
+

t:13n1 ' 

� = d1 n2 ;z2 n1 + n,1

and 

(8.6) J 

It is easy to arrive at some additional relations 

between vectors ä = ( a
1 

J d
2 J JJ 

) / <rJ n which 

hold on the boundary J.fl. and resul t from equation 

(8.5). By direct calculation it is simple to verify that 

(8. 7) 

(8.8) 

(8.9) 

(8.10) 

( 8 .11) 

( ö- ll / a) 0 

Tl X v ..., d 

a .x n = <r - n

, 

, 

<r .x a - la1 2 n - (n,c1)c:1 

, 

(<r - n) , 

2 2 
= lal - (n,J) == (nxv,ä),

2 2. 2 2 
1 17 X U 1 = 1 D - ll I z: 1 Ü 1 - / = ,, (11,<F) = 
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(8.12) 
2 

lc:? x 11 1 

= l � 1 2 sin ( n „ a) , 

(8.13) '"" X d 1 2
= (lc;-1 2 

- 1 }( 1 + l.c:11
2

) • 

where x means the vector product. 

9. Bilinear form

-

Our introduction of functions ä1 ( .K} has as yet 

been quite formal. We have also shown that the weak so

lution is, in fact, an extension of the respective 

classical notion. 

Our aim is now to construct the functions ai (x} 

for the given vector <r satisfying (8.6) so as to meet 

equations (8.5) on the boundary. Recall that, according 

to the assumption, they together with the components of 

the vector 

/J = - curl a

given by equation (8.2), should be bounded s.nd Lebesgue

measurable in .12. • 

It is obvious from (8.'7) end (8.8) or (8.12) the.t 

the vector .J (x) 

boundary 3..fl 

is determined at point � of the 

so as to be situated in the plane perpen-

dicular to the vector G" - n, i ts modulus and posi tion 

in this plane being interrelated by 

(5 .1) - lal
2 

- (n„a) 2

= l .a 1 2 .rin 2 ( n „ c1)

2 2 -lcr-111 =lol -1 

= 
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This indeterminacy is a consequence of the singularity 
of the system (8.5). It is simple to verify that its 
determinant equals zero. 

Let us now approach the determination of the vector

,:1(,x) at points x of the domain .fl. • 

zxample 9 .1. Suppose that the vector ä , continuous 
on the closure n of the domain ..n , is determLned in
.n so that curl a = 0 • Then there exists a function P

such that 

( 9. 2) .li. 

Hence, owing to the fact that 

L (jradP„ dr) 
r,1 

(9 .J) 0 

is valid for an arbitrary closed curve situated in .li.

equation 

f C 4) 
\ ..i • I ( Tl -K u „ dt')

ff) 

-

= lro 1 <r -
n I co.r ( n x er„ dt J ldtl = O 

must also be true on an arbitrnry closed circuit {(}

wich regard to (c:3.U). Ime.gine now, for the purpose of 
pre.ctical interpretation, that the shape of the bounda-

' 

ry J.fl is given by a form of the earth surface topography 
(possibly somewhat idealized) nnd er .- (11 ,j)-1

,? ,
\'föere j is the sre.dient of the earth gravity field. 
:;Jet (1/ be any contour line on the side of a conical 
hill. It is obvious that such a line is closed and at 
cvery point ,r i ts tangen-cial vector is eo-linear with 
the direction of the vector product n(x) -' <i"(.K) (i.e., 

= 
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it runs in the direction of 11.x<r ). Thus cos(nx<r„ de~) -

= t along such a line and hence 

(9. 5) 0 

v,hich necessarily implies that c;- = n at all points of 
the contour line (t) . However, this cannot be generally 
true. ny analogy, it is not difficult to see that a si
milar result can be obtained for any closed surve along 
which cos ( n % 6- ., d�} > 0 • T:his means that the 
vector <r cannot be arbitrarily given as its cnoice 
is a priori limited by the shape of the boundary J.ll 
Returning now to the beginning of this exfu�ple,it is 
evident that it is necessary to leave the assumption 
curl a = 0 which, as has been shown, does not allow 
us to solve an oblique derivative problem (for the La
place equation) for an arbi trary vector er satisfying 
(8.6) only. Hence, it is too restrictive, particularly, 
for the solution of the linearized geodetic boundary 
problem. 

Example 9.2. Suppose now that the vector a , 
continuous on .ff , is det ermined in ..n so that 
(c1, curla) = 0 and cur/c1 =I= 0 is valid for all 
x c ..12 belonging to a certain neighbourhood of the 

boundary 8.12 • As is known, see SMIHHOV [17] , Chap. III, 
Sec. 79; Chap. IV, Sec. 122, under these assumptions 
there exists a function P and an integral multiplier 

� such that 

(9.6) /..tel - ?rad P on _fj_ 

and 

(9. 7) _,,,,ucur/a = c!l ,f' ,rrad � 01l fl. 



It can be shown, on the basis of a sirnilar reasoning 
as in the preceding example, that 

(9 .s) 
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f � ( n x <r � dt') = 
(t'} 

I = /'lo-111 cos(nxcr ✓ d�) ldt'I = {} 
(/'} 

necessary holds along any closed curve (t) E JJl. 
As has already been demonstrated by the preceding example, 
the case ,,µ. (x) = const., Ä € tJfl should be avoided. 
Let us imagine now, similarly as in example 9.1, that 
we have the vector field o = (n „J7)-j and our conical 
hill (wi th a rounded top). Let (t; be any closed curve 
on the side of our hill running from point A to point B 
along a. contour line; consequently, cos(nxe-,dt) = I

in this pe.rt of the curve; from point B to top C e.nd 
from C to point A e.long the slope line; consequently, 
cos ( n x u, di'} - 0 in these parts of the curve. 
iience 

( C C) 
\ _,· . _,,· 0 = /' ,il I a- - n I di'

1c'J ,-

and in view of an arbitrary choice of points A , B on 
the mentioned contour line and the inequali ty I c, - n 1 > O,
equa�ion (9 .s) necessarily implies ,,µ. = 0 along the 
v,hole contour line. However, the contour line itself 
was e.lso arbitrarily chosen and thus it can be shown that 
/' = 0 011. the wlrole conical hill side. By means of clo
sed curves composed of two segments on neighbouring con
tour lines e.nd two segments on slope lines connecting the 
former , i t can be finally shown the.t � = 0 is valid 
on the whole 'Joundary a.n • Considering nov1 (9.6), 
one can conclude that the coefficients a 1· - I 2 .J i1 - I J ,1 

cannot be represented by means of the function P and 
the integral mul tiplier I'- on the boundary o.ll • This 
result is a natural consequence of the fact that there is 

-
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neither a scalar nor quasi-scalar fi�ld whose lines of 
force would run on 3.12. in the direction of contour 

lines. 

Summing up, to solve linearized geodetic boundary 
problem one must necessarily assume that 

(9.10) " - cur/ a =I= 0 

Hence, the bilinear form A(,r, u} 
and 

is not symmetric 

(5.11) 

In view of eq�ations 

(� .• 12) 

cur/ zra zrcurl a - a x ?rad V" 
, 

see 31.tIH�rov [17] , Chap. IV, Bec. 12,�, v1e have 

thus also 

- ln (curl vc1
1 

y,uf u) fA-

' 

- -

A (,r, u} = .t. (?radtrJ ?radu) at- + 

+ /4 ( a J JV't:ld r x tfradu) c4- - .t. (curl a J ?radu) ,r dr 

( cur/ a ✓ pr,11d u) V' = ( cur/ Y.2~ iradu) + 

+ < 1r.-1d u J a x tfrcld v) , 
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Assuming now that ll", u , a i are sufficiently 
smooth, it is possible to arrive at an equivalent form 
of the bilinear form A ( Y, u) • Hence, wi th the use of 
the Green theorem e.nd the fact that div- cvrl 1rc1 = 0 , 
we obtain 

ic 1 ·1) \. �·. 4 A ( 71', u) = i ( ?rad zr, ?rad u) dx

/ ( curl ll'cl
J 

n) u dS
t112 

e.nd not e that

( S- .15) f ( curl ll'a, n,) dS = O 
tl.11. 

as a general consequence of the Stokes theorem, see 
S;.:I�tWV [17] , Chap. III, Sec. 73 • 

A similar manipulation aa in (9.12) yields 

( cvr/ 1/'a , n) u = ( curl zrua, n) + ( 17 �a 
J 1radu) v-

and talcing into consideration equation (8.S), we can con
clude !;hat the equivalent form of A(v,u) is as follows 

(S.lG) + 

+ i, ( u - Tl, jräd u) r dS . 

;Jfl 

�:emark S .1. '.i:he form. in (S, .16) is very important 
for practical computation. In that case we usually v10rk • 
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with sufficiently smooth functions end, consequel1tly, 
the .torms in (S,.11) and (S.16) are equivale:nt. 

10. V-ellipticity

It was shown in the precedine; section in tl".e
case of the linearized geodetic bonnde,ry -problem the 
wenk solution concept is rn�cessarily connected wi t.t t�.E
e.syrn.rnetry of t}1e form A ( r, u) • '.L1his means the.t the 
Ritz method which consist.s of minimisinr; a certaiu 
functional of energy CP.ru.1.ot be used for the m.unerical 
solution. On the other hand, the use of methods like the 
Galerkü1 and least squares mcthoGs is not restr-ic-
ted as it does not necesse.rily require the symmet:r-y of 
the form A·(r, u) • However, this vvill not be discussed 
in detail in this paper. )e merely refer �o 1L.]C,\,J [11] , 
� :8::'l10�ff0 [12] , ./1-E'.l:h" ..:\.l'f [19] , ��LJ-F,UT [S'] • I·rincipe.lly, 
i t is necessary to choose in the spe..ce /112 r,; ( ../2) e.n 
appropria-t e function base. In t:üs respec"i; the finite 
elements approach as discussed in JlE;;:�IITS and :G}'TG�L8 [3]
seems tobe very promising. �he problem to find the weak 
solul;ion (more orecisely its e.pproxLnation) consists, 
subsequently, of solvine; a certain system of linear equa
tions. 

The existence and uniqueness, i::.1 connection with di
rect variational methods are usually studied by mea.ns of 
the so-called V-elliptici ty of the bilinear form A ( Ir, ll) + 
+ a ( 11', U) , see NLCAS [11] , Chap. 1, §3; 1lliI:TO:JYS [12] , 
Chap. JJ. Hence, in the case of the problem defined in 
Sec. 8., the study on the existence and uniqueness of the 
weak solution requires to clarify the question for which 
?Y _,.. /.1/2(f) (fl ) v c ,,, the inequali ty 

(10.1) A{r, v) +a(v, v) = fi (1radv-1 1radv)dx 

- f ( curl;; 
1 

,1r.:1d v) 11" dx + f cl v-,2 dS � c II v, i1; , c > 0, 
:n 

�j} 
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e.nd, after e. small manipulatio:n, the inequali ty 

where 

+ i, c( 11'
2 dS � C 1111' 11: I C > 0

J 

J.fl 

f ( cun· a, n) dS = 0 , is valid. 
lan 

�xample 10.1. Changing the notation sligh.tly, we 
have shown in exe.mple 4.1 that the boundary condition 
for the simple kolodensky problem is of the form 

J tJ - j (x,yadu) = H dl1 iJ.ll 

Assuming now that ( x, 11) > 0 (i.e., the domain .fl. is 
starshaped at the origin), the boundary condition can be 
given an equivalent form: 

(10.2) 
-1 -1 -1

- (x, 11) u + ( x(x, 11) , yc1d u)
= -2(x,11) H

which, coupared vd th (8.4), yields 

(10.3) 
-1 -1 -1

•.,,, - (Jt,n) 1 <r - .x ( x✓ ») 1 /-= -2(.x,n) H • 

Let now r - co11st. , then 

A ( ,, 11') + 11(,r, tr J C ... ( const.)
2 

I (.r, n)-'ds < 0 
�.ll 

and the inequalit7 (10.l) cannot hold for such a function. 
Let further Y • K; ; then, consideri.11.g (8.5) and (10.2), 

--------------� 
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A ( v, v) + a ( v
✓ 

v) = /4i_ dr + 

+ / (o.• - n-) ,r-dS - j a;x-dS - 0l,112 1 z t _ g.fl 1 z 

end the ineqality (10.l) cannot be valid eit:.er. �he 
reason why we have failed in proving the V-ellipticity 
of the form A(zr, u}+a(�u) for zr = co11st.1v-=x,, 
i = !, 2, .J is somewhat deeper. In fact, for u = xi 
and all Y € �r,J ( fl) ( considering ( 8. 5) again) we 
have 

+ /. ( Gj· - n i } -Y dS
a.11. 

+ 

thus the functions -fi , i = l,2,.3 , e.re, as is 
known, obvious solutions of the homogeneous simple I.Iolo
densky problem. These are, of course, ruled out by the 
condition (3.15) or (3.17), Let now � ., 0 < & � I : be 
a sufficiently large c.onstant. Supposing & :s; cos(x

✓ 
n) =e; J, 

it is possible to state conclusively that the V-ellipticity 
of the bilinear form A ( � u) + a (v; u} can be provec: for all 
Y € Wj11(fl} such that 

.t. 7/' dr = L v-.% t d,,r = 0 � i = 1, 2, .:l , 

which is in conformi ty wi th the HÖRJ1I1-1.i.1fD31( existence and 
uniqueness theorem 1.5.1 from [2] , valid for the 
classical solution. 

A (v-1 u) + ä(V', u) = /4 J,r dx 
3.Ki 

- f ( x, n)-
1
,r Af dJ' = 0 

1;;11. 
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Genauigkeitsuntersuchungen zu dem gravimetrischen Verfahren 

der Bestimmung absoluter Höhenanomalien und Lotabweichungen 

aus terrestrischem Schwerematerial 

J. Ihde

VEB Kombinat Geodäsie und Kartographie, Forschungszentrum 

Summary 

Three main error influences of remote areas (distance from 

the station > 9° ) on height anomalies an.d deflections of the 

vertical are being regarded: 

a) The prediction errors of mean terrestrial free air ano

malies have the greatest influence and amount to about ± 0�2

in each component for deflections of the vertical and to

± 3 m for height anomalies (results from 1977).

b) The error of the compartment method, which originates

from converting the integral formulas of Stokes and Vening

Meinesz into summation formulas, can be neglected if the

anomalies for points and gravity profiles are compiled to

5° x 5° mean values.

c) The influences of the mean gravimetric correction term.s

of Arnold - estimated for important mountains of the earth

by means of an approximate formula - on height anomalies may

amount to 1 - 2 m and on deflections of the vertical to

0�05 - 0�1 and, therefore, they have to be taken into account

for exact calculations.

The computations of errors are carried out using a covariance 

function of global free air anomalies for points. 

The influences of different global data series of mean free 

air anomalies differ up to 7 m and 1" respectively. The la

test gravimetric data series deduced by means of satellite 

altimetry may result in accuracies of better than + 1 m for 

absolute height anomalies. 
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1. Einführung

Mit den globalen satellitengeodätischen Verfahren werden 

absolute geodätische Koordinaten erhalten, die sich auf ein 

geozentrisch gelagertes Koordinatensystem beziehen. 

Das gravimetrische Verfahren der Bestimmung absoluter Höhen

anomalien und Lotabweichungen ergibt in Verbindung mit den 

gemessenen natürlichen Koordinaten,der Normalhöhe und der 

astronomischen Breite und Länge,ebenfalls absolute geozen

trische Koordinaten. 

Was von dem astronomisch-gravimetrischen Verfahren und den 

satellitengeodätischen Verfahren jeweils nicht selbstständig 

gelöst werden kann, ist die Bestimmung der stationären Meeres

topographie, die einmal als Grundlage für o·zeanologische For

schungen zum anderen für die Anlage eines einheitlich·en Welt

höhensystems von Bedeutung ist. Sie läßt sich nur durch Kom

bination beider Verfahren ableiten, aus absoluten gravime

trischen Geoidhöhen in Verbindung mit satellitengeodätischen 

Altimetermessungen. 

Vergleiche zwischen satellitengeodätisch und gravimetrisch 

abgeleiteten absoluten geodätischen Koordinaten für ein und 

denselben Punkt ergaben Koordinatenunterschiede bis zu 100 m. 

Untersuchungen zeigten, daß ein Großteil der Differenzen aus 

der Ungenauigkeit des globalen Schwerematerials, also aus 

dem gravimetrischen Verfahren resultierten. Nachfolgende 

Betrachtungen sollen klären, welche Genauigkeit mit der gra

vimetrischen Methode mit aktuellem globalen terrestrischen 

Schwerematerial (für Aufpunktentfernungen größer 1000 km) 

erreicht werden kann. 
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2. Untersuchte Fehlereinflüsse

Die Berechnung absoluter gravimetrischer Höhenanomalien und 
Lotabweichungen mit den Integralformeln von Stokes und Vening
Meinesz 

'r = R jt1gF S(y) dO'
J 4'ii( 

Ü · 

( 1) 

setzt die Kenntnis der kontinuierlichen Schwereverteilung 
über die gesamte Erdoberfläche voraus. Praktisch liegt die 
gemessene Schwerebeschleunigung nur in dis·kreten Punkten -vor, 
wodurch eine bestimmte Messungsdichte realisiert ist. Die 
diskreten Punktschwerewerte werden zu Mittelwerten prädi
ziert, die einen Prädiktionsfehler als Funktion der Messungs
dichte besitzen. Der Einfluß des Prädiktionsfehlers auf 
Höhenanomalien und Lotabweichungen ist der erste untersuchte 
Fehlereinfluß. 

Die Integralformeln nach Stokes und Vening-Meinesz gehen 
bei Verwendung mittlerer Freiluftanomalien lgF in Summen
formeln über. Der dabei entstehende Fehler der mittleren 
Anomalien als Funktion der Kompartimentgröße wird als Summ.a
tionsfehler bezeichnet. 

Die Oberflächenfreiluftanomalien figF werden bei der Be
rechnung von Höhenanomalien und Lotabweichungen an der Erd
oberfläche nach der Theorie von Molodenski durch gravime
trische Korrekturglieder berichtigt. Im allgemeinen benutzt 
man nur das lineare Glied der Reihenlösungen von Molodenski 
oder Arnold. In die geodätische Praxis hat die lineare Lö
sung nach Pellinen mit der ebenen Reliefkorrektion als 
Approximation der Reihenentwicklung von Molodenski Eingang 
gefunden, die auch für das Gebiet der DDR angewendet wird. 
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Die Berechnung der linearen Korrekturglieder ist sehr auf
wendig, so daß sie nur für einige Gebiete der Erde vorliegen 
und bei der Berechnung absoluter Höhenanomalien und Lotab
weichungen im allgemeinen nur in aufpunktnahen Gebieten 
( 'f < 1000 km) berücksichtigt werden. 

Als dritte Fehlergröße wird untersucht, welcher Fehlerein
fluß auf Grund der Vernachlässi�ung der linearen Korrek
turglieder in der globalen Zone entsteht. 

3. Ergebnisse der Fehleruntersuchungen

3.1. Prädiktionsfehler mittlerer terrestrischer
Freiluftanomalien 

Die Prädiktionsfehler verursachen von den hier untersuchten 
Fehlern den größten Einfluß auf Höhenanomalien und Lotab
weichungen. 

Für die 1977 von Rapp [8] veröffentlichten terrestrischen 
flächengleichen 5° x 5° - Freiluftanomalien wurden mit be
kannten Messungsdichten für jedes Kompartiment individuelle 
Repräsentationsfehler abgeleitet und ihre Fortpflanzung auf 
Höhenanomalien und Lotabweichungen berechnet (Tafel 1).
Wegen der hohen Messungsdichte im mitteleuropäischen Raum 
werden die Prädiktionsfehlereinflüsse der nahen Zone 1J1<9

°

vernachlässigbar klein angenommen (s. a. [4], Tafel 7). 

Tafel 1 
Einfluß individueller Prädiktionsfehler (Repräsentationsfehler) 
mittlerer Anomalien auf Höhenanomalien und Lotabweichungen 
für einen in der DDR gelegenen Aufpunkt 

Yw '\/'o mt 
. 
m!"

m? 
in m in in "

50 ° 180° ,±3,11 ±0,166 ±0,148 

20° 180° 3,16 0,206 0,165 
90 180° 3,22 0,221 0,182 



335 

Aus dem Vergleich der Ergebnisse der numerischen Integration 
verschiedener Datenserien lassen sich gewisse Rückschlüsse auf die 
Genauigkeit der Höhenanomalien und Lotabweichungen ziehen. In 
Tafel 2 sind die Einflüsse der globalen Zone 1f> 9°, die aus drei 
Serien mittlerer Freiluftanomalien abgeleitet wurden, gegenüber
gestellt. Die Differenzen zwischen den Ergebnissen können zum 
Teil auf die Vervollständigung des Schwerematerials (Erhöhung der 
Messungsdichte) und die unterschiedliche Verarbeitung der Aus
gangsdaten zu mittleren Anomalien zurückgeführt werden. Allerdings 
überschreiten die Differenzen zwischen den Datenserien bei der Lot
abweichung in Breite die Fehler aus individuellen Prädiktions
fehlern der mittleren Anomalien beträchtlich (Tafel 1). 

Tafel 2 
Ergebnisse der numerischen Integration der Freiluftanomalien 
drei verschiedener Epochen der Zone 9° < 'f < 180° bezogen 
auf die Helmertsche Normalschwereformel 1901 im System Potsdam 

Jahr der Anzahl 
Veröffent- Datenserie Literatur der Kom- � 
lichung partimente 

1970 20°
X 20°-ZIPE 1970 [2] 86 

7 

5° 
X 5°-osu 1959 [3] 326 

!
+

10 m +2,3" +1, 8" 

10 
X 1°-GIP 1964 [ 1] 915 

1975 50 
X 5°-SAO 1975 [9] 16.54 +18 m +1, 2" +2,5"

1977 50 
X 5°-osu 1977 [ 8] 16.54 +20 m +0,3" +2,5"

3.2. Der Summationsfehler 

Der Summationsfehler ist der Verfahrensfehler der Kompartiment
methode, bei dem zwei Fehlerursachen unterschieden werden 
(Tafel 3). 
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Tafel 3 

Summationsfehlereinfluß mittlerer flächengle1cher 5° x 5° -

Freiluftanomalien auf Höhenanomalien und Lotabweichungen 

� 'lr'o 
wegen mittleren wegen Mittelpunkt- Gesamteinfluß 

Anomalien werten der analy- (r]JE f'Ylsi 
tischen Funktionen 

in m in 11 in m in " in m in " 

50° 180° +0,087 ±.0, 0048 +0,024 ±.0,0009 +0,090 +0,0049

20° 180°
o, 17 0,013 0,062 0,0073 0,18 0,015 

90 180° 0,30 0,044 0,22 0,074 0,37 0,086 

40 100° 0,53 0,21 1,03 0,80 1, 16 0,83 

Erstens gehen in die Rechnung statt der von den Integralformeln 

(1) geforderten kontinuierlichen Schwereverteilung mittlere

Freiluftanomalien, also ein geglättetes Schwerefeld ein. Mitt

lere 5° x 5° - Freiluftanomalien im Bereich 9° < "f' < 180°

führen zu Fehlereinflüssen auf Höhenanoma:lien und Lotabwei

cbungen von ± 0,3 m bzw. ± 0,04"; 1° x 1° - Anomalien von

± 0,015 m bzw. ± 0,002". Dieser Einfluß ist vergleichbar mit dem

Abbruchfehler bei der Verwendung von Kugelfunktionskoeffizienten.

zweitens werden die Argumente "f, � der analytischen Funktionen 

S(1f), V('tt), sin�, cos� auf die Kompartimentmittelpunkte bezogen, 

wodurch wegen nichtlinearen Verlaufs der analytischen Funktionen 

Abweichungen zu ihren integralen Mittelwerten entstehen. Diese 

Fehlerquelle kann durch numerische Integration über S(1f), 

V("'f) • cos.,C., V(t) • sin.ot. über jedes Kompartiment ausgeschaltet 

werden. Bereits eine Unterteilung in 4 Teilkompartimente führt 

zu vernachlässigbaren Fehlereinflüssen. 
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2 •2• Fehlereinflüsse bei Nichtberücksichtigung 
gravimetrischer Korrekturglieder 

Für die Berechnung des linearen mittleren gravimetrischen 
Korrekturgliedes nach Arnold wurde eine Näherungsformel ab
geleitet und in zwei Testgebieten (Mittelgebirge, Hochgebirge) 
geprüft. Es wurde eine für die Fehlerschätzung genügend 
genaue Übereinstimmung mit streng berechneten mittleren Korrek
turgliedern gefunden. Mit der Näherungsformel wurden für 60 
bedeutende Gebirge und Erhebungen der Erde mittlere Korrek
turglieder geschätzt (y :> 9°) und ihr Einfluß auf einen in 
der DDR gelegenen Aufpunkt berechnet: 

Aj
irn 

= - 1,7 m 

,1x m 
= + 0,045" 

i17m 
= - 0,105" •

Es zeigt sich, daß die Nichtberücksichtigung der linearen 
Glieder der Lösungen des Randwertproblems für aufpunkt
ferne Gebiete Fehler von einigen Metern sowohl bei absoluten 
Höhenanomalien als auch bei absoluten Lotabweichungen her
vorrufen kann. 

4. Diskussion der Ergebnisse

Die derzeit (Stand 1977) erreichbare Genauigkeit gravimetri
scher Höhenanomalien und Lotabweichungen wird durch die Mes
sungsdichte globaler terrestrischer Schwereanomalien begrenzt. 
Sie liegt für 9° <. "t < 100° bei 

mJ = ± 3, 2 m, m6 = ± 0,2".

Die hohe Messungsdichte (etwa 2 km) der Punktschwerewerte im 
mitteleuropäischen Bereich rechtfertigt die Annahme, daß die 
Prädiktionsfehler der nahen Zone 1f" < 9° annähernd ohne 
Einfluß bl8'iben. 

-
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Bei Verwendung mittlerer 5
° x 5

° 
- Freiluftanomalien ent

stehen Summationsfehlerein.flüsse 

mi� = .± O, 37 m, m = + 0,09" , 
e� -

die auf alle Fälle vernachlässigbar sind, wenn der Summa
tionsfehleranteil wegen Mittelpunktwerten der analytischen 
Funktionen ausgeschaltet wirä 

Für Höhenanomalien mit dm Genauigkeit und Lotabweichungen 
mit Fehlern kleiner 0�01 müssen 1 ° x 1 ° - Mittelwerte der 
Freiluftanomalien verwendet werden. Die Freiluftanomalien 
müssen weltweit mit mittleren gravimetrischen Korrektur
gliedern reduziert werden. 
Mit derzeit erreichbaren Genauigkeiten satellitenaltime
trisch abgeleiteter mittlerer Freiluftanomalien auf den 
Ozean.flächen in Kombination mit terrestrischen Anomalien 
läßt sich bereits jetzt die Genauigkeit der Höhenanomalien 
auf.± 1 m verbessern. Eine weitere Steigerung der Genauig
keit der Höhenanomalien bzw. Geoidhöhen ist insofern von 
Bedeutung, als daß sich aus satellitengeodätischen Altimeter
messungen in Verbindung mit gravimetrischen Geoidhöhen die 
stationäre Meerestopographie bestimmen läßt, die in den Pe
gelpunkten für die Anlage eines einheitlichen Höhensystems 
und als Grundlage .für ozeanologische Forschungen wichtig ist. 

Gravimetrisch abgeleitete absolute geodätische Koordinaten 
können in der Gecauigkeit nicht mit absoluten satelliten
geodätischen Koordinaten konkurrieren. Jedoch ist die gravi
metrische Methode zur satellitengeodätischen als unabhängiges 
Verfahren auch in Zukunft von Bedeutung. 
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GEODÄTISCHE INTEGRALFORMELN UND VERALLGEMEINERTE FUNKTIONEN 

In den letzten Jahren wurde fOr gravimetrische Arbeiten in starkem 

Maße die Kollokation nach kleinsten Quadraten benutzt. Die Anwen

dung des Kollokationsverfahrens setzt die Kenntnis der statisti

schen Eigenschaften der ersten und zweiten Ableitungen des Stör

potentials voraus. Gewöhnlich sind jedoch nur die statistischen 

Eigenschaften der Schwereanomalien liJ in Form deren Kovarianz

funktion C bekannt. Es muß daher folgende Aufgabe gelöst werden: 

Vorgelegt seien: - ein stationärer Prozeß Ag in R
2 

mit der

Kovarianzfunktion C sowie

- Gewichtsfunktionen

f i: {

R2 -+ Rl 

X-+-_!_ 
2ttyo 

(1 = 1,2). 

Gesucht seien die Auto- bzw. Kreuzkovarianzfunktionen c1j der

Prozesse 

si:= fi III Ag = --

21t'Yo 
(i =;= 1,2). (1) 

Deutet man Ag als den Prozeß der Schwereanomalien, so erkennt man 

in (1) unschwer die ebene VENING-MEINESZ Formel und in den si die

Prozesse der Lotabweichungskomponenten, d. h. der ersten Ablei

tungen des Störpotentials. 

Von GRAFAREND wurden als Lösung des Problems die Beziehungen 

(2) 

angegeben. Es wurden jedoch keine Ausführungen Ober die Existenz 

der Faltungsprodukte (1); (2) gemacht. Die aus der Literatur be

kannten hinreichenden Existenzbedingungen sind hier verletzt, da 

die Funktionen fi an der Stelle Null nichtintegrierbare alge

braische Singularitäten besitzen. Es bleibt daher offen, in wel

chem Sinn die Faltungsprodukte (1), (2) zu verstehen sind. 

1 

(1,j = 1,2) 



.341 

Im folgenden soll eine Deutung von (1) und (2) gegeben werden, 
die sich auf eine Verallgemeinerung des Funktionenbegriffs stützt. 

VERALLGEMEINERTE FUNKTIONEN1 
VERALLGEMEINERTE STOCHASTISCHE PROZESSE 

Die Menge aller unendlich oft differenzierbaren, finiten Funktio
nen werde mit � bezeichnet. Die Elemente von$ heißen auch Test
funktionen. 
Ein lineares, stetiges Funktional auf 3/ heißt verallgemeinerte 
Funktion oder auch Distribution. Die Menge der Distributionen 
werde mit3"1 bezeichnet. Durch (f,,) werde die Anwendung eines 
f e. 91• auf ein , € 51 symbolisiert. Schließlich sei Ce. CJl.. P J
ein Wahrscheinlichkeitsraum. Eine schwach meßbare Abbildung 
X s g --.3'• heißt verallgemeinerter stochastischer Prozeß (VSP). 

Beispiele 1 1. Durch die Abbildungen

(1 • 1,2) (3) 
f 1 

& 
{3} - R1

1 

,_,._ -
2,ryo 

IO 21'

J r•1 J (cos� • ( r coscx, r sincx) dx dr
0 0 

sincx 

Cs {�-+ R1 

• -+ S • (x) C (x) dx 
R2

(4) 

werden lineare Funktionale auf S definiert. Den •klassischen• 
Funktionen f1 und C werden auf diese Weise Distributionen zuge
ordnet. Die für Distributionen definierten Operationen können 
somit auch auf •klassische• Funktionen angewendet werden. 

2. Die Abbildung

Ag
& 

{ g --t:d• w -+ Ag(m)s (Ag(m), ,>, • S Ag(x, �), (x)dx (5)
R2 

definiert einen VSP. Dieser VSP ist in natürlicher Weise dem 
Prozeß Ag der Schwereanomalien zugeordnet. Dieser Prozeß im 
klassischen Sinne kann daher gleichzeitig als VSP betrachtet werden. 
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VERALLGEMEINERTE FALTUNG 

FCir f, g 6� • wird durch 

(f @ g, cp) r = (f (x), (g(y), q> (x+y))) (q>tS �) 

ein verallgemeinertes Fal tungsprodukt f @ g in�• definiert. 

Während die Existenz der Faltungen s1 = f1 • llg im klassischen
Sinne ungesichert ist, kann man zeigen, daß die verallgemeinerten 
Faltungen 

(1 = 1,2) (7) 

existieren, wenn fi als Distribution und A9 als VSP gemäß
(3), (5) aufgefaßt werden. Das Faltungsprodukt a1 ist wiederum ein 
VSP. Es gilt ferner für die Auto- und Kreuzkovarianzdistribution 
der VSP ai i 

Cij • f i @ f j @ C • (8) 

Die Prozesse ai und deren Auto- bzw. Kreuzkovarianzdistributionen
sind zunachst verallgemeinerte Prozesse bzw. verallgemeinerte 
Funktionen. Eine unmittelbare geometrische oder physikalische 
Deutung dieser Größen ist daher nicht möglich. Man kann aber 
klassische Funktionen eij und stochastische Prozesse si angeben,
so daß 

( a i , cp ) = J 'ä . ( X , w) cp ( X ) dx 
2 1R 

{Cij , 4P) = J cij (x) cp (x) dx
R2 

(i = 1,2) c, € Z>

(i, j = 1,2) ,. 6:K) 

gilt. Es bestehen daher auch die folgenden Beziehungen 
- fi � Ag (i = 1,2) Si = 

-

G) @cC13 = fi fj {i,j = 1,2). 

(9) 

(10) 

(11) 

(12) 

-Die Prozesse e1 sind also die verallgemeinerten Faltungen von
f1 mit Ag, und die Funktionen c1j sind deren Auto- bzw. Kreuz

kovarianzfunktionen. 
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Die von GRAFAREND angegebenen Beziehungen (2) sind daher gesichert, 
wenn alle auftretenden Faltungsoperationen als verallgemeinerte 
Faltungen gedeutet werden. 
Falle jedoch die Faltungen (1) und (2) auch im klassischen Sinn 
existieren, gilt: 

f i @ Ag = fi • Ag (1 = 1,2)

f1 @ fj @ C = f i • fj M C. (i,j = 1,2)

(13) 

(14) 

Es ergeben sich in diesem Fall bei klassischer Rechnung und bei 
Rechnung über den Umweg verallgemeinerter Funktionen die gleichen 
Resultate. Sollte aber die klassische Rechnung versagen, so ist 
mit den verallgemeinerten Funktionen ein Mittel gegeben. dennoch 
zu sinnvollen Ergebnissen zu gelangen. 
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THE SIMILARITY TRANSFORMATION OF THE 6RAVITATIONAL POTENTIAL 

Alfred Kleusberg 

Geodätisches Institut der Universität Stuttgart 

Summary 

The tr ansformation properties pf the gravitational potential 
represented by spherical h armonics due to variations of type 
translation, rotation and scale are investigated. The similarity 
transformation is used close to the identity. lt is proved 
(i) that scale and rotation variations do not change the degree
of-the/spherica:!. harmonics, but (ii) that a translation transforms
spherical_ harmcnics of degree 1 into spherical harmonics of
degree 1 and 1 + 1. Geodetic examples are given: Rotational
vari ation due to diurnal polar motion, translatiunal variation
due to mass centre shift and scale variation of the underlying
coordinate system.

1. Introduct:i.on

A familiar expansion of the earths gravi tational field in a coordinate syste111 
' , 1 ' � S (O,x,y,zJ is 

U ( r', "A.1
, tP� 

where 

l 

= g•M E a 
P+1 

f P (sinJ) (C'
o
- cos IM + s' sin IM)

l:-=o rt- m=o .em .un .em 

arc the J\ssociatcd LcgenJrc Functions and 

arc thc unnmmn.l i.wd Potcntü1l co�fficicnts. 
Using the rclation 

(1. 1) 

c,:,.,1 cos 111X + s!. sin mA' = -21 r (C� -i s� ) CX1) inv-1 
+ cc:, ,+i s!.) cxp -i,TJ]

-v .uli dli \.!II -Lll, -4:J,! 

m 

P .em (x) 
(1-x2)2 dl+m 9 = ...,__ __ ...,__ (x2 -1 ),{. 
zl .t! dx.t+m 

C.e.inl cos ll1A 
"jl= 2-öom (l.-m) ! ( e. . r } 

So- ~·t•nl- (l+m) ij r P.em (s111cp) \ . dm 
.(..III s1n nv. 
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whcre i2 = -1 

wc get· an cxprcssion cqui valent to( 1 .1) which is more convcnient for transfor

mation purposes. 

+ (Cim+i Slm) exp -iml]

If wc want to express the potential (1.2) in another coordinate system 
S (O,x,y,z) 

U (r , 7'. , cp ) 

wc have to pcrfonn a transfonnation of the potential coef ficients 
1 1 

s c
.em

, s
.e.m 

- c
.em

, .em· 

(1.2) 

Such a transfonnation may b,e necessary ·by reason of the following examples 

(i) The expansion of the earths gravitational potential (1.1) would be
sufficient timelike invariant if evaluated in the figur axis coordi-
nate system of a rigid earth. But the figur axis varies from epoch to epoch
with respect to an earth-fixed system due to non-rigidity. These variations
can be described by physical models (McCZure 1973). To express the gra
vitational potential in the earth-fixed system one has to perfonn a
transfonnation with timelike varying transformation paramcters a,ß
(Rotation about x,y axis, respcctively) derived from the physical
model.

(ii) Thcrc arc many Jiffcrcnt carth modcls (e.g. GoJ<lard Earth Moclels,
SAO Standard Earths) . To provc, whcthcr thcrc arc di ffcrcnt undcr
lying coorJinatc systcms uscJ onc has to investigate ,-.,hether trans
formation parametcrs arc <lcrivablc from thc <li f fcrcnt potential
expansions.

Many authors dealt with transfonnation or sphcric:il hannonics (,Teffrcyn 1%'1, 

oo/· i 1 • 
U (r', ,:, ip) ':: gM 1: e.+f E P .tm (sin<P) z [ (C~Jll-i S.lm) exp i~ + 

l=o r· · m=o 

-
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Aar•dom 1%9, Wineh and James 1973, 13a lrrrino and Bor-dePies 1977, Sidli(.'hov:;ky 

1978, 1979, CiacagUa 1980). Thcy introduccc.l transform:1tion paramctcrc; of 
any largeness for rotation and translation. Thus the Wigncr 3-j-coefficiciits 
appcar in the transformation fonrn.Jlac. 
ln the al)ove mentioned examplcs (i) and (ii) the transformation paramctcrs can 
oe assumed to be very srnall. Thereforc we are going to deri vc more convcnient 
formulac for the special case of a similarity transfonnation close to the 
iclentity. 

2. The similarity transfonnation close to the i<lentity

Suppose the transformation s- s' for any vector x is given by 

x' (1+ök) R (a,ß,y) (x + t) (2. 1) 

where ök,a,ß,y are scale variation, rotation angles about the x-axis, y-axis 
and z-axis, respectively and t = [tx,ty,tz]T is the origin translation vector. 
Furthermore assume all transformation parameters to be srnall enough to neglect 
squarcs and pro<lucts. Then (2. 1) can be linear approximateJ by 

Using 

and 

f t] a [ :] + l
ök•x + y•y - ß•z +

ök•y - y•x + a•z +

ök•z + ß•x - a•y + 
(2.2) 

r' = (x'2+y•2+z'2)1/2 = (Lx+öx)2 + (y+öy)2 + (z+öz)2)1/2

r_ y+öy �• = arctan , = arctan ,, X x+uX 

<P' = arctai z · 
(x'2+y'2)1/2 

z+öz 
= arctan -----------

( (x+öx)2+(y+öy) 2) 1;2 

COSA 

= ½ (cxp-ü. - c�-p L\)

= 

~:] = [:] + [::] 

11- ----

• 1 ( . 
= z· CAl) lA + cxp-iA) 

sinA 
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we gct the transfonnation S - S' in spherical coordinatcs in linear approxi

mation 

(::1 - l:1 · [::1 
where 

1 ör = r•ök + 
2 

cos<P [(tx -ity) exp iA + (tx +ity) exp -iA] + tz sin<P

1 o;\ == -y +2 tan<P [(a +iß) exp -iA +(a -iß) cxp i;\] -

Zr COS(j) ((ty +itx) exp iA + (ty -itx) exp -iA] (2. 3) 

1 tz 
Öq> == z [(ß +ia) exp iA + (ß -ia) exp -iA] + r COSq>

-
5��<P 

[(tx +ity) exp -iA + (tx -ity) exp iA].

If the transformation pararneters are small the expansion of the potential in 
S' can be expresscd as a linear fünction of the potential representation in S, 

where 

a . co al(.t+ 1)
ar U(r,;\,<P) = -&M E - -

l=o /+Z f P 
lm 

(sin<P) t ( (c�- -iS�) e:xp iJ11A + m=o 

+ (C� +iS.em) exp -iJ11A]

a co i- l m 
a� U(r,A,<P) = gM E 

l+l E P
lm 

(sin<P) 
2 

[(S�- +ic:�)_ exp i11lA +
l=o r m=o .uu .u11 

+ (S� -iC�n) exp -iffiA]

.., al l 

&Iv1 .e.!o r.t+l m:o
(-m tanq> P

lm 
(sin<P) + P

.t ,m+l (sin<P))·

•½ [ (C� -iS�)cxp inv.+(C,em+iS.fm)cxp-i11lA]

ancl ör, ÖA, ö«t> arc gi vcn in (2. 3).

(2.5) 

1 

-
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3. Transformation Formulae

lf we insert (2.3) and (2.5) into Equ. (2.4) and use somc recurrence formulae 
for Lcgendrc' s associatcd fw1ctions givcn by (Kertz, 1973) finally wc gct 
transformation fonnulac for potential coefficients under a similari ty trans
fonnation closc to the identi ty (for detailcd computation see Appendix). 

.em = 

S
.em 

[1-ök (l+1)] 

l+ö 
+ [ lm ß]2 

_ [(l+m+l) (l-m) 
2 

tz 
- [ (l-m) -]

a 

l+ö 
_ 

[---.!E! tx12 a 

+ [(l-m-1) (l-m)
2 

= [ 1-ök (l.+1)] 

l+ö 
+[ lm ß]2 

-[(l+m+l) (l-m)
2 

tz 
-[ (l-m) -]a 

1+ö1 -cT

[ (.t..-m-12 + 2

tx1
a 

(.t-m) 

c' 
.em

c' .e.,m-1

ß] Cl,m+1

C' .t-1,m

c' l-1,m-1

tx c' al .e.-1,m+l 

s' 
.em 

s' l,m-1

ß] 1 5.e.,m+l

s' .t..-1,m

s' l-1,m-1

t
a
xl s' l-1,m+l

- [m•y]

l+ö

+ [�a]
2 

[(l+m+l)+ 2
(l-rn) 

1+o1 + [ m 
2 !I.] a 

[ (l-m-12 (l-m) + 2

+ [m•y]

1+ö1 - cT a1

[(l+m+l) (l-m)
2 

1+o1 
!I.J - [--m

2 a 

_ [ (i-m-1) (l-m) 
2 

slrn 

s' .e.,m-1

a] s' l,m+ 1

s' l-1,m-1

�J s' a l-1,m-1

c' 
.em

c' 
l,m-1 

a] 
' c.t,m+ 1

c' l-1,m-1

� c' 
a] l-1,m+l

(3. 1) 

(3 .·2) 

For most purposes the use of fully nonnalizc<l sphcrical hannonics and potential 
coefficients is more convcnient, i .e.: 

a
.e. l U = gM 'f -z.;r r T>im (sin<P) (C

ln1 
cos TM + S0_ sin TM)

l=o r m=o -u11 

. ---- ------
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Using these functions· for the expansion of the gravitational potenti�1 we get

the more syrrmetric transformation fonnulae 

-
C

lm 
=

s
lm

= 

[1-6k(l+1)] 
-• 
C

.em 
- [m•y 1 slm

+ [ (t-m+1) (l+m) (1+6 )]1/2

lm 

- [ (l+m+l) (l-m) ]1/2

U-1 1/2 tz - [- (l+m) (l-m)] -
2l+1 a 

ß -• C-z c.t,m-1 + 

ß -, 
lz cl,m+l 

ct-1,m 

2l-1 / tx - lu+l (l+m-1) (!+m) (l+ölm)J l 2[2a C.f.-1,m-1 -

2!-1 / + [
ll'+f (l-m-1) (!-m)]l 2 tx _, 

Cza ct-1,m+l +

a -· 

2 
5.t,m-11

a 

sLm+11 2 

!l. -• 
2a 5.t-1,m:..1 1 

[ 1-ök (l+l)] s' 
.t.m 

+ [m•y] Elm

(t+rn)· (1+ö1m)]l/2
ß-t a 

Cl,m-11 + [ (t-m+l) ['26.tm-1 2 

(.t-m) 11/2 ß-• a 

cLm♦11 - [ (.t+m+l) ['26.t,m+ 1 + 
2 

2.t-1 / - [ 2.t+ 1 (.C+m) (.t-m) 1 1 2 t,: s-' .t-1,m 

2!-1 
- [ 2.t+ 1 (t+m-1) / tx-, 

(t+m) (l+ölm)]l 2 [-faSt-1,m-1 + * ct-1,m-1 ] 

2.e-1 
+ [ !lTT (t-m-1) (.t-m) 11/2 �· [ l-1,m+l - * �l-1,m+1 l 

(3.3) 

(3.4) 

Plm . • ~(2-6an) ·--

:1- -J (2-6om) 
rlm 1 ~-(2l+1) ) s 

slm tm 

!I.a -• 
2a 5t-1,m+1l 

-
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4. Numerical examples

Example 1: Diurnal Polar Motion 

Ma Clza,e (1973) states that the cliurnal variation of the axis of principal 

moment of inertia with respect to the rotation axis may come up to an 

amount of ± 60m whic11 corresponds to rotation angles of ± 2" about the x-axis 

or y-axis. Nagel (1976) computes the corresponcling addition tenn of thc second 

degree potential coefficients from variations of the second order inertia ten

sor. This leacls to 

c21
1 

C21 + ß • Czo

s' 
1 

5
21 = 21

- Cl • Czo

Using the equations (3. 1) and (3.2) we get 

' , ' 
- a .  c20 - Zßs22 - Zac22.

( 4. 1) 

(4.2) 

1 
' 

-8Both systems of formulae yielcl variations in c21 and s21 of 1·10 at most.

The differences between (4.1) and (4.2) arc of order 10-10. The variation of

the potential coefficicnts of higher degree duc to diurnal polar motion are 

still neglectable at present. Some examples: 

- -,
3-10-12

Czs,o
= 

czs,o±

Exarnple 2: Datum Shift 

T Introducing an origin translation vcctor t = (tx,ty,tz) y1clds thc we11 known 

fonnulac for thc variation of first clcgrcc cocfficicnts: 

= 

- -, s-10- 11 c3,o = c3,o ± 



s,1 =s;1 -c�•C!) 1

/2.1

_ _ _, _ c' . c.!.
) 
1/2. tz 

C10 - C10 00 3 a 
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For t = ( 1ron, 100m, 100m) and c; 1 = S� 1 = c;
0 

= 0 we get c11 = s11 = c10 :::
::: - 0.9• 10-s. 

The variations of higher degrce coefficients are of order < 10-7• 
Some examples: 

c3, 1 
_, = c3, 1 ±

53, 1 
_, 

= 53, 1 ±

c13, 1 
_, 

= c13 1 ±

- _, 

Czs,o = Czs,o ±

10-8 

10-10 

10-11

10-11 

Exarnple 3: Scale variation 

Scale variation ok of the underlying coordinate system results in 

{c
�

(1-(l+1)ök) • 
_, 
s
.e.m 

The effect of scale variation increases linearly for increasing degree of the 
coefficients. For a rcalistic valuc ok=± 1.10-6 this leads to variations of 
+ 3• 10-s for coefficients of degree 30 which is below the threshold of signi-
ficancc. 

-
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ApPcrtdix 

From f.quations (2.3). - (2.51 we get 

CD al l . . 1
[· ' ·s'·) . .  cc' ·s') U =· gi\f l: l+l 1: P.em

(Slllcp)z (C
.em

-1 .em exp 1ni>..+ im+1 .em exp -iffiA]
.f..=o r m=o 

(Al) 

l l. . 
1 .. ' 

- gM E ;+ 1 E P .emCsin<P)if (C� -iS.em)exp i111A+(C�n +iS
.f.nt

)exp -i1J1A.] • (l+ l)ök
l=o r m=o 

l 
(A2) 

CD a l p ( . J r (C, . S, ) . (C' . S, ) . J - gM r -l+Z· r lnt sincp)zt .em-1 im exp 1111A+ 1..m+1 im exp -11J1A. ·(l+l)•
l=o r m=o 

.,. c�S<P[ (tx-i ty)exp �ü.+(tx+� ty)exp-ü,J 
! 

.. • 

19 
(A3) 

•(l+l)•tz•sincp (A4). 

•m•t�cp[(a-i�)exp iA+ (a�iß)exp-iA] (A6) 

m al l . 1 · + gM E � l: p .emCsincp)z[ (S� +ic;
l
)exp imA+(S�-iC.em)exp-i111A] • 

l=o r m=o 

tancp[ (ß . ) . ( . ) . ]•m•-
2

- +1a exp 1 A+ ß-1a e;q)-IA 
•· l l 

- gM E 1+2 .E Plm
(sincp)j-[(C!_-is:_1)cxp iIDA+(C!_+iS�_n)cxp-inl>..]•

l=o r m=o .UII .UI .Ull ,u 

•m• tancp•coscp• tz

(A7) 

(AB) 

(A9) 

"" i· l · 1 + gM E o+2 E P0_ (sincp)-2[(C!. -i��- )cxp imA+(C:. +is;. )cxp-iIDA]•m•t:in<s>•
l=o r-<- m=o -u•l -ull -un .un .un 

.sl�cp[tx-ity)cxp L\+(tx+Hy)cxp.-ü.J (A10) 

' . 

.. 

. :m. 2 1 'r (ty-itx)exp-ü.+(ty+itx)cxp ü.] 
COScp 



.. at l . 1 • . s' ) . (C' . s' ) . ] +gM l: l+l l: Pl,m+l(sm<P)z((Clm
-1

lm
cxp 1J11A+ .tit1

lm
c.xp-1J11A•

l=o r m=o 

•±[ (ß+ia)cxp ü.+(ß-ia)exp-iA] (A.11) 
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+ gM 'f 1�2 f Pl m+l(sin<P)i[(C�-iS,e
111

)cxp i.lM+(ClJ/jS.em)cxp-iJ:i,,,J•coscp•tz
l=o r m=o ' (A12) 

'° /- .e . 1cc , •s' J • cc' ·s• ) · J _ - gM 1: i+2 L pl m+l (Slll<P)z clm
-1 i.m exp 1111A.+ :.em+1 lm exp-lJIIA •

l=o r m=o 
' 

.si�<P[(tx-ity)cxp iA+(tx+ity)exp-iA] (A13)

111is Taylor cxpansion can bc summarized in six tenns depen ding on the trans
fonnation parameters (2.1)

(A14) 

To rernodcl U3(a,ß), U4 (tz) and U5 (tx, ty) in tenns of spherical hannonics we

have to introduce sonie rccurrcncc fonnulae given by (KePtz, 1973):

. p ( . ) l +m JJ ( . ) ( l -m+ 1 ) 
Slflq> lrn 5 10(j) =u+1 .t-1,m 5 1n(j) + U+l pl+l,m(Sln<P) (A 15) 

. p (. ) = C.e+m)(.e+m-:!J.·p (. ) COScp tm Slßcp 2 .e.+1 .t-1,m-1 Slll(p 

-

(A16) 

( l-m+ 1 )( l-m+ 2) p ( . ) U+l l+l,m-1 srnq> 

(A 17) 

U = U0 + U1(6k) + U2(Y) + U3 (a,ß) + U4 (tz) + Us(tx,ty) 

OO /- t p ( • ) 1[(C 1 ·s' ) • (C' ·s• ) • ] 
uo = gM t T+T r im Slil<p 2 lm -1 lm exp 11M + im +1 .em exp-11M 

· t=o r m=o 

.t t 
= gM r 1~1 r Pim(sin<P) (C~cos m>..+s;_msin IM) 

t=o r m=o 

U1 (6k) = !?}1 r i~l f P .emCsincp)i[ (C~ -iS~)exp im>.+ (C1ro +iS.em)exp-iJM](l+ 1) 6k 
t=o r rn=o 

oo at l . ' ' . 
= ~ r. T+T r. Ptm(s1n<P) (Cimcos m>..+Strns1n rM)•(l+l)ök 

l=o r rn=o 

t t 
U ( ) gM oo a p ( . ) 1 [ (S' . C • ) . , . , . ] 

2 Y = r. .e.+ 1 r tm smcp 2 trn+1 lm cxp 1m>..+(S.em-1Clm)exp-1m>. •m•y 
t==o r m=o 

oo a.t. .e. , , 
=-gM E l+l r. P .e.in(sincp) •m•y(Slmcos rM - C.linsin m>.) 

l=o r ßFO 

m• tanq, P lm ( s incp) 
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cosqi P
.em

(sinqi) = - Zl� l P.e-l,m+l(sinq>)+ Zl�l P.e+l,m+l(sin<P) (Al8) 

_m_ p (sincp) = (.t+m)(.e+m-l)p (sin<P)+l P (sinqi) (A19) coscp .em 2 .l-1,m-1 2 l-1,m+1 

_m_ P (sincp) = (l-m+1) (l-m+2) p (sinq>)+J- p (sin<P) (A20) COScp .tm 2 .t+l,m-1 2 .t+1,m+1 

These recurrence formulae are valid if thc sccond subskript is greater than or 
equal to zero. In add.ition, we havc to usc (Kertz, 1973) 

coscp Pl(sincp) = - z.e.�lt-l,l(sincp)+ Zl�l Pl+l,1(sincp) (A21) 

sincp P
.e_

(sin<P) = z.e.:ir.e_1(sincp)+ 2�:� P.e.+1(sincp) (A22) 

for the transfonnation of zonal tenns (m=o). Furthermore we need (BaZmino and

Borderies 19 77)

. m (l-m)! 
P.e.,-m(sm<P) = (-1) (l+m)! P.em

(sin<P)

From (A6), (AB) and (A 11) we get: 

(A23) 

.e. .e. 
gM E 1+ 1 I: { c-¾r .e. m+ 1 (sin<P) ;tancp p .em (sincp)[ (ß◄·ia)exp ü. +

l=o r m=o ' 

+(ß-ia)exp-L\.] • [ (C�11-iS.bn)exp im>..+(C�+iS�)exp-iIM] 

+(S1m-iC.fni)exp-iIM]j 

.e. .e. 

= � E 1+1 r { iP.e. m+l(sincp)[[(C;--is!. )cxpi(m+l);\+
l.=o r m=o , .uu .un 

+(C� +iS �)exp-i(rn+1 )r..] (ß-ia) )- Wtancp P .e.mCsinr..) 

[ (C�n+iS �
11
)cxp-i (m-1) r.. • ( ß+ia) + (C_�m-iSe.m)cxpi (m-1) ,._ • (ß-ia))} 



Using (A16) an<l (A23) lcads to 

u3(a,ß) = gM E ;:, f { ¾P
.e m+l(s-in<P)[(C�-iS�)expi(m+1)A•(ß+ia)+ 

l=o r JJFO 
' 

, . , . . ] (l+m)(l-m+1) p ( . ) +(C
lm

+1S
lm

)cxp-1(m+1);>..• (ß-1:a) - 4 l,m-l srnqi • 
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,[(Clro-iS�)expi(m-1);>..•(ß-ia)+(C1.m+iS.e.rn)exp-i(m-1);>..•(ß+ia)]}

oo al l 1 , 
U3(a,ß) = gM E l+l E 2P l,m+l (sinqi) [ (ßC

..em
+aS�)cos(m+1 );>..+

l=o r m=o 

+ (ßS 11-aC ;1) sin(m+ 1) ;>..]

nM � al
{ (.e.+m)(l-m+1)p (s· ) -1:r• " l+1 " 2 l m-1 rnqi •

l=o r 111=0 

Swnma.rizing (M), (A9) and (A12) we get: 

oo l l (l+1) m U4(tz) = gM E l+Z E [ (-, sinqi- 2 tan<PCOo<P)P ..emCsinqi)+ 

l=o r m=o 2 

+-} cosqiPl,m+l(sinqi)]•tz• 

Making use of (A15), (A16), (A17) and (A18) one finds 

(A24) 

u4(tz) = n�1 E L f (- (l-m+1) (l+m+1) (l-m) (l-m+1))F' ( . ) 
e· l=o rl+2 m=o 2(2l+1) - 2(2l+1) l+1,m s1n<P • tz•

• [ (C � -iS im) expim;>.. + (C .en.+iS ,em)exp-im;>..]

l+1 o 
oo a -<. tz , , = gM E l+2 E -(l-m+1)P 0+l m(sinqi)•-[C 0"cosJJ1A.+S0-si.T1111A] (A25)

l=o r m=o .(. , a .( .. ul uu 

The sum of (A3) , (A 7) , (A 10) and (A 13) results in 

U ( · )- "' / { (t>+l) m s t:x, ty -gM E T+'!. E { [ (- �4 os<P
+4tanqisinq>)P (sinqi)-

bo r FO � 

- ¼-,inq>Pl,m+l(sinqi)]·

-
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•[(C�-iS�n)cxpim,..+(Clm+iS.bn)exp-iJ11A]((tx-ity)cxpiX+(tx+ity)exp-ixJ 

+ 4 
m

Pb. (si�1q>)[ es,' +iC!_)expim,..+ es;--ic!.n)cxp-iJTIA] cosq> .un m .un 4.-411 .u, 

[(ty-itx)exp-ix+(ty+tx)expixJ} 

Using (A15)-(A23) lcads to 

l+l l 1 . . 
Us(tx, ty)=gM E 

a 
l+Z r z P l+l m+l (sincp) (�

x c1m- !:f-- S.fu)cos(m+l)X+
l=o r m=o ' 

+(tx s!. + !i'.. c:_)sin(m+l)xJ+ 
a .un a .uu 

l+l 
+gM r-a- r ( l-m.:!lJ.1.l-m+ 1) P (s . ) l+2 · 2 l+l m-1 mq, r , 

Changing the subscript in (A24)-(A26) yields 

U = U0 + U1(ok) + U2(Y) + U3(a,ß) + U4(tz) + U5(tx,ty) 

l 
CIO a 1.. • 1 f ' 

= � t � l: P
lm

(s1nq,)[(C
lm

(l�ok(l+l!-S
tm

•ra•y)cosJM+(S
tm

·(l-ok(l+l))+ 
l=o r m=o 

+ c1n•m•y)sinJ11AJ (A27) 

"° al l+ 1
P . { . 1 [ ' ' • • + � E =r♦T r lm s1nq,)•2 (ßC0 ·m-l+aS 0 m-l)cosn1t,,+(ßS0 _1-acl _1)siJ1Jll.>..]

lr.o r m=l -<., -<., -<.,m ,m 

l ·l-1 (A28) 
_ w-1 'f _a_ r p (sin

q,) (l+m-1) (l-m) •
l=o rl+l m=-1 .tm 2 

[( c' s' • • · • ß l.,m+1-a l,m+1)cosmx+(ßSl,m+l+ac
.t,m+l)smmx]

1.. l.-1 
nM "° a ( . tz , • � ,:;·• t T+T I: Po- smq,)(l-m) -

a 
[C

0
_1 cosm;vS0

_1 sinm,..)
l=l r m=o -u11 -<. ,m � ,m 

l l eo a . 1 · tx,.,, _!Y- , · - gM t l+f r P0_(s1nq,)•-!.f(�"-l _1 �0_1 _1)cosJ11A+
l=l r m=l .u11 z� a "-- ,m a "-- ,m 

+(�' +.!rc' ) . J a l-1,m-1 a .t-1,m-1 SinJM 

(A29) 

(A30) 

(A31) 



CO a.e. .t • c.e.-m-1)(.t-m)[(tx I +!ls' + g.\i E !+1 E Plm
(srn(I)) 2 �l-1,rn+1 a .t-1,rn+1)cos111A.+ 

l=1 r m=-1 
tx , tv�, 

) . ]+C�.t-1,m+l- �·.e.-1,rn+1 i 5innlll. (A32) 
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In (A28) thc second subscript can start at m = o and end at m = l because of
cl,-l = s�,-l = o and Pl,l+l = o . I�the second index can end at m = l

sincc cl,.e.+l = sl,.e.+l = o . Using (A23) and cos(-A) =��-= -sinA for

the case of m = -1 we rewri te (A29)

co al l 
- gi\1 E l+ l E 

.t=o r m=o 

+(ßS1,m+1 + cl,m+l)sinmA]

oo /- l . 61m + gM E o+l E Po�_(srn(l))-2-[(ßC� , +aS! 1)cosrnA+ 

l=o r-<- m=o -ul! 
-<-,m- -<-,rn-

+(ßS! 1-ac: 1)sin1M]-<-,m- -<-,m-

(A33) 

where o1m 
= 1 form= 1 and zero otherwise. In (A30) the range of the second 

subscript can be extended to m = .e. because of C�-l,l = Sl-l,.t = o. The first 

index can start at .e. = o since C '1 = S 11 = o . Tue latter also is valid in- ,rn - ,rn 
(A31). Here the second subscript also can start at m = o for Cl-,,--, = s;_11

_1
= o. In (A32) the first index can start at .e. = o because of c' -1,m+ 1 = s' -1,.m+1
= o and the range of the second index can be extended to rn = l since 1 

Cl-1,l 
' 

= Cl-1,l+l 
' s' = S

l-l,l 
= l-l,l+l = o. Introducing (A23) and using �os(-A) = cosA, 

sin( -A) = -sinA (A32) can be rewritten as 

00 /- l 
( . (l-rn-1)(.t-rn) tx , tv�, + g]-1 E -:e:+T E P

lm 
s11w) 2 [C�.e.-l,m+t�.t-l,rn+l)cosrnA+

l=o r rn=o 

+ tx • tv�, (�l-1,rn+ ,- a"l-1,m+ 1) srn111A.]

00 l !. . 
61m tx , tv�• - gM E 0+1 _r Po./srn(j))-z-[C�o-1 _,- �o-1,m-1)COSffiA+ 

.e.==o r-<.. m=o .u a -<- ,m -<.. 

+(txs• !lc' ) . ] a l-1 , rn-,+ 
a .e.-1 , m-1 5 

llllllÄ 

(A34 

------------------- ----

. (.e+m+1) (R.-m) 1 1 

p .en1 (sincp) 2 [ (ßC .e., m+, -aS .e.,m·tl) COSTM. + 

-



358 

In summarizing thc tcnns (A27), (A28), (A30), (A31), (A33) and (A34) we get 
the following cxprcssion 

whcrc 

C
.e.
111 = + (1-ök(i.+1)]

+ r-
2
1c1+ö1 )ßJm 

c' 
.e.m 

c' 
l,m-1 

and 

1 1 - [2(.t+m+l) (.t-m)ß]C
i.,m+l

tz - [ (i.-m)-]a 

- [ lc1+0 ) txJ2 1m a 

c' 
l-1,m

c' 
i.-1,m-1 

[ 1 tx , + -(i.-m-1)(.i.-m)-]C 
2 a l-1,m+1 

S
.e.m 

= + [1-ök(i.+1)] s' 
.e.m 

s' l,m-1 

- [-2
1(l+m+1)(.i.-m)ß] S 1 

.e.,m+1 

tz - [ (i.-m)-]
a 

1 tx - [-(l+o )-]2 1m a 

s' l-1,m

s' i.-1,m-1 

+ (-
2

1 (l-m-1) (l-m) tx]s' a .e.-1,m-1

- [m•y] s' 
.e.m 

s' i.,m-1 

1 + [2(.i.+m+1)(.i.-m)a] s�,m+1

s' i.-1,m-1 

+ [-
2

1(.e.-m-1)(.i.-m).!r.]s' a i.-1,m+1

+ [m•y] c' 
.e.m 

·c'
l,m-1

[ fe,e+m+-1) (l-m)a.] C l,m+ l 

c' i.-1,m-1 

- [ lci-m-1) (l-m).!r.Jc' 2 a l-1,m+1 

- [ ½c 1+ö 1m)~] 
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A Solution for Determination of the 

Grsvity Field frem Satellite-to-satellite Tracking Data 

-1) 
Jan Kryriski 

1. Introduction.

In order to uso low-low satellite-to-satellite traeking 

data for investigation of the Eerth-s gravity field it is 

necessary to describe mathematically in very detail the me

sured phenomena. Some solutions of this problem are given by 

Schwarz /1970/, Krynski /1978/ and Rummel /1978/. The authors 

uae different assu■ptione and quite different methods in 

their theories. However, it seema tobe difficult to make a 

cheiae of the proper solution for practical applicetion. 

Such a solution should be general, relatively simple and 

cenvenient for numerical computations. These requirements 

have been taken into account in the eequel to derive the 

obaervatian equati ns. 

Assume that the nongravitatienal forces do not affect 

on aatellite, so ne conaider the satellite motion in the 

Earth'e gravity field only. The differential equatien of 

satellite motion in such field W in inertial coordinates 

system is the following: 

•• 

B = vw. 111. 

It is quite natural to describe a moticm of celestial body 

in inertial eyetem of coordinates. But on the other hand in 

physical ge desy the gravity field of the Earth is usua�ly 

expressed in the coordinate system which ia fixed to the 

Earth /terrestrial system/. In such a system the equation of 

motion /1/ hae a form 

1)Space Research Centre, Polish Academy of Science

• 



•• 

�+ F = VW-c /2/ 

where !c is a Coriolis acceleration.
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It should be noticed that the integration of the differential 

equation /2/ is much more complicated then the inte9rat1on 

of the defferential equation /1/. What more, the velocity and 

position vectors obtained from the equation /2/ refer to 

terrestrial system. They should be transformed to the inertial 

system in which we determine those vectors from ordinary solu

tion of satellite motion. Therefore we have to formulate such 

an equation which refers ta inertial coordinate system on one 

hand, and on the other hand which uses the gradient of the 

potential W expr11Ssed in terrestrial system. 

Let us notice that the potential W does not explicitly 

depend on time. Then VW is the conservative force, what 

means that the quantity of the gradient of the potential W 

is invariant with respect to linear transformation. 

Let us consider the inertial coordinate system OXYZ and 

geocentric terrestrial coordinate system o'x'y'z'with the 

common origin /0 = 0'/ and common Z-axis. Denoting by A the 

rotetional matrix transforming terrestrial system into iner

t ial one 

t/W = A V°w /3/ 

we can write the equation of satellite motion in the follo

wing form: 

•• 

R = A 7°W /4/ 

The equation /4/ is expressed in inert'ial system and symul

taneously the gradient of potential Vw refers to the 

terrestrial system; it is a basic equation used in the 

sequel. 

-
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2. The esse of two satellites.

Let us consider the case of two satellites following 

each other along similar orbits. In appropriate time intervals 

the relative velocity of two satellites is measured. 

s� 

• 

0 

Fig. 1 

According to Fig. 1 let 51 end 52 denote the real positions

of satellitea at the epoch t
0

• The gravity potential in s
1

and s2 is w111 
and w121 respectively. In order to compute the

approximate position of qatellitea we shell use an approximate 

gravity potential m•del U which can be regarc:led es a normal 

potential. The equations of aatellite motion in real gravity 

field end in the normal gravity field are the following: 
... 

'fl'W/1/ Ri III A/1/ /5/ - jw
/1•1,2/ 

•• 

tfu111 
Ri 

„ 

A/i/ /6/

- 1u , 

where U 
/i/ and U 121 are the normal potentiale in s1 and s2

respectively. 
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Let us assume that at t
• we knew exactly the positiona

of s
1 

and s2 i.e. the real position is the $ame as the normal

position at t
0

• However, at t
0 

real velocities and accelera

tions differ on normal ones. 

Subtracting /6/ from /5/ we get 

If we denote the anomalous potential by T 

T • W - U, 

then the equation /7/ has a form 

/8/ 

/9/ 

Integrating an equation /9/ we get an inc'rement in the velo

city of satellite S
i 

due to anomalous potential T. We have 

now 

6Ri =/ A;i/ VT/i/ d't' + �i 
-r=to 

/10/ 

whereobviously constant C. is determined from the initial 
-J. 

condition

Then /10/ can be written in the following form: 

t 

tJ.k1vlt!=f A;u vr1u d'l' + 6R;i//t0/
t=t0

/11/ 

/12/ 

In satellite-to-satellite tracking we shall consider the rela-

tive velocity which contain the differential effect of anoma

lous potential. From Fig. 1 we have

• • 

�2 - �1 • /13/ 

t 

.. 
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Oifferentiating /13/ with respect to time we get 

/14/ 

If we denote 

/15/ 

where Llg is the increment of the relative velocity vector

due to anomalous potential we get from /12/ 

t t 

�lt/=/ A121 VT121 dt-/A111vr111 d'l' + AR ?./t0/-AR1/to/.

Since 

-i-= to -r=to 

the equation /16/ will have the form 

t 2 

�/t/-Ag/t, = !fu /-1/ A;i/ VT/il dt

1'=
i

o 

/16/ 

/17/ 

/18/ 

The equation /18/ would be an observation equation when the 

relative velocity vectors are observed quatities. However, in 

eatellite-to-satellite tracking technique we will be able to 

measure the projection of the relative velocity vector on the 

direction between two satellites s1 and 52• Therefore our

observation equation should have a scalar form. 

According to Fig. 1 the versor of direction 5
1

52 is

/19/ 

• 

The projection of the vector .i en the derection s1 s2
will be nothing but the scalar product of g and the versor 

• • 
~2 - ~1 • 

~ =- 6. R2 - 6 R1 , 

• 
-
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/20/ 

The component g of the relative velocity can be directly 

measured; it will be considered as a function of time. Let 

us take the ditference 

g/V 9./t/ fJ/tol'J/tof 1 [. . 
] q/t/-g/t0/=- g/t/ - g/tJ = g/t/g/tol gjtl<itfg/t0/-�tof_g/t0/g/t/ . 

/21/ 

Using the abbreviation

/22/ 

where 6 q¼ t is the increment of the distance q between
0 

satellites in the time interval /t
0

, t/ and substituting /22/ 

to /21/ we get 

After some simple modification in /23/, neglecting terms of 

second and higher order the formula /23/ has now a form 

Since in short time intervals a distance g is practically 

constant we can replac e g /t/ by g /t
0

/ in /24/. Now we have 

The expression /25/ describes variation of the projection of 

the relative velocity vector on the direction s1 
s2 in �ime

---------------
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interval /t
0

, t/. Considering /25/ for the real gravity field

we ebtain the ex�reseion for the observed quantity 

llg0
= (g/t/-g/t0/] ,w={ qAol [2_1tl�/t/-gltol _g_/to/]- q/L,tP -2_/to/ 9/t�gt

0
t} 1w ,

/26/ 

and for the normal gravity field we obtain the expression for 

the calculated quantity 

/27/ 
In accordance with the previous assumptions 

9 /to/rw = g /to/,u /28/ 

and what mere 

/29/ 

Using the abbreviation 

/30/ 

and sub1racting /27/ from /26/ we find 

llqo- 1H}t q/t1{[2_!tl,w-tttl,u]vta/-rn1to1w-gftof,u]9.ltof+[g/to/f..gt t] -
- -- o IW 

- [<iltf LI 9 t,tl I u J - g?Q"2 2_/tof { r <i/tof��,tl I w - [ 9 /to/ L) 9t O t J I u J /31 /

It is easy to notice that according to the previously used 

notation 

Substituting /32/ into /�1/ we get 

llgo-llqc= q/io/ [ llg/t/-L19/tol] g/to/ + gl�al{[2_it/ Llgtotj,w-rn/t/ Llgtot]1uJ

- gl�o/2 gltol{[g/to!Ll gtot],w-[�tolllgtot],u} 

/32/ 

/33/ 
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and finally using /18/ the equation /33/ will have the follo

wing form: 

/34/ 

' 

Assuming a time interval /t0 , t/ as a small one, the expres

sions c1 and c2 can be neglected and the observation equatien

is now the following: 

. . �/to// 2. i -
L\go-'1<1t n/t / '[ /-1/ A/i/ VT1il dt . 

'5 Q L=1 
t=t0

/35/ 

Let us define the rotational matrix A. As it was previously 

mentioned the matrix A transforms terrestrial system into 

inertial system. Denoting by 8 - Greenwich siderial time 

we get 

- sin0

cosS

0 :) /36/ 

The observation equation /35/ is quite simple and convenient 

to use when the gradient of anomalous potential is given in 

the rectangular coordinate system. However, in order to use

the COVAX subroutine /Tscherning, 1976/ the gradient of 

anomalous potential should be expressed in spherical coerdi

nate system. 

where 

and 

t 
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Denoting by B/i/ the matrix transforming spherical

coordinate system into rectangular coordinate system we have 

VT /i/ =- B /i/ $

�T /i/ • /37/ 

where 

cos �/i/ cos A/i/ - sin �/i/ cos A/i/ - sin A11

B/i/ = cos �/i/ sin A/i/ - sin f/i/ sin A/i/

and 

sin �/i/

TR/if 
s 1 VT/i/ = Rji/ T lf /i./

cos �/1/ 

cos A/i/ 

0 
/38/

R/i/" � /i/'

/39/

A/i/ are the spherical coordinates of

satellite s1• Substituting /37/ we can rewrite /35/ in the

following 

Using the 

where 

form: 

. . 9.ltol
j

'(" i s 
�9 0-�gc = g/t / L /-1/ AB;i/ VT;u d't' .

O 
i=1 

1'=t 
abb revia t ion ° 

/40/ 

/41/ 

cos �/i/ cos/A/i/ +8/ - sin �/i/cos/A/i/ +e/ - sinj)../i/+B

P ;1;
= cos \(>/i/ sin/Jy1; + 9/ - sin �/i/sin /A/i/ + 0/ cos /A/i/+0/2

sin 4)/i/ cos �/i/ 0

/42/ 

/43/ 

= A 8/i/' p/i/ 

t 

1 
/ 
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In some cases e.g for the computation of covariarces it will be 

more convenient to describe an observation equation /43/ in 

another form. 

According to /19/ 

vto1 
1/to1 = 

g/tof /44/ 

is the unit vector of the direction between satellites at t
0

where 

Let us denote 

where 

and 

Since 

!: /i/ = p /i/
8 'vT /i/'

L/./ = /L1 , L2 ,- i /i/ /i/ 

=L 
1=1 

p VT6

kl/i/ 1/i/ • 

1/to/ 1/i/ = [ � X 1< L K ,.1K=i tl 

we can rewrite the equation /43/ in the following form: t 2
·t 

3 

L1go-Agc-f [1-1/ �XK } PKlfi/ vri
1
·1 dt .

t=i K=1 fä1 1 1 

t=t0
Finally, using the low of commutability of summation and 

replacing constants in front of the integral we obtain the 

followin� observation equa tion: 

/45/ 

/46/ 

/47/ 

/48/ 

/49/ 

/50/ 

/51/ 

3 

s 
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Now, it is 

by sA' and 

where 

quite easy to derive basic covariances. 

s
8

' the signals of observations A and B

t 

If we denote 

respecively, 

S�:: t�XK t /-1/' t /pl<L,- VT�1.1dt ,
K=4 A ,=1 l=i II� 1 A 

-r= to /52/ 

and 

/53/ 

then using the low of propagation of covariances /Moritz, 1973/ 

we obtain the autocovariance- t u
' ' ). 3 - - 2 t i•j 3 3// s s 

cov/SA 1S8/ = 2..,L.1XK .1Xm/f.J /-1/ > L PKL/if. Pmn/i/i cov/VTL,ttf.'VT011/i /d6 dt,
K:1 m=1 A i=1 j=1 L'=l n=f LA l B A 1 8 /54/ 't'=t0 6=u0

and the covariance between the signal s; and the anomalous 

potential T at the point Q 
3 2 3 t

cov/S�,T1atf = [ llXKÄL /-1/ >/pKl/·, cov/VT�1.1 .Tia;f dt
K::1 1=1 � L/A /L A /55/ 

t=t0 

lt should be noticed that using the low of propagation of co-

variances all covariances between �he signal s' and arbitrary 

geopotential parameters can be computed from /55/. 

3. The case of three satellites.

Let us consider the case when the relative velocity is 

measured between the "mother" satellite and two subsatellites 

simultaneously /Zieliriski, 1978/. Combination of such two ob

servations gives a simulation of a direct observation between 

two subsatellites; it allows to minimize the influence of some 

significant forces on the observed quantity which are in gene

ral case rather difficult to eliminate. Geometry of the problem 

is shown in Fig. �. 
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0 

Fig. 2. 

For any independent measurement we can use the observation 

equation /51/. We have now 

3 3 t t 

t\ 9 01; "901( � t\X 01 K � {/ PKl11lT�1/ dT - /PKl/o/ VTl�o/ dT} ' 
1'=t0 T=to 

and 

Let us denote 

/56/ 

/57/ 

/58/ 

where the bars used on the right-hand side of /58/ mean that 

the increment 
L\g 12 of the proj ect ion of relative veloci ty

between subsatellites s1 and s2
on the direction s

1
s

2 is very

-
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cloae to fl.g 12 , but in general they differ to each other.

Subtrac,ting equations /56/ from /57/ we get 

3� 
t 

tag1t llg12 = l�
1 
/ f,. )(02; llX01i/ I PKl/o/ vr:/o/ d-r +,ot C K=1 l- t s -r=to - /t s ] 

+ '°' [AX / P VT dt-llX P VT dT ,
� L=1 02 1( Kl/2/ l/2/ 01K Kl/1/ l/1/ 

't=to 'l'=to 
/59/ 

or in more compact from 

It should be noticed that the first term of the right

hand side of /60/ contains the influence of anomalous poten

tial on the "mother" satellite. This term is very close to ze

ro when the directions S
0 

s1 and 5
0 

s2 are close to each other.

In fact, if this term is equal to zero then /60/ becomes iden

tical to the observation equation /51/, which is appropriate 

for the case of two satellites. 

the 

The observation equation /60/ can be finally written in 

form: 
9 S 2 1 t 

llg 12-tig12 = LLLl-1/i f,.Xo· r /PKl . VT� . dt
0 C K=1 l'=f i=1 1 K j =0 Yi-J/ :/&1/ 

t=t
0 

/61/ 

If we denote as previously by sA and s� the signals of 

observations A and 8 respectively, where 

and 

1 t 

�; s� P
I 

VT dT , 
J=O K /&-jl_� l/i·j/

A
/62/ 

t=t
0

S S 2 1 u 
s' = LLI/-1/P 

i:1x >jp VT
5 

d6 B m=f n-1p•f OPm, � mn/pq/8 "/JHJ/s , /63/ 

6=u0
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then the autocoveriance between signals s; and s8 is the 

following: 

t u 

, , _ -1 ,+p .tiX i!JX L P. P cov/VT ,VT
0 

do dT 
SI s 9 2 2 . 1 1 

/,/ 
s s 

cov/S.,Sef-L LL
f
�/ V Oi

l< 
Opm �1• _0 K¼.,·f.A mn/p.a/. lAj/4 '/p-q/8/ ,, K=f 111=11=1 na ,., p-, A 8 ,.- , 8 ,, 

't=to6=uo /64/ 

and the covariance between the signal s; and the anomalous 

potential T at the point Q is 

/65/ 

4. Conclusion

The observation equations deriv.ed in the sequel refer to 

the observations already corrected for the effects of ionos

pheric refraction and air drag. Another nongravitational 

effects are relatively small and they can be neglected. 

The formulas describing the basic covariances are very 

convenient for using electronic computer technique. However, 

it should be noticed that even taking into account a small 

time interval /t
0

, t/ of about 10 seconds and the simplest 

algorithm for numerical integration we have to call 10 000 

times the subroutine calculating the covariances between the 

components of the gradient of anomalous potential in order to 
I 

compute one covariance between the Signals. Therefore, if the 

subroutine for computation of covar1ances between the com

ponents of �T works slow in the computer sense, as it is in 

case of COVAX, then computation of covariance between signals 

takes a teemendous much computer time. Then the main problem 
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of practical elaboration of satellite-to-satellite data is to 

create the covariance function on one band representing sta

tistical properties of the gravity field as determined from 

the data and simultaneously having analytical form as simple 

as possible. 
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Abstract: 

The concept of measuring the relative velocity of two 

satellites following each other along eimilar orbits has 

been considered. A general form of the observation equation 

was derived. The main covariances which are aecessary for 

the least-squares solution have been described. The fonnulas 

derived can be used for geodetical elaboration of satellite

to-satellite data. 
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Collocation with analytic (harmonic) splines 

and stability conditions 

by 

D. Lelgemann 1 /

"The statisticaZ o�igin of coZZocation has sometimes overshadowed 

the fact that this method can also be considered as a pureZy ana

ZyticaZ approximation method" (H. MORITZ). 

SUMMARY 

Collocation with kernel functions (analytic splines) may yield 

unstable results if the free parameters R
Q 

and k
n 

of the kernel 

CX) 

K(P,Q) = 

n=o 

P (cos l!J) 
n 

are not chosen properly. As a stability criterion the size of the 

Euclidian norm of the vector of the interpolation coefficients 

a. (P) is used in this study.
i 

Based on this criterion limits R .  < R
Q 

< R are determined, 
min max 

related to the distance öt!> of the Chomog_eneousJ.y d.istributed) knots 

on a sphere with radius R: 

R 
max = R - (0.5 + 0.5-o

K
)ö� 

(oK*-1)
R • = R - ( 3 + 0 • 5 • o K

) Ö4J • 
min 

The order o
K 

= O.(k
n

) is defined as the highest power of n within 

the explicit expression for k .  The size of the resulting inter
n 

polation coefficients a. (P) illustrates the usefulness of the 
i 

stability criterion. 

11 Institut für angewandte Geodäsie, Frankfurt�½.
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1. INTRODUCTION

One fundamental method of numerical mathematics is the representation

of a function T by the determination of a set of coefficients bi
of a finite series of base functions (Collatz 1968, p.9). For example,

the disturbing potential T of the earth is usually approximated by 

a linear combination t of suitable base functions 01,02 .... 01
:

I 

T(P) = t(P) = L bi 0i (P),
i=1 

(1 - 1) 

p denotes a space point in the domain Q on and outside a sphere w 

with radius R (R = 6378140 m). 
T should be harmonic in the domain Q. It may be therefore appro
priate to select as base functions 0. harmonic functions, satis-
fying Laplace's equation 

h.0. = Ol (1 - 2) 

at least in the domain Q. As 0. spherical harmonics are frequentlyl 
chosen but the 0i may also be given, for instance, by the potential
of point masses suitably distributed inside the sphere w. 

As a special kind 
functions K(P,Q.)l 
the sphere w with 

of base functions we may also use harmonic 
which depend on space points Q. on and outside 

l 

spherical coordinates (8.,Ä.,r.):
l l l 

'\ (P) = K(P,Q.) l = � k . (
Ri

)
n

+1 p (cos lj.l).i,..,, ni r n 
n=o P 

(1 - 3) 

The points Qi are frequently called knots and the functions
K(P,Qi) are called analytic (harmonic) splines, harmonic kernel
functions, harmonic multiquadric functions etc. 
� is the spherical distance between P and Q, and R. and k . denote

l nl 

free parameters. In general, for each knot Q. special values k . 
l nl 

and R. may be chosen with the restriction l 

r · · R. = R2 < R2 • 
l l 0 

(1 - 4) 

l 
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In this study a homogeneous distribution of the knots on the sphere

w is frequently assumed. As in such cases the parameters R
i

and k
ni 

are chosen to be constant they are abbreviated R
i 

= R
Q 

= const and 

k .  = k = const. 
n1 n 

The coefficients bi must be chosen such that they satisfy certain

conditions. For example, we may postulate that the approximation t 

to T, as given by (1-1), exactly reproduces T at a number I of 

given knots Q .. On putting 
l 

t(Q1.) = T(Q.) = f.
l l 

, i = 1, 2, 3 ••• I 

we thus have the equation �ystem 

I 

E Aik 
b

i = 
f

k
i=1 

, 

(1 - 5) 

(1 - 6) 

As is well-known we have to distinguish between interpolation, collo

cation and approximation. A generalisation of the interpolation prob

lem is the case in which I values of linear functionals L
1

T, L
2

T,

L
1

T of T are to be reproduced in the knots Q
i

. On putting 

( l - 7)L.f = L.T = 1. 
l. l. l. 

from ( l - 1) 

I 

E 8
ik 

b. .. lk 8
ik 

= Lk�i 
= LkK(P,Qi),l. 

( l - 8)

i=l 

This method of fitting an analytic (harmonic) approximation to I 

given functionals is called collocation, a generalisation of inter

polation (de Boor 1978). The systems of linear equations (l-6) and 

(l-8), respectively, are in general not symmetric. 

lt may oft�n be desirable to represent the function T by a number of 

bi less than the number of observations - an overdetermined approxi-
mation problem instead of a collocation problem. If the number 
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of observations is greater than the number of knots we may solve the

system (1-8) under the condition that the sum of the squares of the 

residuals 

v. = 1. - Lk t(Q.)
1 1 1 

( 1 - 9) 

becomes a minimum (Collatz 1968, p.9, Heitz 1968). In general, an 

overdetermined problem provides a realistic a-posteriori error esti

mation. 

An essential problem which remains is the choice of the free para

meters k .  and R., as is easily recognizable in considering the 
nl l 

graphs in figure 1. Given the function values 

i 
f. = 1 + 0.2(-1) 

l 

(1 - 10) 

in 10 equally spaced knots on a meridian the interpolation has been 

performed using k
n 

= 1 and four different values RQ as listed in

the figure. If a relatively small value RQ is used as in graph 1d

the interpolating function tends to become unstable at the boundaries, 

similar to Lagrange interpolation using equally spaced knots. 

Indeed, in the one-dimensional case interpolation with analytic splines 

converges to Lagrange interpolation if RQ ➔ 0. (Golomb 1976, p.104).

The higher order discontinuities of the usual polynomial splines are 

replaced by the poles of the analytic splines, poles outside the 

domain n, i.e. inside the sphere w. The poles have a simple geometric 

relationship to the knots. Considering splines of the form given 

by (1-3) the sites of the poles of a particular·splineform a rotation 

surface defined by the equation 

0 

R2 -_Q 

2r 
0 

cos 41 + 1 = 0; (1 - 11) 

r
0 

is the radius of the positions of the poles. In case that all 

knots are situated at the sphere w all poles can be found therefore 

on and inside a sphere with radius 

(1 - 12) 

2 r 
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0 

Figure 1: Analytic SS?line interpolation using 

various parameters Ra 

2 3 4 5 6 7 8 9 10 

Graph 1a: Ra •  6 378 000m > Rmax

2 3 4 5 6 7 8 9 10 

Graph 1 b: Ra '"" 6 367 008 m - R max 

2 3 4 5 6 7 8 9 10 

Graph 1 c: Ra = 6 311 348 m - R min

Graph 1 d: Ra = 6 000 000 m < R . min 

1 

1 

0 

1 

1 
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considering the stability behaviour of an interpolating analytic 

spline function, attention will be paid to the relation of the distance 

6� ofhomogeneouslydistributed knots and the position of the poles, 

i.e. the size of the parameter R
Q

. 

2. INTERPOLATION AND STABILITY CRITERIA

Analytic splines provide the solution of a linear partial differen

tial equation, namely Laplace's equation. Hadamard has introduced 

the conception of an ill-posed problem into the theory of linear 

partial differential equations. A problem is called well-posed if 

it satisfies three requirements: 

- a solution exists and is bounded

- the solution is unique for a given set of initial data

- the solution depends continuously on the size of the initial data.

Otherwise, the problem is called ill-posed. 

In the course of the analysis of numerical problems it may be advi

sable to extend these requirements to the conception of a well-posed 

algorithm (Isaacson-Keller 1973), An algorithm designed for the 

solution of a well-posed problem is also called well-posed if 

- a solution exists and is bounded

- the solution is unique for the given data

- the solution is stable, i.e. small variations in the initial data

effect the result only by small variations.

The series (1-1) is a solution of Laplace's equation if the base 

functions defined by (1-3) are used. The solution exists and is 

bounded if condition (1-5) is observed. The solution is unique 

as lang as the equation system (1-6) or (1-8), respectively, remains 

non-singular. In general, the stability of the solution may depend 

on the initial data. However, at least the simple interpolation bet

ween the knots should be stable. This requirement has to be expressed, 

of course, by a suitable mathematical formulation. 

-
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It is well-known that the stability of interpolation using poly

nomials depends on the ma�imal degree n of the polynomial as well 

as on the distribution of the knots in a given interval [a,b]. 

The error of polynomial interpolation can be expressed by ( Isaacson

Keller 1973) 

� (x) 
f(x) - P (x) =

n f(n+l) 
(F) 

n (n+ l)! •-" • (2 - 1 ) 

f(n+l)
(E) is the (n+l)th derivative in a certain point f, of the

approximation interval [a,b]. The function 

w (x) =
n 

n 

n 
j =o 

(x-x.) 
J 

( 2 - 2) 

is termed the error factor. A graph of the error factor is often 

used to illustrate the stability properties of polynomial interpo

lation (Isaacson-Keller 1973, p. 279, Moritz-Sünkel 1978, p.24), 

especially to illustrate the unfavourable error propagation of poly

nomial interpolation at points near the boundary of the interval 

[a,b]. 

In figure 2 a graph of the error factor w(x) is given for equally

spaced knots, in figure 3 a graph of the error factor using the 

so-called Tschebyschew's interpolation points, which �re defined 

at the zeros of Tschebyschew's polynomials and are given by 

cos [ 2k+ l !!: ]
n+I 2 

(2 - 3a) 

k = O, 1 •••• n 

1 
xk = 2 [(b-a)yk 

+ (a+b)] (2 - 3b) 

Since the definition of the error factor is closely related to 

polynomial interpolation it cannot be used to investigate the 

stability problems using analytic splines. lt is therefore necessary 

to look for another criterion. 

In geodesy the stability property of a functional model is usually 

described by the size of the standard error, �sing the law of 

stochastic error propagation. In the sequel this method will be 
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Figure 2: Polynomial interpolation: Equidistant knots 
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Figure 3: Potynomial interpolation: Tschebyschew points
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Graph 3a: Distribution of the knots 
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Graph 3d : Graph of the norm of the interpolation coefficients 
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applied to investigate the stability properties of linear inter

polation methods.

Any linear interpolation can be written in the form of a weighted 

sum of the function for the �nots Qi,

I 

t(P) = E 
i=1 

a.(P)· t(Q.).
l l 

(2 - 4) 

Toinvestigate the stability behaviour, the function val�es t(Qi)

may now be considered as superimposed by a small error described 

by its variance-covariance matrix 

D(t.,t.) = D ... 
l J lJ (2 - 5) 
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The varian.ce of the propagated error of the interpolated value t(P) 

can then be determined by 

E 
i j 

a. (P) a. (P) D ..l J lJ (2 - 6) 

Assume now the simplest case, namely independent errors of the 

same size. D .. can be expressed then bythe diagonal unit matrix multilJ 
plied by a constant factor. We may express the variance - apart from 

the constant factor - by 

E 
i 

a.(P) a.(P). 
l l 

(2 - 7) 

q(P) is theEuclidian vector norm of the coefficientsa.(P). This 
l 

vector norrn rnay be used as a suitable criterion to investigate the 

stability of linear interpolation methods of the form (2-4). 

As an example, a graph of the vector norm q(P) for the results of 

the polynomial interpolations described above is drawn in figure 2d 

and figure 3d, respectively. The results of further investigations 

have always shown the usefulness of the criterion too, a fact not 

very surprising to a geodesist who is familiar with the fundamentals 

of least squares adjustment. 
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Without doubt piecewise linear interpolation or bilinear interpolation 

(roof functions, bilinear elements) provides very stable results. 

The norm of the interpolation coefficients attains a value q(P) 

somewhere between two limits. For the one-dimensional case of piece

wise linear interpolation the limits are 

.,../ 2' 
1 = q (P) � q(P) ;.;; q . (P) = v2-o.5 =-vo."51; 

max min 
(2 - 8a) 

for the two-dimensional case of bilinear interpolation the limits 

are 

.,../ 2' 
1 = q (P) � q(P) ;;;; q . (P) = V4.0.25 = 0.5 max min 

(2 - 8b) 

The maximum is always obtained in the knots and the minimum midway 

between the knots. Regarding all points P in an interval given by 

a set of knots an interpolation method may be considered to be stable 

if these limits are observed, at least approximately. 

3. STABLE INTERPOLATION AT A BOUNDARY SPHERE

In the course of investigating a well-posed algorithm it must be 

ascertained that only well-posed problems are considered. An ill

posed problem is the analytical downward continuation of the poten

tial (Schwarz 1971). To avoid a mishmash of the (natural) instabili

ties due to downward continuation with (artificial) instabilities 

due to an ill-posed algorithm all knots have to be placed at the 

boundary of the domain Q of harmonicity, i.e. at the sphere w. 

As already pointed out in previous studies (Koch 1973, Lelgemann 

1978) the parameters of the kernel function K(P,Q.) have to be 
i 

adjusted to the density of the knots in order to obtain satisfactory 

interpolation results. At least within the course of the investigations 

of the stability properties of the algorithm a homogeneous distri

bution of the knots within the region covered by the knots will be 

advisable. A homogeneous distribution can be obtained by a grid of 

(nearly) equidistantly chosen knots. The distance between the knots 

is denoted by ö�. The scale of ö� may be degree or km. 

By applying analytic splines K(P,Q.) the vector of the coefficients 
i 



a.(P) has to be computed by the matrix product 
1 

-1 
) a. (P) = K(P,Q.) • K (Q. ,Q . •

1 J J l 
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(3 - 1)

The coefficients ai(P) do not depend on the function T but on the size

of the free parameters kn and RQ. This interrelationship will be in

vestigated in the following two subsections. 

3, 1 THE CHOICE OF THE. FREE .PARAMETER RQ 

In the course of this subsection we will always assume k = 1. Then 
parameter RQ (or the parameters Ri) is chosen to fall between the limits

R. � RQ � R min max (3 - 2)

These limits should be chosen such as to observe the limits (2 - 8) 
of the norm of the interpolation coefficients for any point P within 

the whole region covered by the knots. Under the two restrictions 
described above (homogeneous distribution of the knots at the boundary 
sphere w) the following relationships have been found by empirical 
investigations: 

R . = R min 0. 5 OlV [km]

R = R - 3max c5 l!J [km] 

(3 

(3 

3a) 

3b) 

These empirical relations are very rigid with respect to further mo
del modifications. Test computations have shown 

- nearly no dependence on the number of the knots (if this number
is not to small, say more then 10)

- rn�little dependence on the dimension of the distribution of
the knots (one- and twodimensional)

- nearly no dependence on the size of the dÜ;tance ol!J as long as
6� � 1° (and only little dependence in case of large distances,

0 e.g. 6�~5)

The size of the extreme values of the parameters RQ 
depends, however,

strongly on the chosen parameter k as will be sho;n in the next 
subsection. 

n 

-
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If a value R
Q 

is chosen between the two limits given by ( 3 - 3) the 

interpolation result will always behave very stably. If the para

meter R
Q 

is chosen somewhere midway between these limits, e.g. 

(3 - 4) 

the procedure allows obviously for small inhomogeneities in the dis

tribution of the knots. Therefore in (3 - 4) oll, denotes a mean value, m 
of the distances between slightly inhomogeneously distributed knots. 

The size of the interpolation coefficients ai(P) as listed in the

tables 1 and 2 in the appendix illustrates the usefulness of criterion 

(3 - 3). In both cases (one and twodimensional), a (nearly) equidistant 
point grid of knots was used. 

In table 1 the interpolation coefficients (determined with four para

meters R
Q

, chosen to be the same values as used for the four samples 

shcw.n in graph 1) are listed for two different points P. The points P 

are marked by dark circles.The parameters R
Q 

are chosen to demonstrate 

the behaviour of the coefficients for 

Rmax
Rmax
R min
R min

Table 2 shows the behaviour of the interpolation coefficients in the 

twodimensional case. Consider especially the resemblance of the cof

ficients of example 2d and 2e as compared. to the coefficients found 

in the one-dimensional case 1c. Remarkable is also the very wild be

haviour of the coefficients in example 2g and the very regular behaviour 

of the coefficients in example 2h. Of course, all these coefficients are 

not related to a special form of the function T. They depend only on the 

size of the free parameter R
Q 

and therefore on the position of the 

poles of the interpolating function. 

3.2 THE CHOICE OF THE FREE. PARAMETER k n

It remains to investigate the int'Luence of a modification of the free 
parameter kn on the behaviour of the coefficients ai(P) and in this

R = R - 2·6t!J Q m 
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connection on the choice of RQ. As one resul t of these investigations

it turned out that not the individual values of kn but the order
o.(kn) of kn is essential for the choice of RQ. The order O.(kn),

abbreviated in the sequel as ok, is defined as the highest power of n

within the explicit expression for kn.

The infinite series 

K(P,Q) = t kn ( :Q) 
n+1 

P n ( coslj))
n=o P 

(3 - 5) 

was summed to form closed expressions for four different parameters 
kn. As a common abbreviation

coslj) + 1 ( 3 - 6)

is used. Test cornputations have been carried out with six different 
kernels, including 

1. kernel K1(P,Qi) (Logarithmic kernel): kn =

K1(P,Q)'= ln (1 + 2 

(L1/2 r 
+ p

- 1)
� 

2. ker�el K2(P,Qi)(Krarups kerne 1:) k =1, 0 -on k-

3. kernel K3(P,Qi) (Szegös kernel:) k = (2n+1);n 
2 2 r -

RQK3(P,Q) =
R 2 1372

Q 

4. Kernel K4(P,Qi) .k = (n+1)(2n+1); ok=2n 

(
r 

)
2 -312· 

(
r )ffr 

)
2 

)(
r 

K ( P, Q) = - 2 R: L + 3 � \\ R� -1 R: 

= - 1 

( 3 - 7) 

( 3 - 8) 

0 =1k 

(3 - 9) 

) -5/2
- cos� L (3 - 10) 

As a result of the test computations it appeared that the interpolation 
coefficients undergo negligible change if the extreme values for RQ are

r 2 
L = p r ~ -2-E. 

Q RQ 

------) 

p 

• 

-
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determined using the following empirical relations: 

={o. 25 if 0 =-1

(0,5+C•ok) 04), C 
k 

R = R -
max if 0 :J:-1 0.5 k 

(3 - 11) 

R = R - (3 +c.ok) 04). G = 0.5 
min 

As an example the coefficients of the one - dimensional test model 

are listed in table 3 and 4 in the appendi%when all four kernels have

been used. 

The essential effect of a variation of the kernel function by a modi

fication of the parameter k is therefore a shifting of the poles of 
n 

the interpolating function in a radial direction. This fact may be 

extremely important for such applications of the analytic splines which 

are directly or indirectls related to analytical downward continuation. 

A typical problem of that kind is Krarups problem which will be 

considered in the next section. 

4. STABLE INTERPOLATION AT THE SURFACE OF THE EARTH

In (Krarup 1969) a theorem developed by C. Runge was specialised to 

geodetic problems. According to t�is theorem the gravity potential 

outside the earth can be approximated by spherical harmonics con

verging at least in a domain including the geoid. All ·poles of the 

interpolating function must therefore be included inside the geoid. 

In this way it is ensured that the downward continuation to the geoid 

fulfils the condition 1 of a well-posed problem. 

However, Runge's theorem does not ensure that condition 3 of a well

posed prohlem is fulfilled too. Since the function of analytical 

continuation rnay be very rough inside the earth a development of the 

potential of analytical continuation at the geoid into a series of 

spherical harmonics may show undesirable, very unstable numerical 

properties. 

Based on the investigations in the last section we will show how to 

choose the kernel function K(P,Qi) for knots Qi at the earths'surface

to get a stable series evaluation of the potential on and outside the 

earths'surface, but not necessarily stable at the geoid. The geoid is 

considered to have the form of a s�here (spherical approximation). 
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The knots Q. should form for this purpose a gri.d over the earth surface;
l 

the desired resolution of the approximating function is given by the 

distance öt!J. 

Let us assume that the logarithmic kernel K
1

(P,Qi) is used at the geoid.

At height 

h = R2 

max R1
= 0.5 ol\J max (4 - 1) 

we need to use the Krarup kernel K2(P,Qi), both K
1 

and K2 should be
considered with their corresponding parameter Rmax· A stable inter
polation function is obtained then at the surface of the geoid and e.g. 

at the top of a mountain of height h. It is important to note that all 

poles of the interpolating function are inside the geoid as required 

by Krarup's theorem. 
If the mountain is lower than h = 0.5 61.\J or for the knots at the slope 

of the mountain we may always obtain a suitable kernel by applying a 
weighted rnean, 

(4 - 2) 

Since the (ernpirical) relation between the extreme parameters R for max
kernels of various order are linear the coefficients a and b must be 
chosen according to 

r.-R 
l 

= a rh-R and rh-ri 
r -R h 

= b.

If the mountain is higher than h = 0.5 ol\J a third kernel 
applied with k3 =n O.(n) or even a fourth kernel with 4k n
In this way a stable interpolation function is obtain at 

( 4 - 2a) 

has to be 
2 = O.(n ) etc .• 

the surface 

of the earth, at least, if the slope of the terrain is not too large. 

5. FINAL REMARKS

The following problems remain: 

- downward continuation using analytical splines

- inhornogeneous and anisotropic distributed knots

- the relationship to Least squares collocation.

The problem of downward continuation is one of the :mo.st important of 

modern physical geodesy. A discussion of this very difficult problem 

is not the objective of this study. On the other hand there seem to be 
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some remarkable links between the investigation of the range, in which 

stable or at least nearly stable analytical continuation may be possible 

and the technique used in the preceding sections. 

The problem of inhomogeneously distributed knots may become critical 

especially if collocation based on all available measurements will be 

used. Small inhomogeneities in the set of mutual distances of the knots 

may be caught up by the choice of the parameter R
Q 

within the limits 

R > R
Q

> R . . If the differences in the distances to neighbouring
max min 

points are too large, nevertheless, anisotropic kernel functions (i.e. 

kernel functions depending on the azimuth) have to be used. Investiga

tions by applying anisotropic kernel f�nctions are described e.g. in 

(Kearsley 1977). 

As pointed out e.g. in (Moritz 1978) the advantages of the statisti

cal interpretation of the results of Least squares collocation are the 

error estimates. Such a statistical interpretation can be preserved by 

removing global effects from the global covariance function until a 

local covariance function is obtained which can be approximated by a 

kernel function of a form in accordance with the stability require

ments. In this connection it is an important fact that a critical quan

tity for the error estimation - the variance at the origin � = O of 

the covariance function - has no influence on the size of the inter

polating function as can be seen from the definition of the coeffi

cients ai (P) in formula ( 3 - 1). At any rate the interpretation of the

error estimation of Least squares collocation is especially deep as 

shown by the description of the statistical background of Least squares 

collocation in (Moritz 1978) 
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APPENDIX: Tables of Interpolation Coefficients for Equidistant G:rids 

of Knots and Various Parameter RQ 

Table 1: Interpolation Coefficients ai(P) of an Onedimensional Orid
(Meridian) (RQ = variable, k n = constant=1)

Example 1a: RQ = 6 378 000 m > Rmax

i 1 2 4 5 6 

o. 01• 0. 01 0 0 0 

7 8 9 10 

0 0 0 0 0 ai(P)
� ----- --- ----- ---- - ------------ - - -- - ----- ------ ----- - - - -

a. (P) 0 0 0 0 o.01eo.01 0 0 0 0 

Example 1b: RQ = 6 367 008 m =

i 1 2 3 4 5 6 7 8 9 10 

ai(P) o.49eo.50 -0.03 0.01 0 0 0 0 0 0 
----- -- - --- ------- - - ----- ------ - - ------- ------ -----------

a. (P) 0 0 0.01 -0.03 

Example 1c: RQ = 6 311 348 m = 

i 1 2 3 4 

a. (P) o. 37eo. 86 -0.36 0.20

o. 5oeo. 50

R min

5 

-0.12

6 

0.07 

-0.03

7 

-0. Ol+

0.01 0 0 

8 9 10 

0.02 -0.01 0 
�---- ----- - - - ------------------------------ - ---- -----

a. (P)
i 

0.01 -0.04 0.09 -0.19 o. 63eo. 63

Example 1d: RQ = 6 000 000 m < R .min

i 1 2 3 4 5 6 

ai(P) o.2oe1.54 -1. 79 2.28 -2.31 1. 78

-0.19 0.09 -0.04 0.01

7 8 9 10 

-1. 00 O. 39 -0.10 0.01
""-- --

- - -- ----------------------------------------------

a. (P)
i 

0 -0.01 0.04 -0.14 o.61eo.61 -0.14 0.04 -0.01

einterpolation point P 

Remark: Regard also the corresponding graph of the interpolating 
function in figure 1 

0 

, 

R . 
max' 

1 -- -

1 

- - -

1 
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Table 2: Interpolation Coefficients ai(P) of a Twodimensional Grid

(R = variable, k = constant = 1)
Q n 

Example 2a: RQ = 6 367 008 m = Rmax

i 1 2 3 4 5 6 

1 0.26 0.27 -0.02 0 0 0 

2 0.27 0.28 -0.02 0 0 0 

3 -0.02 -0.02 0 0 0 0 

4 0 0 0 0 0 0 

5 0 0 0 0 0 0 

6 0 0 0 0 0 0 

7 0 0 0 0 0 0 

8 0 0 0 0 0 0 

9 0 0 0 0 0 0 

10 0 0 0 0 0 0 

Example 2b: RQ = 6 367 008 m = R max

i 1 ') 3 4 5 6L 

1 0 0 0 0 0 0 

2 0 0 0 0 0 0 

3 0 0 0 0 0 0 

4 0 0 0 0 -0.02 -0.02

5 0 0 0 -0.02 0.28 0.28

6 0 0 0 -0.02 0.28 0.28

7 0 0 0 0 -0.02 -0.02

8 0 0 0 0 0 0 

9 0 0 0 0 0 0 

10 0 0 0 0 0 0 

e Interpolation point P 

7 8 9 10 

0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

7 8 9 10 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

-0.02 0 0 0 

-0.02 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 

• 

• 

.. 
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Example 2c: R
Q 

i 1 2 

1 0.09 0.41 

2 o.41 0.60

3 -0.22 -0.18

4 0.12 0.11 

5 -0.08 -0.06

6 0.04 0.04 

7 -0.03 -0.02

8 0.01 0.01 

9 -0.01 -0.01

10 0 0 

Example 2d: R
Q 

i 1 2 

1 0.01 0 

2 -0.04 0 

3 0.09 0 

4 -0.19 0 

5 0.63 0 

6 0.63 0 

7 -0.19 0 

8 0.09 0 

9 -0.04 0 

10 0.01 0 

= 6 311 348 m = R 
min 

3 4 5 6 

-0.22 0.12 -0.08 0.04

-0.18 0.11 -0.06 0.04

0 0 0 0 

0 0.01 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

= 6 311 348 m = R 
min 

3 4 5 6 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

ernterpolation point P 

7 8 9 10 

-0.03 0.01 -0.01 0 

-0.02 0.01 -0.01 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

7 8 9 10 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

. . 
1 

• 

. 
. 

1 
,_ 

• 



Example 2e: R
Q 

= 6 311 348 m = R 
min 

i 1 2 3 4 5 6 

1 0 0 0 0 0 0 

2 0 0 0 0 0 0 

3 0 0 0 0 0 0 

4 0 0 0 0 0 0 

5 -0.03 0.04 -0.04 0.03 -0.02 0.01

6 o.42eo.79 -0.30 0.16 -0.09 0.05

7 -0.03 0.04 -0.04 0.03 -0.02 0.01

8 0 0 0 0 0 0 

9 0 0 0 0 0 0 

10 0 0 0 0 0 0 

Example 2f: R
Q 

= 6 311 348 m = R 
min 

i 1 2 3 4 5 6 

1 0 0 0 0 0.01 0.01 

2 0 0 0 0.01 -0.02 -0.02

3 0 0 0.01 -0.02 0,05 0,05 

4 0 0.01 -0.02 0.03 -0.12 -0.12

5 0.01 -0.02 0.05 -0.12 o. 39 0,39

0.01 -0.02 0.05 -0.12 0.39 0.39

7 0 0.01 -0.02 0.03 -0.12 -0.12

8 0 0 0.01 -0.02 0.05 0.05

9 0 0 0 0.01 -0.02 -0.02

10 0 0 0 0 0.01 0.01 

• Interpolation point P

397 

7 8 9 10 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

-0.01 0 0 0 

-0.03 0.02 -0.01 0 

-0.01 -0.01 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

7 8 9 10 

0 0 0 0 

0.01 0 0 0 

-0.02 0.01 0 0 

0.03 -0.02 0.01 0 

-0.12 0.05 -0.02 0.01 

-0.12 0.05 -0.02 0.01 

0.03 -0.02 0.01 0 

-0.02 0.01 0 0 

0.01 0 0 0 

0 0 0 0 

' 

1 

6 • 

• 
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Example 

i 1 

1 -0.20

1. 69

3 -4.11

4 6.79 

5 -7.62

6 5.84 

7 -2.97

8 0.91 

9 -0.13

10 0 

2g: 

• 

R = 

Q 

2 

1. 69

-5.15

17,31 

-30.18

34.65

-26.96

13.94

-4.42

0.69

-0.02

Example 2f: R
Q 

= 

i 1 2 

6 000 000 m < R
min 

3 4 5 6 

-4.08 6.73 -7.54 5.78 

17.24 -29.99 34.41 -26.87 

-49.66 84.34 -96.79 76.93

84.52-143.46 165.88-134.oe

-96.92 165.63-193.58 158,98

76.56-132,78 157. 54-131. 68

-41. 07 73.15 -88.78 75.92 

14.08 -26.34 33.19 -29.35

-2.68 5.52 -7.44 6,95 

0.18 -0.49 0,75 -0.77

6 000 000 m < R
min 

3 4 5 6 7 

1 0 0.01 -0.01 0.01 -0.01 -0.01 0.01 

7 8 9 

-2.95 0.93 -0.14

14.07 -4.63 0.81

-41. 97 14.98 -3.14

75.37-28.36 6.52

-91.63 35.89 -8. 79

77.74 -31. 54 8.15

-46.04 19.38 -5.27

18.46 -8.13 2.34 

-4.61 2.16 -o.66

0.56 -0.28 0.09 

8 9 10 

-0.01 0.01 0 

2 0.01 -0.03 0.06 -0.07 0.03 0.03 -0.0T +0.06 -0.03 0.01 

3 -0.01 0.06 -0.13 0.14 -0.04 -0.04 0.15 -0.13 0.06 -0.01

4 0.01 -0.07 0.15 -0.16 -0.01 -0.01 -0.16 0.14 -0.07 0.01 

5 -0.01 0.03 -0.04 -0.01 0.33 0.34 -0.01 -0.04 0.03 -0.01

6 -0.01 0.03 -0.04 -0.01 0.34
• 

0.33 -0.01 -0.04 0.03 -0.01

7 0.01 -0.07 0,15 -0.16 -0.01 -0.01 -0.16 0.14 -0.07 0.01 

8 -0.01 0.06 -0.13 0.14 -0.04 -0.04 0.15 -0.13 0.06 -0.01

9 0.01 -0.03 0.06 -0.07 0.03 0.03 -0.07 0.06 -0.03 0.01 

10 0 0.01 -0.01 0.01 0.01 0.01 0.01 0.01 0.01 0 

e Interpolation point P 

10 

0 

-0.04

0.28

-0. 70

1.04

-1.04

0.72

-0.34

0.10

-0.02

2 
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Table 3: Interpolation Coefficients ai(P) of an Onedirnensional Grid

(k = variable, RQ = R . = variable)
n min 

Example 3a: kn = n�1 , RQ = 6 322 480 m = Rmin

i 1 2 3 4 5 6 7 

0,01 -0,03 0.08 -0.18 o.63eo.63 -0.18 

8 9 10 

0.08 -0.03 0.01 ai(P) 
� ---- ------------------- ---------------------------------- -

ai (P) o.36eo.87 -0,36 o. 20 -0.11 0.07

Example 3b: k n = 1, RQ = 6 311 348 m = 

i 1 2 3 4 5 6 

ai(P) 0.01 -0.04 0.09 -0.19 o.63eo.63 

-0.04

R min

7 

-0.19

0.02 

8 

0,09 

-0.01 0

9 10 

-0.04 0,01
----- ------------------------------------------ --------------

a. (P) o.31eo.86 -0,36 0.20

Example 3c: k n = (2n+1), RQ

i 1 2 ,; 4_, 

Cl
i 

(P) 0,01 -0.04 0,09 -0.19 

-0.12 0,07 -0,04

= 6 300 216 m =·Rm. in

5 6 7 

o.63eo.63 -0.19

0.02 -0.01 0 

8 9 10 

0.09 -0.04 0.01 
---- -- - - - ---- ------ ------ ------- - -----------------------

Cli 
( p) o. 38eo. 85 -0. 36 0.21 -0.13 0,08 -0.05 

Example 3d: kn = (n+1)(2n+1), RQ = 6 289 084 m = 

i 1 2 3 4 5 6 7 

ai(P) 0.01 -0.04 0.09 -0. 19 . o.63eo.63 -0.19 

0.03 

R min

8 

0.09 

-0.01 0

9 10 

-0.04 0.01
... - --- ----------------------------------------------------- ---

ai(P) o.39eo.85 -0. 36 0.22 -0.13 0.08 -0.05 0.03 -0.01 0 

ernterpolation point P 

-

1 

J. 

-

-
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Table 4: Interpolation Coefficients ai(P) of an Onedimensional Grid

(k = variable, RQ = R = variable) 
n max 

Example 3a: kn

i 1 2 3 

0 0 0.01 

= 6 372 574 m =

4 5 6 

-0.02 o.51eo.51

R max

7 

-0.02

8 9 10 

0.01 0 0 ai(P)
�--------- ------- - - ---------- ---------------- ----------------

a. (P) o.5oeo.51 -0.02 0.01 0 0 0 0 0 0 

Example 3b: kn = 1, RQ = 6 367 008 m = Rmax

i 1 2 3 4 5 6 7 8 9 10 

ai(P) 0 0 0.01 -0.03 o. 5oeo. 50 -0.03 0.01 0 0 
t- - - --- -- -------------------- ------------- ----------- --------

ai(P) o.49eo.50 -0.03 0.01 0 0 0 

Example 3c·. kn = (2n+1), R - 6 355 876 R Q - m -· max

i 1 2 3 4 5 6 7 

0 

8 

ai(P) 0 0 0.01 -0.08 o.55eo.55 -0.08 0.01

0 0 

9 10 

0 0 
�----- - - - --- - ----------- - --- - ------------------ - --------- . 

ai(P) o.53eo.56 -0.08 0.01 0 0 0 0 

Example 3d: kn = (2n+1) (n+1) , R
Q

= 6 344 744 m = Rmax

i 1 2 3 4 5 ·6 7 8

0 

9 

ai(P) 0 -0.01 0.02 -0.11 o.5seo.5s -0.11 0.02 -0.01

0 

10 

0 
1------.__ ________ ------------------------------- -----------------·

a. (P)
l 

o.54eo.59 -0.11 0.03 -0.01 0 0 0 0 0 

• Interpolation point P

= 1 R 
n+1 ' Q 

1 1 
1 

1 

-

-

1 

1 

' 

1 1 
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At present Bulgaria, Cuba, Czechoslovakia, the GDR, Hungary, 
Mongolia, Poland, Roumania, the USSR and Vietnam participate in 
the Intercosmos multilateral·cooperation program for space 
research. In the framework of this program joint experiments are 
carried out in explorations of the ionosphere and magnetosphere, 
solar-terrestrial relations, Radio, X-Ray and lr-astronomy, the 
interplanetary medium; natural resources, and technological 
experiments in space. 

One of the Intercosmos program aspects is scientific cooperation 
in satellite geodesy and geodynamics. For this purpose a permanent 
commission - Section 6 of the Working Group "Space Physics" - has 
been set up which coordinates satellite tracking campaigns, 
observational data exchange, unification of reduction routines, 
exchange of observers and experts, modernisation and development 
of tracking techniques; makes recommendations on participation in 
other international programs. Four directions of research are 
currently under way: 1) Satellite Geodesy and Geophysics, 
2) Physical Parameters of the Atmosphere, 3) Improvement of
Technology and Instrumentation and 4) Balloon Geodesy.

All the four directions are closely connected and are directly or 
indirectly aimed to solve fundamental problems of Satellite 
Geodesy and Geodynamics. 

As a base for joint observational programs serves a network of 
satellite tracking stations situated in the collaborating 
countries and several countries in Asia, Africa and South America 
having bilateral agreements with the Astronomical Council of the 
USSR Academy of Sciences who is acting as co-ordinator of the 
whole problem. All stations are equipped with USSR photographic 
cameras AFU-75 (several - with the GDR Carl Zeiss, Jena cameras 
SBG) and Intercosmos laser rangers built in the frame of the co
operation by scientists from Czechoslovakia, the GDR, Hungary, 
Poland, and the USSR. 

-------------
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The technical parameters of the AFU-75 camera have �ee� seve:al 
times described in various publications [1,2]. A pr1nc1pal virtue 
of the camera is its portability and mobility. S�t�llite direc
tions can be determined up to 2 sec. of arc, pos1t1ons of geo
stationary satellites can be obtained with an error of 1 sec of 
arc. 

The Intercosmos laser is a ranging system of the first generation 
with effective distance - .3,000 lan, the measurement accuracy 
0,6-1,5 m; visual guiding, the impulse energy of the ruby laser is 
1 � , puls duration ,._ 15 f\.sec. C�J 

The Potsdam laser ranger on the basis of the Zeiss camera SBG has 
a two-step ruby laser. A unique feature of the SBG-laser is the pos
sibility to carry out alternately photographic and laser-ranging 
observations during one satellite passage. It is possible to obser
ve all existing satellites with retroreflectors, Lageos including; 
guiding is automatically, the measurement accuracy is about 1 meter 
and, with a more sophisticated laser, a 0,2 m accuracy may be 
achieved. 

A SBG-laser will start in 1980 at the Simeiz svstion as well. 

At present 22 photographic and 12 laser ranging stations are 
operating (Table 1). Building of two new stations in Angola and 
Vietnam is und·er way. Former stations in H(uru, Somali and Sudan 
have been discontinued. Due to civil war conditions observations 
at the station in Ndzhamena (Republic of Tchad) are interrupted. 
The last term observations are carried out at the station on the 
Island New Amsterdam in the Indian Ocean. 

2. POSITIONING OF STATIONS

Positioning of new Intercosmos network stations and their 
geodetic links to global coordinate systems is still one of the 
major problems in the Intercosmos collaboration. 

Geometrie methods of satellite geodesy, utilizing simultaneous 
observations are used for developments of long geodetic traverses 
( the Arctic-Antarctic, for example[�.�-, 5J) and for adjustments of 
regional networks: the European (Fig.1) and the African (Fig.2). 

The adjustment is realised by a parametric method [ Q. J , which 
allows to include in the computations both direct measurements of 
satellite positions and evaluated directions and lengths of 
geodetical chords between two stations. 

Orbital methods allow to utilize observational data more 
efficiently as usually the number of simultaneous observations 
does not exceed 10 % of the total amount. In the frame of the 
Intercosmos cooperation several variations of the short arc 
method very useful for station positioning in a local coordinate 
system have been developed and are frequently used[�,,). A short 
arc is usually defined as a part of the satellite's orbit observed 
during a time interval from about ten seconds up to 1-2 whole 
periods the condition being that the computational error should 
not exceed the error of the observations itself. Using special 
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routines developed at the Astronomical Council and the Novosibirsk
Geodetic Institute,positions cf distant stations: Sant Yago de 
Cuba Kerguelen, Helwan and Yuzhno-Sakhalinsk have been determined
on b�se of photographic tracking data cf Midas 4 and GEOSA with an
accuracy of 15-25 meters. Together with laser range measurements 
of GEOS A and C the accuracy has been increased up to less than 
5 meters (Table 2 and 3) • 

A more general solution for site positioning was obtained by means 
of the routine "Potsdam-3", realising a semidyn!3,mical method [7] 
with an accuracy about 10 m. In Table 4 comparison of results 
obtained by this routine on base of ISAGEX data with SE II, III, IV 
results is presented. The routine Potsdam 3 is successfully 
operating also in Hungary and the USSR. 

J. ORBITAL COMPUTATIONS

Theoretical investigations in order to improve orbit determina
tions so they could be utilised for geodynamical purposes are 
under way in several participating countries. A new improved 
version of the routine "Potsdam" is being prepared in the GDR. 
This program is based upon numerical integration and provides a 
decimetre accuracy of orbital parameters during several days( 8] . 

Much attention is also paid to analytical methods of orbit 
determinations based on the theory of an intermediate orbit of two 
fixed centers [ 9] . 

A new routine "Prognose 11 is being developed at the Astronomical 
Council using a new approximation of the geopotential proposed by 
Marchenko[iOJ, as a sum of potentiale of mass points (sum of 
potentials of gravitational multipoles). Using, for example, a 
number of Stons constants up to the 12th degree, a model of 
gravitational dipoles consisting of 128 mass-points has been 
constructed. This method simplifies the whole procedure and 
requires considerably less computing time for numerical integra
tions. 

The present accuracy of orbit computations requires very accurate 
atmospheric modele. Special investigationsallowing to choose the 
most appropriate atmospheric model for a particular orbital 
routine are under way t�t]. 

Recently the influence of atmospheric drag on satellites with 
perigee - 700 km has been investigated. Comparison of orbital 
posi tions for Explorer 19 ( c. r in meters and � t in minutes) 
computed without and with an atmospheric model (Jaccia 66) is 
shown in Fig. 3 .  In the case when the perigee is in the shadow 
( "f = 123 °) the error does not exceed 1-2 m on an interval of 
20-30 minutea. For "day time" the same error occu.rs after 5-7 min.
After 3 revolutions "at night" an error of 600 m is obtained, for 
the"day" - 3-4 km. When choosing an atmospheric model for orbit
computations the possibility of its mathematical realisation
becomes an important factor. Seme precise and rather sophisticated
models developed recently cannot be efficiently utilised due to
pure mathematical difficulties. A comparison of two atmospheric
mode�s, CIRA-72 and the Fr�nch Drag Temperature Model (DTM) by 
Barlier [i�Jhas been carried out at the Astronomical Council 
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recently. Results of numerical integrations of an orbit for a. 
satellite with perigee height 1400 km on a 7 day interval have 
been compared using both modele. The difference � r of the geo
centric radius-vector (the actual difference between the two 
models) reached a value of -100 m at the end of the int�rval for 
a mean level of solar activity, e.g. a value comparable with the 
errors of photographic tracking data (Fig. � ). �owever, a� orbit 
with the DTM requires 6-8 times less computing time than with the 
model CIRA-72.[f�] 

Another investigation under way concerns the utilisation of p�oto
graphic tracking data in order to improve the accuracy of naviga
tion for scientific instrumentation on board of the Intercosmos 
satellites. The result obtained shows that the errors in timing 
can be improved 5-10 times along the orbitG'itrhe influence of non
gravitational forces on the motion of artificial satellites has 
been investigated at Ondrjeov, Czechoslovakia. A global model of 
solar radiation reflected by the Earth has been proposed and 
analysed using spherical harmonics [i$) • At present variable 
components like clouds and seasonal variations of the albedo are 
being introduced into this model. 

4. GEOSTATIONARY SATELLITES

As early as 1972 K. Marek [16] made an estimate of the possible 
accuracy of direction dete:rminations by means of simultaneous 
observations of geostationary aatellites. He showed that the 
direction Zvenigorod - Island New Amsterdam (about 10000 km) can 
be obtained with an accuracy of 0�5 if the position of the 
satellite is determined with an accuracy of 0�25. However, as 
experience shows,the most precise photographic cameras provide 
an accuracy ,.._, 1 second of arc. Computations, carried out at the 
Astronomical Council show that such an accuracy may be sufficient 
for geodetic links at very long diBtances if the geometric 
configuration station-satellite-station is optimal and not less 
than 25 simultaneous pairs are available. Most favourable are. 
directions perpendicular to the Equator (11]. 

The first successful photographs of geostationary satellites of 
the types Intelsat-4 and Molnija have been obtained in 1975 at 
the Zvenigorod station on the USSR photographic camera VAU 
(d = 500 mm, f = �00 mm, field of sight 5°xJO). At present geo
stationary satellites are tracked at all the stations of the 
Intercosmos network. Table 5 shows some results for 1978 and 
1979. Outstanding results have been obtained at the station 
Zvenigo:od near Mosc?w• On one frame of the VAU camera up to 19 
geostationary satellites can be found. At Zvenigorod more than 30 
different satellites �re regularly observed which is remarkable if 
the latitude of this station (56° ) is considered. 

Simultaneous photographic tracking data of geostationary 
satellites can be used as a base for a global triangulation net 
consisting of triangles (about 100° ) around the equator. An 
example of such a network has been described in [i1J. 

Photographie tracking data of geostationary satellites can be 
also utilised for theoretical investigations, orbit determination 
including resonance effects, and determination of the maes centre 
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Owing to the development of new tracking techniques and an in
crease in the accuracy, new problems connected with global geodyna
mical investigations were included in the program of scientific co
operation. In order to recommend an optimal net of stations for 
geodynamic investigat�ons all Int?rcosmos station� were_analyzed
on the base of geological, tectonical, meteorological, instrumental 
and other condi tions D 9] • Some of the sta tions are trans1·erring 
into special geodynamic observatories, e.g. Potsdam (GDR), Simeiz 
(USSR), Penc (Hungary),Boroviec (Poland). The number of such sta
tions will be increased in the future. 

Into geodynamical stations will be transferred in the nearest 
future the stations in St. Yago de Cuba and Quito (Equador). 

At present investigations are under way to start regular determi
nation of geodynamical components by means of laser range measure
ments from one or several stations (for example the latitude 
component of the polar motion on base of laser range measurements 
of high satellites). Simultaneously with laser range measurements 
astrometric observations by means of astrolabs or zenith teles
copes as well as geophysical measurements are carried out at the 
geodynamical stations. At the Simeiz- station (USSR) systematic 
determinations of latitude and longitude corrections with a 
Danjon astrolab are under way. The latitude variation of Simeiz 
has been determined and for a 3 year period corrected mean values 
of � and Ä obtained. Starting 1980 Simeiz is included into the 
International Time and Polar Motion Service. 

During 1979 two campaigns of laser range measurements of Geos 1 
and Geos 3, aiming the precise determination of distances between 
geodynamic stations, mentioned above, were organised. Short arc 
methods are used for data processing.(�,�1] 

Simultaneously the same stations carry out Doppler measurements 
for determination of their relative positions by the transloca
tion methods. 

In 1980 all laser statione of the Intercosmos network will 
participate in the pre]iminary KERIT campaign. 

Achievement of the decimeter (and centimeter) accuraey of laser 
ranging is one of the necessary conditions for progress in space 
geodynamics. New Laser systems of second and third generations 
for satellites and the Moon are under development in the Soviet 
Union, the GDR, CSSR, Poland. At the same time technical 
improvements of the existing laser systems are carried out. The 
SBG laser in Potsdam has been already mentioned above. A second 
ge�eration Czechoslovakian laser is mounted on the Intercosmos 
ranging system in Cairo (pulse length 4 nsec, resolution of the 
counter of Polish origin ,_ 0,5 nsec, ranging accuracy 20-30 cm 

________________ 



406 

for BEC, Geos .,. .. ,. Geos 3, Starlette). 

6. DOPPLER MEASUREMENTS

Doppler measlU'ements have started �n. 197� in Hungary_who �cts as
co-ordinator ··of this project. Part1.c1.pat1.ng are stations in 
Bulgaria, Hungary, the GDR, Poland, USS� and Czechoslov�kia. 
Observations are carried out by two mobile Doppler Teceivers 
(IMR-1 and CMA-751) in liungary, one CMA-722B receiver in the USSR. 
A Doppler receiver belonging to the station Graz (Austr�a) is 
participating in the campaigns. Polish and Czechoslovakian 
scientists are constructing their own Doppler installatiors(i:ySince 
1978 the following experiments have been carried out: positioning 
of the stations Boroviec (Poland), Pentz and Baja (Hungary), a 
link by translocation of the stations Pentz (Hungary) and Graz 
(Austria), by multilocation Pentz, Graz and Wetzell (FRG), 
positioning by simultaneous tracking of the GDR stations Potsdam 
and Dresden and Potsdam (GDR) and Riga (USSR). In 1980 stations in 
Hungary, the GDR, the USSR, the CSSR and Poland have participated 
in the WEDOC campaign. C .2.� -25 J

7. NEW PROJECTS

One of the newest projects (Satellite to Satellite tracking) 
proposed for realisation in the Intercosmos program is the so 
called DIDEX proj ect (Diff'erential Doppler Experiment): two 
probes are moving along a circular polar orbit with a distance 
between them 150-200 km. Theyvfracked from a satellite moving 
along a somewhat higher orbit.•The tracking will be effectuated 
by two-way Doppler shift measurements, permitting to obtain an 
accuracy of 0,05 mm/sec in the radial velocity. The actual data 
which will be reduced for gravity anomaly deduction is the 
relative velocity between the two subsatellites. It is expected, 
that with an assumed accuracy of measurements - @,05 mm/sec the 
resolution of 3 ° with an error of 1�mgal in gravity anomalies 
will be achieved. c�o-�2) 

In 1981 a ncw Intercosmos satellite "Bulgaria-1300" is planned 
to be launched. This satellite will have a circular orbit with an 
inclination ? 75° and a perigee height about 950 km. The satellite 
will be equipped with laser reflecting panels. (Number of prismas 

84, reflecting surface ~.0,05 m�). A special observation 
program will be organised, under the general guidance of the 
Bulgarian Academy of Sciences. C�JJ 

A project of determining latitude and longitude differences in 
one coordinate system for several geodynam.ical stations in order 
to in�estigate relations and relative shifts of the geocentric 
coordinate systems will start in 1981. The differences in 
longitude and latitude for Potsdam, Simeiz and Irkutsk will be 
determined with the help of a mobile Danjon astrolab with an 
accuracy ~2-3 msec in longitude and 0,05-d,08 in latitude.

8. CONCLUSION

All above mentioned shows that in the participating countries 
important resu.lts have been achieved mainly in improvement of the 
tracking techniques and theoretical investigatione aimed at the 
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solution of fundamental problems of geodynamics. 
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Table 1. Intercosmos Tracking Network 

CODE STATION LAND COORDINATES CAMERA 
No. 
1156 Borowiec Poland 17° 05' 52°17' SBG 

1856 Borowiec 

1141 Ondrejov 

1841 - " -

1115 Penc 

1815 Penc 

Baja 

Plana 

- lt - - " -
. 

- " -

CSSR 14 47 49 55 

- " - - tt - - II -

Hungary 19 17 
lt _ II _ 

" 18 58

Bulgaria 23 27 

47 47 
- II -

1113 

1107 

1131 

1660 

Bucharest Roumania 26 06 

46 11 

42 28 

44 25 

47 52 Ulan
Bator 

Mongolia 107 03 

1661 Dalan 
Dzadagad - " - 104 24 43 34

1753 Santiago 

SBG,AFU-75 

SBG,AFY-75 

AFU-75 

AFU-75 

AFU-75 

AFU-75 

AFU-75 

de Cuba Cuba 284 14 20 01 AFU-75 

1853 Santiago 
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LASER-SYSTEM 

Intercosmos 

Intercosmos 

Intercosmos 
JMR-Doppler 

de Cuba - 11 - _ 11 - - 1t - Intercosmos 

1690 Phenian Korea 

1901 Helwan Egypt 

1801 Helwan - n -

1911 · N'Djamena Chad 

1924 Bamaco Mali 

1692 Kavalur India 

124 00 39 04 AFU-75 

31 20 29 52 AFU-75 

- " -

15 02 

352 02 

78 49 

- II -

12 07 

12 40 

12 54 

AFU-75 

AFU-75 

AFU-75 

1892 Kavalur - 1t - - n - _ 1t _ 

1767 Quito Equador 281 31 -0 12 AFU-75 

1867 Quito - " - - 1t - _ 11 _ 

1762 Pataca-
maya Bolivia 292 06.-17 15 AFU-75 

1862 Pataca-
maya 

1072 Zveni
gorod 

1872 Zveni-

- " -

USSR 

- tt -· - II -

36 46 
SBG,AFU-75 

55 42 VAU 

Intercosmos 

Intercosmos 

Intercosmos 

Intercosmos 

gorod - n - - II - - 11 - Intercosmos 

1073 Simeis 

1873 Simeie 

1084 Riga 

1884 Riga 

USSR 
" 

II 

II 

34 00 44 24 SBG,AFU-75 
_ lt _ _ II _ 

56 57 24 04 SBG,AFU-75 
- lt - - " -

Intercosmos 
SBG 

Intercosmos 

-
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Table 1 • (continued) 

1181 Potsdam GDR 52 23 13 04 SBG-laser 

1056 Uzhgorod USSR 22 16 48 36 SBG-,AFU-75 

1265 Yuzhno-
46 57 AFU-75 Sakhalinsk - " - 142 42 

1650 New Indian 
Amsterdam ocean 

France 77 32 -37 42 AFU-75 

Table 2. Mean-Square Errors for Rectangular Coordinates 
(Ill:x:, m, m )  of Intercosmos Tracking Stations Determined by the 
Potsd�-3 �outine (in Meters). Photographie tracking data only 
have been used. 

Station(number) Ill:x: my mz 
M M M M 

Uzhgorod(1055) 4 4 5 7 
Zvenigorod(1072) 7 6 6 11 
Riga(1084) 8 5 9 13 
Kerguelen(1108) 10 11 13 20 
Ondrejov(1147) 9 6 7 13 
Potsdam(1181) 6 5 5 10 
Ulan-Bator(1660) 5 6 7 10 
Helwan(1901) 5 3 4 7 

Table 3. Positioning of the Simeis 
�hotographic a�d laser tracking data by the
(Basic stations are Helwan and Potsdam.) 

station on base of 
short arc method. 

X Y Z :Date MID Satellite 

3783927± 1.4:2551505± 2.7:4441053± 1.6: GEOS-1 
GEOS-2 

3783917± 4.8:2551490± 2.5:4441067± 2.2:43795-43797: GEOS-1 
3783961± 3.6:2551487± 7.5:4441124± 5.7:43790-43792: GEOS-1 
3783967± 0.6:2551435± 0.5:4440994± 0.7:43831-43835: GEOS-1 
3783920± 2.1:2551513± 1.5:4441112± 2.0:43770-43775: GEOS-3 
3783922± 1.4:2551531±10.5:4441107± 7.5:43784-43786: GEOS-3 
mean values 
3783935 :2551493 :4441076 
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results 
Table !• Comparison with SE II, III, IV of positioning

obtaine by means of the "Potsdam-3" routine (differences 

in meters). 

Station(number) SE II SE III SE IV 

1976 1975 1976 

:!:5 ±s 
Uzhgorod X -1 +26
( 1055) y -4 -22

z -2 -�0
±27 ±10 ±24

Zvenigorod X -67 + 7 -35
( 1072) y +66 +22 +23

z -10 +22 -74
±24 :!:5 ±s 

Riga X + 2 +7 +16
( 1084) y +26 +29 - 4

z -20 -12 -22
±32 :!:44 

Kerguelen X -201 -73
( 1108) y +141 -35

z + 11 -�0
Ondrejov ±5 ±10 

X -10 - 3
(1147) y -13 -53

z +11 +20
. :!:9 ±.31 . 

Potsdam X . :!:3 . -26. . 

( 1181 ) y . +13 • +23. . 

z : -10 -1J
. :!:9 . 

Ulan-Bator X . -15 :. 

(1660) y . . +6 :. . 

z : +22 . 

. 

. ±44 ±5 : :!:16 . 

Helwan X . +211 . +10 +27. . 

(1901) y . -28 +3 -56. 

z -J�6 . -8 +!H:. 

: 

: 

. . 
: 

: 

: 

: 

: 
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Table 5. Observations of geostationary satellites at the 
Intercosmos tracking stations du.ring 1978 and 1979. 

Station 

Santiago 
N'Djamena 
Kavalur 
Uzhgorod 
Zvenigorod 
Ulan-Bator 
New Amsterdam 
Quito 
Yuzhno-Sakhalinsk 
Phenian 
Patacamaya 

Delft 0-- _ 

11eqon 

H-.t>rovince 

San-Fernando 

2/-
212/24 
171 /21 
108/9 
116/18 
113/13 
29/10 

5/-
25/-

of observations 

20 
470/97 
363/35 
127 /21 
201/60 

36/8 
56/16 
95/-
17/3 
12/1 

Barenzburg 

Zvenigorod 

Fig. 1. Adjustment of a regional European network based 
on Intercosmos tracking stations. 

Number 
1978 1tot/sim) 

19 9 
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Fig. 5. Laser retroreflector for the satellite "Bulgaria 1300". 

1) Astronomischer Rat der AdW der UdSSR, 109017 Moskau
Pjatritzkaja ul. 48

2) Satellite Geodetic Observatory Penc, H-1373 Budapest, PF 546
3) Bulgarian Academy of Sciences, Central Laboratory for Geodesy

1000 Sofia·, 7. Novemberstr. 1
4) TU Prag, 11519 Prag 1, Brehova 7
5) 

6) 
Zentralinstitut für Physik der Erde,Potsdam, Telegrafenberg 
Space Research Centre, Polish Academy of Sciences 
00-716 Warszawa, Bartycka 18
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ON THE INVESTIGATION OF GEODYNAMIC PARAMETERS BY MEANS OF LASER MEASURErvIENTS 

by 

H. Montag1) 

Summary 

The general behaviour of the geodynamic parameters is discussed, especially the 
spectrum of changes of the Earth's rotation vector. 

The determination of polar motions by the aid of dynamic methods of satellite geod
esy is treated more in detail. It is shown that the use of laser measurements to arti
ficial Earth's satellites is one of the most accurate methods of studying polar mo
tions and other parameters. By means of the observation equation for the determination 
of improved polar coordinates from the orbit computation residuals the influences of 
station coordinates and the orbital inclination are discussed. Some conclusions are 
derived. 

1. Spectrum of changes of the Earth rotation vektor and other parameters

Taking as a starting point the fundamental theory of the gyratory motion in space 
of a rigid Earth and taking into account the effects of the tide-producing forces of 
the Sun, Moon, and planets and the influence of a real model of the Earth with an e
lastic mantle, a liquid outer core, and a hydrosphere and atmosphere, there is obtai
ned the spectrum of the Earth rotation vektor given in Table I A, B and CD, 5, 7, 

8, 10]. This divides into movements of the axis of rotation in space (precession and 
nutation), movements of the axis of rotation within the terrestrial body (polar mo
tions) , and variations in angular velocity of the Earth (length of day) . The periods 
and amplitudes of the movements have been determined not only from theories but from 
observations as well. The causes of these movements have been derived from model con
cepts that require to be studied in detail. 

The individual components of polar motion, Earth's rotation, and terrestria], ti
des are superimposed one on the other, and the main problem is to separate the indi
vidual effects from the measurement results. 

According to the causes of the phenomena (with the exception of luni-solar forces) 
dealt with here it can be said that they are to be found primarily in the parameters 
of the solid mantle of the Earth. Superimposed on them are influences exerted by the 
non rigid part of the Earth (liquid outer core, ocean, atmosphere) and its interac
tion with the solid mantle. Today, the latter effects are of major importance to a 
better understanding of the entire process. 

Akademie der Wissenschaften, der DDR, Zentralinstitut filr Physik der Erde, 
DDR-1500 Potsdam, Telegrafenberg A 17 

1 ) 



As discussed by LAMBECK 17/ some causes for the different phenomena (Tab. I) are

still very much in doubt, especially

417 

_ the relative magnitudes of atmospheric, earthquake and aseismic effects on the free

polar wobble 

_ the amount of non-tidal rotational acceleration 

_ the nature of dissipation of both polar wobble and tides and 

_ the dominating mechanism of core-mantle coupling. 

For demonstration by measurement techniques all that involves the need for as high 

a degree of resolution and accuracy as possible. 

Additionally superimposed on the geodynamic processes referred to previously are 

tectonic movements of the Earth's crust, which are local to global in nature. There

fore, it is necessary to determine the tectonic movements and separate them from the 

other effects. So far as local movements are concerned, this is relatively easily do

ne with the help of local or regional control networks and simultaneous gravimetric 

and inclination measurements. Today, interest is also focussed on the influences of 

global tectonics. The amounts of relative plate movements are between a few cm/a and 

2 dm/a. The refinement of this particular model of global tectonics also is an impor

tant task of the interpretation of measurement results obtained at geodynamic obser

vatories. 

2. Possibilities of measuring geodynamic effects

i,;ajor progress in the study of geodynamic effects can be made if detection by 

means of special measurement techniques is possible with an accuracy of 10-8 of the

Earth's radius (< 1 dm). This means that it is also necessary for a reference system 

to be realized with at least the same degree of accuracy. To satisfy these accuracy 

requirements it is essential that the observations be made continuously or quasicon

tinuously with the use of methods with as high a degree of complexity as possible. 

These include astronomic-geodetic methods, gravimetric measurements and cosmic-geod

etic methods of measurements [9/. 

Although the low accuracy of astronomic-geodetic methods of measurement does not, 

in general, allow a fine resolution of the different phenomena to be obtained, they 

will continue to be of interest because of the long series of measurernents. On the 

other hand, cosmic-e;eodetic rr.ethods of measurement will become increasingly more im

portant for these tasks. In this connection the proposed international observation 

progrannn MERIT(;.:oni toring of Earth ;�otation and Intercornparison of the Techniques of 

observations and analyses) is very important. The aim of this international project 

is to compare these different classical and modern observation techniques and to es

tirr.ate the possibilities of the different rneasurements in determining the geodynamic 

parameters, especially polar motion and Earth rotation. 
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3. Analysis of eatellite orbits for determining polar motions

Realization of a euitable inertial reference system is a primary prerequisite for 
high-accuracy analysis of satellite orbits to detect geodynamic parameten. For this, 
the constants of preceseion and nutation required to determine the axis of rotation 
of the Earth in space are needed. All the changes in the axis of rotation relative to 
the terrestrial body (polar motion) and the variations in rotation will then manifest 
themselves as vartations in station coordinates or as residuals in the orbit determi
nation. 

The investigation of· polar motions and variations of rotation by the use of such 
analyses of satellite orbits is referred to as the kinematic method. The dynamic meth
od may still be used for determining polar motions. This method needs variations in 
spherical harmonic coefficients c

21 
and s

21 
to be studied. These coefficients are 

known to give the difference between the axis of rotation and the principal axis of 
inertia (which is equal to O if the two axis are coincident), and variations may thus 
be interpreted as reflecting polar motions. However, orbital disturbances caused by 
c

21 
and s

21 
are usually of a rather low degree, and determination of polar motions by 

this method is quite difficult. Estimates showed minimuro requirements for the deter
mination of orbits to be± 3 cm [5/.

Therefore, the major focus is on using the kinematic method which is of a more gen
eral nature. Because of inadequate knowledge of the parameters of the perturbation 
model, an accuracy better than ± 1 to several meters cannot be expected to be obtained 
in the analyis of laser measurements made from globally distributed stations to geod
etic satellites. �onsequently, it is necessary that special methods be available by 
which it is possible to analyze, for example, only the transverse component. There
fore, for the orbit determination it is useful to adjust the measurements in a rec
tangular coordinate system accompanying the orbital motion, with the u-axis pointing 
in the direction of the velocity vector of the satellite, v vertically to the orbital 
plane, and w vertically outward in the plane of the orbit. This gives as low a degree 
of correlation between the components as possible, and interpretation of residuale 
for individual components is greatly facilitated • 

. 

If satellites are observed whose orbital inclination agree with the terrestrial 
latitude of the observing station, the transverse component, v, will correspond �o 
the orbital inclination, i. The disturbances of inclination are smallest from an or
bital mechanics aspect, and they are reduced still further near the greatest lat
itude of.the satellite ('->+ V%90°) [13/. On the other hand, the orbital inclination 
may be particularly easily determined by laser measurements near the greatest lat
itude, it being also possible there to observe the satellite from one station during 
four to five consecutive passages (the period of time being about six hours) [6]. By 
means of an orbital computer programme we have simulated how the principal compo
nents of polar motion are reflected in the variations of the orbital components u, 
v, and w [4,]. But this single-station approach of laser ranging to appropriate ar
tificial satellites has several limitations l'l]: of polar motion the meridional com
ponent can be measured only; it is difficult to separate this component from dynamic 
perturbations of inclination i and from precession and nutation; it is an big influ-
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ence of systematicai error effects. 

Avoiding these disadvantages it is necessary to use more than one station and to an

alyse the results in such a way that the more accurate components have the greatest 
influence on the determination of polar motions. This can be done on the basis of the 
knowledge of the relations between the polar motions and the residuale in the used

coordinate system. Obtaining the influence of pelar motions on the residuale in the 

u, v, w-coordinate system accompanying the satellite orbit we transform the stat1on 
vektor rE of the Earth fixed system into the coordinate system accompanying the or-
bit rB:

� = Rx'+) Rz <+) Rz (eu + v) 8x (i) Rz (.i'-•) Ry Cf ) Rx ( i) rE

with R - rotation matrizes, � - argument of perigee ot the satellite orbit, v - true 
anomaly, i - inclination, 2 - longitude ot the ascending node, S - sideral time, 

J, 1l - polar coordinates. Variations of the vector � due to polar motions we get by
partial derivatives 

(!:) 
From this follows in detail 

(
sin L cos M + cos L sin M 

-sin M sin i
-cos L cos M + sin L ein M

(
-ein L sin M + cos L

-cos M Sill i
cos L sin M. + ein L

cos M 

cos M 

cos 

cos 

cos 

cos 

:) zE] � 

:) ZE] d�

with L ::a (.c) + v; M = f2 - , and xE, Yv 
zE - station coordinates in the Earth fixed

system. 

This is the "observation equation" for the determination of i.mprovements to polar mo
tions j and '!from the orbit computation residuale du, dv, dw. The discussion of this 
equation shows several dependences. The periods one ean see from the parameter L (or
bital(Period) and M (diurnal period). That means the components du and dw show in 
general periods which are mainly equivalent to the satellite revolution, whereas dv 
has mainly an diurnal period. 

Further one can see from the last equation the well lmown matter, that one need for 
determining of bothj and "Z,. at least two stations with a difference in longitude of 
b O a out 90. Additionally zE should be not so small; that means the stations ahould be

situated away from the equator. On the other hand xE and yE desire to be not •o small 
for determining dj and d'l. , respectively; that meana one ahould have two stations in 
the nearness of the equator with ä differenee ill longitude of 90 degrees. Analogously 
is the influence.of the orbital inclination. An illcreasing inclination raises the 

(::J = ((cos ~08s~ il 
sin L sin i 

[l -cos L sin il 
+ -cos ~ yE + 

-sin L sin i 

ill 



420 

contribution of the z - coordinate of the station position and an decreasing inclina
tion raises the influence of the x- and y-coordinates. 

4. Laser measurements to artificial Earth's satellites and some conclusions

The use of laser rangings to artificial Earth's satellites is one of the most ac
curate methods of studying geodynamic parameters. 

Using the single-station method, Kolenkiewicz et. al /6] obtained in 1973 first 
results on polar motion and Earth's tides from laser measurements at the station 
Greenbelt (!f'= 39°) to the satellite BE-C (i = 41°). The analysis of all �hort arcs 
of about six hours each, in which the four to five passages had been observed, show
ed an accuracy of the latitude variations to be about ± 1 m for a total period of 
seventeen months. The accuracy of laser ranging has been considerably improved 
(<± 10 cm for the third generation and ± 10 to ± 30 cm for the second generation) 
since these experiments were performed, and the accuracy of orbit modeling also 
could be improved substantially. However, of particular importance in this connec
tion is the launching of special geodynamic satellites such as Starlette_ (HA=1100 km,
Hp = 810 lan, i = 50°, 24 cm diam., 47 kg weight) and LAGE0S (H = 600Q km, i = 110°, 
60 cm diam., 411 kg weight). For the LAGE0S satellite the orbital perturbations may 
be relatively easily modeled to an accuracy of ± 10 cm because of the high altitude 
and the large weight-to-cross section ratio. By using this orbital accuracy and by 
second and third generation laser ranging techniques it is possible to obtain accu
racies of ± 10 cm and better for· polar coordinates. 

An analysis of the orbital perturbations of the LAGE0S satellite also allows oth
er phenomena to be studied, and these include distances between remote terrestrial 
stations from short-arc solutions, tidal effects, constancy of the gravitational 
constant (from semi-major axis a), and variation of the harmonic coefficient J2
(from change in the longitude of perigee). 

Consequently, within the Intercosmos-cooperation on several satellite tracking 
stations being set up improved or new laser ranging instruments with a higher ac
curacy and the capability to observe LAGE0S too. In addition to a number of glob
ally distributed stations (e.g. Cuba), they will be centered especially on Europe 
and Asia. This distribution (difference in longitude about 180°) makes it possible 
greatly to contribute to a better determination of polar motions and other para
meters (tidal modele, variations in rotation and global tectonics). In order to 
avoid systematical errors and to separate the individual components of geodynamic 
effects the laser ranging results will be combined with other measurements. 



421 

References 

{ 1/ AARDOOM, L.: Ea.rth Rotation and Polar Motion from Laser Ranging to the Moon and 
Artificial Satellites. 
Reports Department Geodetic Sc. No. 280 (1978). Columbus, Ohio, pp. 19-28

l 2] BENDER, P.L.-; GOAD, c.c.: Probable Lageos Contribution to Worldwide Geodynamic
Control Network. 
The Use of Artificial Satellites for Geodesy and Geodynamics Vol. II (Pro
ceedings of the Symposium in Athene 1978), Athene �979), PP• 145-161 

[ 3] KAUTZLEEEN, H.: Some Actual Problems in the Interpretation of Geodynamio Pro
cesses. 
Veröff. Zentralinstitut Physik der Erde Potsdam Nr. 2.f, Teil 1 (1977), pp. 
17-29

[4/KAUTZLEBEN, H.; HEMMLEB, G.; ELSTNER, C.; MONTAG, H.: Complex Studies in Plane
tary Dynamics of the Earth. 
Nabljudenija iskusstvennych nebesnych tel No • .1.2. (1975), Moskva 1976, PP• 
63-84 

[ 5] KOLACZEK, B.; JAKS, W.: Polar Motion Determinations by the Use of New Observa
tional Techniques. 
Artificial Satellites .12, (1978) 3, Warszawa - Lodz, PP• 31-48 

f 6] KOLENKIENICZ, R.; SMITH, D.E.; DUNN, P.H.: Polar Motion and Earth Tides from 
Beacon Explorer c.

Proceedings Symposium on Use of Artificial Satellites for Geodesy and Geo
dynamics, Athene 1973 

[7/ LALJ3ECK, K.: Progress in Geophysical Aspects of the Rotation of the Earth. 
Rep. Dep. Geodetic Sc. No. _g§Q (1978), Columbus, Ohio, pp. 1-11 

[ 8] LBICK, A.: The Observability of the Celestial Pole and its Nutation.
Rep. Dep. Geodetic Sc. 1fo. 262 C1978) , Columbus (Ohio) 

[ 9] :.:OHTAG, H.; LALA, P.; KLOKOCNIK, J.: 0 nekotorych trebovanijach dlja kompleks
nych stancii geodinamiceskich issledovanij. 
Zpravy a pozorovani Geodeticke Observatore Pecny (VUGTK), Rada 5, Cislo 3, 
Praha (1979), PP• 1-11 

/10] ROCHESTER, M.G.: The Ea.rth's Rotation 
Transact. Amer. Geophys. Union ,2.i (1973) PP• 769-780 

/11] SHAPIRO, I.I.: Principles of Very Long Baseline Interferometry. 
Rep. Dep. Geodetic Sc. No. 280 (1978), Columbus, Ohio, pp. 29-33 

/127 sr.:rTH, D.E.; DUNN, P.H.: Determination of Station Coordinates from Lageos. 
The Use of Artificial Satellites for Geodesy and Geodynamics Vol. II 
(Proceedings of the Symp. Athene 1978), Athene (1979) pp. 162-172 

[13J STANGE, L.; MONTAG, H.: On the Determination of Coordinates and their Temporal 
Variations Using the Orbital I::ethod. 
Veröff. Zentralinstitut Physik der Erde, Potsdam (1974) 30, Teil 2, PP•
435-439 

-

-



422 

Table 1. Spectrum of Changes in Earth's Rotation and Polar Motion 

A. Inertial orientation of spin axis

Phenomena Period Amplitude detected probable origin/causes 
by 

• 

Precession 25 700 yr 2.3,5° theory, Lunisolar perturbations, mass 
astr.obs. distribution in the Earth 

Principal 18,6 yr 9,211 theory, lunar perturbations,mass 
Nutation astr.obs. distribution in the Earth 

0ther periodic 9 3/1 /0,5 y_r 
J <: 1" theory, lunisolar, planetar perturbations. 

nutation terms 183/122/27/14 d astr.obs. mass distribution in the Earth 

Free principal associated to theory interaction between liquid core 
core nutation nearly diurnal ? and mantle 

free nutation 

Secul.decrease - -0,01 II /yr astr.obs. perturbations by planets 
in obliquityE theory 

B. Orientation of the rotation axis inside the Earth (polar motion)

i 

jSecular motion - 0,002 to astr.obs. melting of Greenland ice (?) 1 
iof the pole 0,003 11/yr (IPMS,ILS)

(7-10 cm

!Force free

/yr) 

nutat1.on
- chandler 425 d to 0 1"-0 211 astr.obs. - elastic model of the Earth

nutation 440 d dm-7mJ theory, (mantle and core)
(chan gable) satellite - seismic excitation hypothesi•

obs. (core-mantle interface)
- atmospheric and hydrologigal

mass distribution
- influences of pole tide in oceai

and of actions in Earth mantle 1
- nearly diur- sideral day + <0 02 11 theory interactions between liquid 

nal nutation several minutee �0,7 m) core and mantle 

- long period. 20 yr - 40 yr 1'0,02 11 astr.obs. possibly observing effect and not 
nutation (0 ,7 m) real (difference BIH and ILS} 

Forced 
nui:ai:1.on 
- Seasonal 1 yr; 0 , 09"(2, 9Q astr.obs. meteorological (?)

nutation 0,5 yr 0,01"( O,ln) satelli-
te obs. 

- other peri- as diurnal �0,0211 theory lunisolar attraction 
odical (0p- nutation (0,7 m) 
polzer)
terms

·--

-

! 

1 

1 

,,, 



c. Changes in the length of day (L0D)

i Phenomena 
1 
�ecular 
�cceleration 
i o/w 

Long-periodic \
jf'luctuations 
and irregular 
phanges 
f 
1 ' 
bhort-periodic 
1 

lvariations 

Period 

10-J00yr

1- 1 0yr

months, 
J weeks, 

"abrupt" 

2 yr 
1 yr 
0,5 yr 

month 

fortnight 

Amplitude 

-10; -5•10 yr
(-2ms/1 00yr)

± 5.10-10/yr

+ 80·10-10/yr

+ 500•10-10/yr

9 ms 
20 - 25 ms 

9 ms 

1 ms 

1 ms 

detected by 

- astron. obs.
(- satellitJ.1

0bs. ) V 
- Lunar Laser

rang.
- estimates

from tidal
parameters

astr. obs.

astr. obs. 
Lunar laser 

ranging 
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continued Table 1 

probable origin / causes 

- tidal friction
- slow changes in mass dis-

tribution in the Earth 
- non-tidal _torques acting

on the mantle

! : 
i - electromagnetic coupling 1 
J of core motions to mantle 

1
1 

i- topographic coupling 
l core-mantle
1 - variations in atmospheric
! and oceanic mass distri
' 

iJ meteorological

meteorological, especially 
zonal wind circulations, 
tides 

}global wind c�rculation 

1 ) only indirect via acceleration of mean motion of the moon 

. 
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L.P.Pellinen 1)

REFERENCE SYSTEMS IN SOLVING MOLODENSKY'S PROBLEM 
FOR THE SEA SURFACE 

1. The progress of satellite altimetry opens possibilities
to determine the sea topographic surface (STS) with potential 
accuracy of about 0.1 m. The departures of the STS from the geoid 
become essential at this level of accuracy. The best way to 
derive these departures is given by the combination of gravity 
e.nd altimetry data. We may obtain the STS-heights /2 above the 
geoid by the formula (Fig. 1): 

h == H - � + tf H ( 1 ) 

where H is the STS-height above · the reference ellipsoid (H=O) 

which is used in processing altimetry data; -z; is the gravi-
metric geoid height with reference to some conventional level 
ellipsoid; !H is the correction for non-coincidence of the 
reference ellipsoid ( H= 0 ) and the level ellipsoid. 

Let us assume that the regular tide component of the h -
heights is already known from special harmonic analysis of 
gravity and altimeter data and we have to determine the quasi
stationary, long-period and non-regular components of these 
heights. It should be stressed that the existence of quasista
tionary departures of the sea topography from any level surface 
causes difficulties in defining such terms as the geoid and the 
level ellipsoid. The analogy of the known classical definition 
of the geoid as the level surface best fitting to the mean sea 
surface may be strictly realised only after the complete and 
detailed determination of the figure of the STS. Moreover, we 
should rigorously define the STS (for instance, w� may include 
internal sea surfaces in it?). We should also fix the epoch of 
the geoid taking in consideration sea level variations in time. 

Thus, there are some advantages to assume as the geoid some 
level surface of the real graVity field which may be defined 
before the STS-detennination. 

2. It is sufficient to assume four fundamental geodetic
constants, i.e. the geocentric gravi tational constant GM , the 
second zonal harmonic (geopotential coefficient) ;J2 • the Earth 
equatorial radius ae and the angular velocity of the Earth's 
rotation w , for deriving all parameters of the Nonnal Earth 
and its gravity field. The surface of the Normal Earth assumed 
1)ZNIIGAiK Labor Geodäsie und Gravimetrie, Moskva-125413

Onezskaja ul. 26 

' 
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to be the level (or normal) ellipsoid. The constants GM , �
and w are independent from the defini tion of the Normal Earth. 

we have another situation be defining the constants representing 

. the Nonnal Earth directly. If we do not define the te:rm "geoid" 
we are not able to choose the Normal Earth as the best appro
ximation of the geoid. Thus it is sufficient to choose some 
value of the ae wi th the { m - accuracy which is wi thin the
range of the STS-departures from the geoid. Then we derive the 
value of the normal gravi ty potential U0 at the normal ellip-
� surface. 

Let us define the normal geoid as the real level surface on 
which the gravi ty potential W is equal to U0 • The departure
of the normal geoid from the corresponding quasigeoid is appro
ximately [1] equal to 

o� = �g h , <2> 

where /J (j is the free-air "mixed" anomaly on the STS; d is 
the mean normal gravi ty value. Because / h 1 ..C 2 m;Jti9/�400mGal, 
we have Jt½I< 0,8 mm. Thus, we need not distinguish on seas and 
oceans the definitions of the geoid and the quasigeoid. It is 
also possible to use other terms app-lied in solving Molodensky's 
problem. The normal geoid departure from the normal ellipsoid 
may be interpreted as the height anomaly 

t;--f- , 
(3) 

where T is the disturbing potential at the STS. The height H=H
0

may be interpreted as the geodetic height and the height h as 
the nonnal height (see Fig. 1). 

The definition of the normal geoid may be realised if we 
determine the STS-figure in a geocentric coordinate system with 
the required accuracy by means of the geometrie satellite alti
metry technique without any geoid figure data. In this case it 
is possible to assume that the reference surface for the H

heights coincides with the normal ellipsoid. Thus, the S-H - te:rm 
is excluded from (1) and we have 

(4) 
• 

Because we are not able to know the h - heights before studying 
of the geoid figure it is not reasonable to obtain mixed gravity 
anomalies tJI) from gravity ineasurements at sea. It is more 
logical to obtain and use "proper" gravity anomaliea or gravity 
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disturbances 6'"9 • The related problems are considered by 
v.V.Brovar [2]. H.Moritz [3] has· considered these problems
for the geoid (quasigeoid) figure to be determined with the
O .1 m-accuracy.

3. The errors of realization of the geocentric coordinate
system from geodetic satellite observations are actually essen
tial and cause a shift of the reference ellipsoid which is used 
for obtaining the H - values. There are also a scale error of 
the coordinate system and an error of altimeter bias correction. 

The tfH - correction in the :formula ( 1 ) may be represen
ted when taking into account the systematic errors of the H -
heights as 

oH= xcosBcosl-,. ycosBsinl +2sin8 + l'Ho , c 5 > 
where X , y , 2 are geocentric coordinates of the reference 
ellipsoid center; /!, and l are geodetic latitude and longitude; 
tfH0 ia a constant component. The equation (6) is similar to 

the well known height equation of grade measurements. 
Let us assume that departures of the STS from the geoid do 

not include zero- and first-degree spherical ha.rmonics. The 
second assumption is probably justified from the physical point 
of view. The first assumption corresponds to transition from the 
normal geoid to another "mean sea" geoid fitting to the STS 
within ocean area covered with altimeter measurements. 

Let us put in (1) instead of i"H the expression (5) and 
consider the obtained formula as "observation equation": 

h + '0, = xcosBcosl+ ycos8sinl-1-2sinß+öl-l,, +(H-�) 
(6) 

Let us obtain the parameters X , !f , 2, !f/0 from the least
square solution of equations (6) for a uniform grid of points 
on ocean area, where altimeter data are available. Further, we 
find 

' 

where H is the STS height wi th reference 
which is fitted to the mean sea geoid, and 

- - -

(7) 

to mean sea ellipsoid 

h=-H-'C, ca>

where h ia the STS height with reference·to the mean sea geoid 
(Pig. 1). 

As before (section J) it is logical to use proper gravity 

-H=H+J'H 



anomalies .!9 tor determining the � - values. !he geodetic 

heights fl are obtained from (7).

The similar procedure was used widel7 by R.Rapp [ 4] in 
prooessing al timeter data. The H -values obtained for each 
orbital arc were fitted to the planetary geoid heights accord
ing to the gravity model GEM-10. Such radical transformation 
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of these heights by future studying departures the STS from the 
geoid will have as a consequence that a local part of the h -

heights will be determined only. However, it is possible to use 
planetary geoid heights based on some gravity models instead of 
the detailed values of � in solving observation equation (6)

systems. 

4. It 1s an important peculiari ty of the above resul ts that
we impose·no requirements on the determination of the zero har
monic of the � - heights, though these requirements are often
stressed. This conclusion refers to the determination of nonnal. 
geoid heights above the normal ellipsoid aa well as to mean aea 
geoid heights above the mean sea ellipsoid. It is easy to prove 
that the "t; - values will be practically the same for both 
cases. Consequently, we have to choose formulae for computing 
geoid heights from gravity anomalies. 

As may be seen the equatorial radius ;ä of the mean sea 
ellipsoid remains unknown. Its determination is a special pro
blem which may be solved if we know for some points the heighta 
above some fixed reference ellipsoid in addition to the heights 
above the mean sea ellipsoid. 

5. Let us compare national height systems w1 th those baaed
on normal geoid or mean sea geoid. Geopotential numbers C' ob
tained after processing spirit levelling data are referred to the 
level sur:f'ace W = -W: :a const in the initial levelling point 
0 (11.g. 1 ). Let us assume that we have obta:l.ned the h -height 
wi th re:terence to the normal geoid for a coastal point M ot

spirit levelling from gravity and altimeter data. Tald.ng to 
account that the h · ia small we may wri te the potential 'W"
at point M u 

Hence, n have 
W--11-ho=W-C 0 iJ 0 

�-11.-1ig-,.c • 
the col'l"ection to nomal heighta for a ahitt

• 

(9) 

ot reference level-
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ling surface is equal to 

tJHr= u:,-Wo - h ..2.... - s_ (10) 
.
0 rm - rm im

Here g is the gravity value at point M, is the 
mean value of normal gravity between the normal ellipsoid and the 
telluroid for the same point. 

We have similar formulae for transition to the mean sea 
geoid putting instead of h and 71

0 
, respectively, /2 and

W"" U0 + (ae-ä)t
We see that the precise determination of h - or h - values and
gravimetric geoid heights � in coastal areas is important for 
the effective app,-lication of satellite altimeter data. Spirit 
levelling, mareographic,detailed gravity and eltimeter data 
should be combined. Additional independent results may _be obtain
ed from determining geodetic heights by means of doppler and 
other satellite methods as well as of astrogeodetic (astrogravi-
metric) levelling. 

Let us consider some questions related to the solution of 
Molodensky's problem for coastal areas. We have two different 
sets of infonnation there: 

a) Mixed gravi ty anomalies on land [ 5]

/ja- oT Lil: _ Uo-Wo d, 
?/ - - oH + r dH r dH 

b) Proper gravity anomalies at sea
, ( 11) 

t9 = - :i . (12) 

As O.M.Ostach has shown [6], the te:rm wi th ( U
0 
-Wo ) in (11) 

may be excluded by solving the geodetic boundary problem for a 
level ellipsoid 1l=vYa = const. The boundary values become un
changed after transi tion to another geoid W 

1 

= const and 
ellipsoid 7!' = const if 71 '= vV � W" + cfW 

0 , 

where 6'W is a small quantity. Thus we may assume that the 
boundary values are referred to the normal geoid and ellipsoid 
or to the mean sea geoid and ellipsoid. 

It is reasonable to consider Molodensky's problem in coastal 
area as a problem of approximation and, for instance, to find 
numerically some anomaly mass model fi tting to observed _Aj and 
09 - anomali es.
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0 

U=W 

s W= Uo 

-·
. -

• 

• Fig. 1. Reference systems for the STS. 
1 - Sea topographic surface (STS); 
2 - Reference ellipsoid used in processing 

altimetry data (H = O); 
3 - Normal ellipsoid (U = U )· 
4 - Iiean sea ellipsoid (U =�V�; 
5 - Normal geoid (W = U0 )•
6 - Mean sea geoid (W = W�; 
7 Level surface in the initial levelling 

point O (W = W
0

) •

STS - heights : 
Mm= H - above reference ellipsoid (H = O); 
Mm0= Ho- above normal ellipsoid; 
Mm= Il - above mean sea ellipsoid; 
Mm= h - above normal geoid; 
Mm= fi - above mean sea geoid. 

mm
0 

= iii'm = f- gravimetric geoid height. 

---
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currently we have estimates for 41973 1° x 1° anomalies based on terrestrial 
gravity data. Of these, 721 are highly uncertain estimates ( c, > 30 mgals) and 
6912 may be g-eophysically predicted. When combined with anomalies derived from 
Geos-3 altimeter data, there is total field of 52917 of which 6943 have C1 :,;;; 5 mgals. 

Attempts to improve this field in the ocean areas using altimeter data will be 
hampered by the effects of sea surface topography. Consequently, new techniques 
such as satellite to satellite tracking (SST) and gradiometry need to be developed if 
an improved field is to be found. Error analyses are described that estimate the 
accuracy to which anomalies and undulations can be found using the new methods. 
A typical result is the following: Given a low-low SST mission of six month duration 
at an altitude of 180 km with a data noise of ±1 µ.m/sec, and one data point every 
eight seconds, a 1°x 1° anomaly can be determined to ±3 mgals, and the correspon
ding undulation to 7 cm. Similar results are found for a radial component gradiom
eter with an accuracy of ±0.01 E. These estimates ignore systematic error and 
assume orbit error can be filtered out. 

Introduction 

Many s1u.dies of the gravitational field of the earth have used estimates of mean 
gravity anomalies at the surface of the earth. These mean anomalies have been used 
for the determination of geoid undulations, deflections of the vertical, gravity distur
bances in space, and potential coefficients (in combination with satellite information) 
among other items. In addition, extensive studies have been made for geophysical 
implications of the gravity field using mean anomalies. 

Such mean anomalies can be estimated in various sizes. Traditional sizes have 
included 5° anomalies and 1 ° anomalies. In some applications approximately equal 
area blocks are used and in others, equi-angular blocks. In certain types of calcu-

1) Department of Geodetic Science, The Ohio State University, 1958 Neil Avenue,
Columrus, Ohio 43210, USA
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lations smaller block dimensions such as 30' x 30', 15' x 15', 5' x 5', 6' x 10' in 
size are used. Such mean anomaly estimates have primarily been made i n  local 
areas whereas the 5° and 1° values have been estimated on a global or near global 
basis. 

For the past several years we, at The Ohio State University, have prepared 
1° x 1° anomaly data tapes based on terrestrial gravity measurements incorporating 
data from various sources. In addition, we have now estimated 1° x 1° gravity 
anomalies from Geos-3 satellite altimeter data. In this paper we will discuss these 
anomaly fields and show where they are lacking. In addition, we will discuss how 
this field may be improved in the future. 

The Terrestrial 1 ° x 1 ° Mean Anomaly Field 

The collection of gravity material for a 1° x 1° data file was started in 1971. 
The extensive data file provided by the Defense Mapping Agency Aerospace Center 
formed the initial basis for our work. This organization has continued to provide 
our base data files at periodic intervals. OUr procedures are to update the Aero
space Center data with revised data, and new data that we have collected. The 
new data we have primarily used consists of 1° x 1° mean anomalies estimated from 
gravity anomaly maps. In all cases we try to use the latest data in our updating 
process. In addition, we try to be sure, where we can, that the anomaly accuracy 
estimates are reasonable. This is done by comparing anomaly estimates from 
various sources including altimeter estimates of the anomalies where available. 
Since we started this analysis we have produced six 1° x 1° anomaly data tapes. 
The number of anomalies in each tape is given in Table 1. 

Table 1. Number of 1° x 1° Anomalies in Various Data Sets 

Date Number 

June 72 23355 
Sept 73 29789 
July 75 36149 
Aug 76 38406 
June 78 39405 
Oct 79 41973 

OUr latest tape was created in October 1979. The information on this tape 
will now be discussed in more detail. 
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The development of the anomalies on the October 1979 data set started from 
a base file provided by the DMA Aerospace Center. This file was updated an(! 
checked against our June 78 data tape. We then compared new data sources with 
the existing data and selected data to be merged. In doing this we would modify 
accuracy estimates if a difference of greater than 20 mgals existed between two 

anomaly estimat.es. Then the new standard deviation was taken as half of the 
absolute di.fference, not t.o exceed 97 mgals, unless it is smaller than the standard 
deviatioll oll the tape when the tape value would be retained. A file containillg 
41973 allomalies was g"ellerated that contained data from 45 data sources. Of these 
anomalies 721 values bad standard deviations greater than 30 mgals and 16209 
allomalies were allomalies not from the Aerospace Center. The location of these 

allomalies is shown in Figure 1. 

A llUmber of allomalies on our original data file were based on estimates 
made through geophysical prediction techniques. In such cases it is important for 
us t.o idelltify these allomalies. This has been tentatively done based on published 
accoullts (e. g. Wilcox, 1973) of where such predictions have taken place. For 
the Oct.ober 1979 update we have identified 6912 possible anomalies which are 
shown in Figure 2. 

A statistical analysis has been carried out with the anomalies of the Oct 79 
data set with some typical results shown in Table 2. All values are with respect 
to the gravity formula of the Geodetic Reference System 19�7. 

Table 2. Statistics Oll the Oct 79 1° x 1° Data Set 

Quantity 

Mean Value 
Minimum Anomaly 
Maximum Anomaly 
Weight.ed RMS Average 
Minimum Std. Dev. 
Maximum Std. Dev. 
Weight.ed RMS Std. Dev. 

Value 

-0. 3 mgals
-282 II 

365 II 

±30.1 " 
± 1. II 

97 II 

16.3 " 
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A Combined 1° x 1° Anomaly Field 

As is apparent from Figure 1, extensive gaps exist in the anomalies in ocean 
areas. Many of these gaps have been filled by the analysis of the Geos-3 altimeter 
data (Rapp, 1979). With this data we have predicted 29479 1°x 1° anomalies, 27488 
of which bad predicted accuracies of ± 15 mgals or better. This data set was merged 
with the terrestrial data set to form a combined file containing 52917 1° x 1° anomalies. 
This field is shown in Figure 3. To show the distribution of "good" data we have plotted 
in Figure 4 the location of 6943 anomalies, in the combined field, where the standard 
deviation is s; 5 mgals. Clearly we must say that major parts of the earth do not 
have reliable estimates for the 1° x 1° anomalies. 

Prospects for Improvement of the 1° x 1° Field 

Because of the poor coverage of accurate 1° x 1° anomalies at the 5 mgal level, 
new techniques must be devised for an improved field to be used for geophysical 
and oceanographic applications. A summary of the applications of an improved field 
are discussed in a report, "Applications of a Dedicated Gravitational Satellite Mission." 

In the past few years one of the vast improvements -in our knowledge of the 1° x 1° 

f ield has come from the use of satellite altimetry. So far, Geos-3 data has been 
widely used (Rapp, 1979) but Seasat data will shortly be added to the available data 
base. Currently, when reasonable data coverage exists in a 1° x 1° block, the ex
pected accuracy of 1° x 1° anomaly is about ± 6 mgals. This corresponds to a meas
urement noise of about ± 70 cm and assumes orbit errors are effectively removed 
from the data. Prospects for significant improvement are dim despite significant 
noise reduction in the Seasat data. This pessimism is caused by three concem.s: 
1) orbit error; 2) data coverage; and 3) sea surface topography. Of special
concern is the ± 1 m average effect of sea surface topography. Thus, even if we
have an accurate measurement, we do not sense the geoid, but the sea surface.
Tests under optimistic situations .indicate that we might be able to reduce our 1° x 1° 

errors to about ± 4 mgals if the data coverage is fairly dense in the block.

For land areas altimeter data is not directly useful so that altemate techniques 
need to be considered. Possible new techniques include satellite to satellite tracking 
and the use of gradiometry in space. A review of these techniques has recently been 
given by Rummel (1979). 

In the following discussion we will consider the possible future role of satellite 
to satellite tracking (S,T) data in the improvement of the gravity field. Such data 
has already been used for the derivation of anomalies at the surface of the earth. 
Hajela (1979) has discussed the results of using Geos-3 and ATS-6 data which was 
a high-low mission. Vonbun et al. (1980) have discussed the determination of 5° 

anomalies using A TS-6 and Apollo data taken in July 1975. Results showed that the 
techniques used were promising although limited by a too high satellite (Geos-3) or 
very noisy data (Apollo). 
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considerable interest has been expressed in using SST da1a with at least 
one satellite at a low altitude. A number of investigations have recently been 
carried out that try to estimate what could be expected from such a mission. 
Discussion can be found in Breakwell (1979), Rapp and Hajela (1979), Douglas et 
al. (19�0) and Rummel (1980). 

An extensive review of the methods used will not be done here. Instead, I 
propose to discuss some recent results obtained at The Ohio State University. 

We first examine the results for a high-low SST mission using the procedures 
of least squares collocation as described in Rapp and Hajela (1979). We consider 
the observed quantity to be an acceleration which can be found by f itting the range 
rate data to a function and then differentiating. For simplicity here we assume only 
the vertical component of the acceleration is determined. The data we have assumed 
consists of 163 data points located at O. 25 intervals over the 1 ° block and at 0� 5 
intervals outside the block (to 3° from the center). Using the.covariances of Tscher
ning/Rapp with respect to a 12th degree reference field the accuracy of the 1° x 1° 

anomalies and undulations that would be recovered from such data is shown in 
Table 3. 

Table 3. 1° x 1° Anomaly and Undulation Accuracies Using Least Squares 
Collocation for a High-Low SST Mission 

H = 150 km H= 180 km 

• .. 

m(Ag ) m(N) m(N) p p m(Ag ) 
(µm/sec) (mgals) (mgals) (Cm) (mgals) (cm) 

22 o. 50 7.0 49 8.7 47 

3.3 0.10 4.4 43 5.9 38 
1.3 0.08 4.1 42 5.6 37 
0.2 0.01 2.6 39 3.3 33 

The range rate (P) values were computed from a program kindly provided by Rummel.
This /, value corresponds to the acceleration in the sense that the s ignal to noise
ratio for both p and p are the same. The values depend somewhat on the height
(H) so the values given· represent an average correspondence. We see from Table 3
that if we obtain range rate data whose accuracy is about ± 1 µm/sec we could ex-
pect to derive 1° x 1° anomalies to about ± 3 to 4 mgals. Unfortunately, this high
accuracy in the range rate data is not achievable in the high-low case because of the
effect of the ionosphere. In addition, several high satellites would be needed to
obtain 1he global coverage needed. 
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We now tum to 1he use of a low-low SST mission. Such a mission is dis
cussed by Rummel (1980) using the methods of least squares collocation. We 
will therefore discuss it using an alternate approach motivated by the discussion 
of Rummel (1979). This procedure considers the spectrum of the signal and noise 
to arrive at accuracy estimates for the quantities of interest. 

The veloc ity spectra assoc iated w ith a satellite bas been described by Kaula. 
(1969), Rummel (1979) and others. For the velocity difference spectra of two 
satellites separated in a radial direction we bave (Rummel, private communication) 

(1) 

where O'(X:i.aR)
,t 

is the information, by coefficient in degree J,, in the velocity 
difference of two satellites located at a distance rp (low satellite) and rq (far 
satellite) from the center of the earth. O'r2 are the potential degree variances 
which are related to anomaly degree variances by: 

where R is usually considered to be the radius of the Bjerhammer sphere 
imbedded in the earth. lxl is the average velocity of the satellites. 

For two satellites at the same altitude, but separated horizontally by a 
central angle ,p, the corresponding spectra is: 

(2) 

(3) 

For the case of 150 km high satellite we have plotted in Figure 5 the radial and 
horizontal difference spectra when the two satellites are separated by 300 km. 
In addition, the radial velocity difference spectra is shown for an altitude of 
180 km. The C

i, 
model used is that of Tscheming/Rapp. The difference between 

the horizontal and vertical spectra is small, being on the order of /"2 

We are now interested in the error spectrum of the velocity difference 
0'2(P n■ ) given a certain measurement accuracy, O' (P) . One approach t.o the 
error spectrum determination is given by Rummel (1979). An alternate approach 
has been developed by Jekeli (1980, private communication). Assuming the data 
noise is uncorrelated Jekeli shows that: 

a _...M._ a ,t O' ( .d1,.) - 4 rr R2 O' ( ,., ) (4)

a • 
(1 (X12R >.t 

2 • 2af(rP)t, 
a (XuiH).t = lflil(2.t+l) ( 1 - P.t (COS IP)) 
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Here MI is the area of a block whose side length is the distance between successive 
measurements. If d1 and d a represent the along and cross track spacing of the 
measurements we have MI = d

1 
• <¼. Actually (4) can be applied t.o various types 

of measurements, such as gradiometry and altimetry but can not be applied to 
horizontal velocity difference error spectra. 

Let us consider a typical mission in which the altitude of the satellites is 
180 km and the sampling interval is one measurement every eight seconds (rep
resenting an eight second average). Then d1 equals 62 km and for a six month 
mission da is ahout 6 km. Assuming a range rate noise of ± 1µ.m/sec equation 
(4) yields:

C1 ( P.t .) = ±0. 00085 µm/sec (5) 

This quantity, as interpreted as a fiat white noise error spectrum, is shown in 
Figure 5. 

From this figure we see that the signaJ/noise ratio becomes 1 at about degree

270 for the case of the radial velocity difference, H = 180 km. This implies that

coefficients up to this degree could be estimated from such data, but coefficients 
higher than tbat would be lost in the noise. (We should note, however, that there 
are special techniques that can be used to extract signals from highly noisy data. 
They will not be discussed here.) For the lower satellite the highest resolvable 
degree is degree 310. 

Now consider the computation of the RMS mean anomaly or mean undulation 
as a global average. We have: 

F:g2 

Na 

00 

= E ßt Ct J,=a 

Ra 00 

- - E ß
a - a 'J, G t=a 

(6) 

CJ, 

( J,- 1 )2 (7) 

Here ß
1., 

is the Pellinen/Meissl smoothing operator calculated for a spherlcal cap 
having the same area as a "rectangular" block at the equator (Rapp, 1977). If we 
determine the gravity field from the S3T mission we can estim.ate the spherical 
harmonic coefficients to some maximum degree with the errors of the coefficients 
being determined from the use of equation (5) and related equations. To determine 
the error in cv( ÖC

1,
), for example, we can insert (5) into (1) which then can be

used in (2) to find ÖC
t 

• Then the expected error in the derived quantity would be: 

(8) 

with a similar expression for the undulatlon error. Using these procedures accuracy 
estimates for mean anomalies and undulations can be obtained. Such results are 
shown in Table 4 where the c

J, 
model of Tschernlng/Rapp was used in the calculation 

of the truncation effect. 



Table 4. Accuracy of Mean Anomaly and Mean Geoid Undulation From 
SST Tracking (Noise = :!: 1 µm/sec, Radial Separation = 300 km) 

Block H = 150 km H = 180 km 
Size Anomaly Undulation Anomaly Undulation 

20 - - 1.2 mgal 3 cm 
10 2. 2 mgal 4 cm 3.2 mgal 7 cm 

30' - - 10. 6 mgal 21 cm 
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These computations show that a significant improvement in our knowledge of 
the earth's gravity field can be found using the SST mission. Although carried out 
for radial separations which are not feasible in practice, the results should �lso 
hold closely for the horizontal type of mission. Significant improvement in the 
anomaly field does rely on having an accurate range rate measurement of 
±1 µ.m/sec. 

The results from Table 3 and Table 4 may be compared for the case of 
H = 180 km and 1° x 1° blocks. For the 1 µm/sec data noise both collocation and 
the harmonic analysis approach gives a 1° x 1° accuracy of about ±4 mgals although 
the collocation solution is for a high-low case. The agreement is quite good for 
the anomaly but the undulation agreement is poor (35 cm vs 7 cm). 

To further test this harmonic analysis approach we considered the case of 
satellite altimetry used to derive mean anomalies based on geoid undulations. 
Assuming 10 measurements in a 1° block, with an accuracy of 70 cm, the implied 
accuracy of a 1° anomaly is ± 5. 4 mgals and ±22 cm for the 1° undulation. These 
numbers agree quite well with thousands of values derived from the altimeter data.

This gives us some confidence in this method. 

We have also considered the correlation of the 1° x 1° and 30' x 30' anomalies 
by propagating the error estimated for the smaller block into the !arger block 
error solving for an average correlation coefficient. For the correlation of the 1° 

blocks we found p = -0.13 and for 30' blocks p = -0. 21. The value of p for the 
1° blocks agrees with that found by Rummel (1980) for a similar case. However, 
it disagrees with the general expectation that 1° x 1° anomalies recovered from 
auch low satellites should be highly correlated. 

We have also applied this analysis assuming we bave determined the vertical 
gravity gradient with an accuracy of ±0.01 E. The highest degree resolvable is 
very close to that found in the case of the low-low SST mission. For example, 
wlth H = 180 km,- naaii is 280. The error propagation using the previous approach 
ylelded essentially the sa.me accuracy for anom.aly and undulation recovery as did 
the SST mission. For example, with H = 180 km, the 1° x 1° anomaly accuracy 
was ± 3. 0 mgals and the corresponding undulation accuracy was 6 cm. Thus a 
gradiometer mission with 0.01 E accuracy and a low-low mission of 1 µm/sec will 
yield about the same final gravity field improvement. 
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We have also considered the sensitivity of the analysis to the model used for 
the anomaly degree variances, or in effect the potential coeffic ient decay. This 
was done by using Kaula's 10-5/..t2 rule and a new model described in Rapp (1979). 
Our results do not show any significant change when different models are used. 
(For example, at H = 180 km, a 1° accuracy is ± 3. 8 mgals and 8 cm when 
using the best two component model described in Rapp (1979) ) 

Conclusions 

In this paper we have discussed the status and improvement of the 1 ° x 1 ° 

anomaly field of the earth. The current situation is a considerable improvement 
over what existed ten years ago. However, the coverage is still poor in some 
land areas and the information at sea is primarily available from Geos-3 data. 
The average accuracy of the terrestrial data set (excluding altimeter derived 
anomalies) is ± 16 mgals. In the combined data set only 6943 values have standard 
deviations :s: 5 mgals. If we are to improve our gravity field, significant strides 
must be taken. We cannot expect that such strides will be taken through ground 
base measurement systems. Instead we need to look towards space techniques. 

In examining such methods we found there is a possibility of significant 
improvement of our field from a low-low SST miss ion with an accuracy of ± 1 µ m/sec 
for the range rate data, or through gradiometry with a vertical gradient device of 
±0. 01 E accuracy. Then we expect to be able to obtain 1 ° anomalies and undulations 
to an accuracy of about ±3-4 mgals and 7 cm,respectively, . These accuracies make 
a number of assumptions that will need careful consideration in the future. 

The primary analysis method used here is an error propagation procedure. To 
gain confidence in our results, a simulation study should be performed to carry out 
a typical real world Solution. Such simulations are complex and costly. In addition, 
we need to understand better orbit error problems, and problems in the downward 
continuation area. What, for example, is the best way to obt:ain and define anomalies 
and undulations in rugged topographic areas? What are optimum reduction proce
dures to b� used? How can we overcome tb.e apparent instability in least squares 
collocation solutions when very dense data is used? What are the orbit computation 
problems for this highly precise computation? Are global solutions required? 

First steps have been taken to assess the feasibility of a gravity mapping 
mission. Current prospects appear to say that highly accurate data can be obtained. 
Such information will be extremely valuable to geophysicists and to oceanographers, 
as well as geodesists. For example, the precise geoid that will be available from 
such a mission will help solve a number of problems in ocean· circulation, if com
bined with precise altimeter measurement. Clearly we are re·ady for the next sig
nificant advance in the improvement in our knowledge of the earth's gravity field. 

Acknowledgement 

The research described in this report is supported by the National Aeronautics 
and Space Administration, Goddard Space Flight Center, Greenbelt, Maryland, under 
Grant NGR 36-008-161. 

Christopher Jekeli significantly contributed to this work through the derivation 
of a number of important equations and the computer implementation of the algorithms 
described. Very helpful discussions were held with Oscar Colombo and Reiner Rummel. 



445 

References 

Breakwell, John, Satellite Determination of Short Wavelength Gravity Variations, 
The Journal of the Astronautical Sciences, Vol. XXVII, No. 4, Sept-Dec, 1979. 

Douglas, B. c., et al., Determination of the Geopotential from Satellite-to-Satellite 
Tracking Data, NOAA Technical Memorandum, NOS NGS 24, Rockvill, Mary
land, January, 1980. 

Hajela, D. P., Tests for the Recove:zy of 5° Mean Gravity Anomalies in Local Areas 
from ATS-6/Geos-3 Satellite to Satellite Range-Rate Observations, J. Geophys. 
Res., 84, 6884-6890, 1979. 

Kaula, W., The Appropriate Representation of the Gravity Field for Satellite Geodesy, 
in Proceedings of the IV Symposium on Mathematical Geodesy, Triest, 1969. 

Rapp, R. H., The Relationship Between Mean Anomaly Block Sizes and Spherical 
Harmonie Representations, J. Geophys. Res., Vol. 82, No. 33, 5360-5364, 1977. 

Rapp, R. H. , Global Anomaly and Undulation Recovery using Geos-3 Altimeter Data, 
Dept. of Geodetic Science Report No. 285, The Ohio State University, Columbus, 
54 p., 1979. 

Rapp, R. H., Applications of a Dedicated Gravitational Satellite Mission, publication 
of the National Academy of Science, Washington, D. C. (Available from: NASA, 
Applications Directorate, (Code 900), Goddard Space Flight Center, Greenbelt, 
Maryland 20771. 

Rapp, R. H., Potential Coefficient and Anomaly Degree Variance Modelling Revisited, 
Dept. of Geodetic Science Report No. 293, The Ohio State University, Columbus, 
1979. 

Rapp, R., and D. P. Hajela, Accuracy Estimates of 1° x 1° Mean Anomaly Determina
tions from a High-Low SST Mission, Dept. of Geodetic Science Report No. 295, 
The Ohio State University, Columbus, 1979. 

Rummel, R., Determination of Short-Wavelength Components of the Gravity Field 
from Satellite-to-Satellite Tracking or Satellite Gradiometry, manuscripta 
geodaetica, Vol. 4, No. 2, 197-148, 1979. 

Rummel, R., Geoid Heights and Mean Gravity Anomalies from "Low-Low" Satellite
to-Satellite Tracking - An Error Analysis, Dept. of Geodetic Science Report, 
The Ohio State University, Columbus, 1980. 

Vonwn, F. , et al., Determination of 5° x 5° Gravity Anomalies Using Satellite-to� 
Satellite Tracking Between ATS-6 and Apollo, Geophys. J. R. astr. Soc., 
61, 1980. 

Wilcox, L., Bouguer Gravity Anomaly Map of South America, DMAAC Technical 
Paper No. 73-2, St. Louis AFB, Missouri 63118, 1973. 

-----------�---



446 

RESULTS OF AN EXPERIMENT ON BALLOON - TRIANGULATION BE'TWEEN POTSDAM AND DRESDEN 

1 

by 

1 

H. Rehse X 

Summary 

In September 1979 we car�ied out a balloon-triangulation between Potsdai:, and Dres

den. On this occasion obtained observations have been analysed. The results have been 

compared with other methods. 

Zusammenfassung 

Im September 1979 wurde zwischen Potsdam und Dresden eine Ballontriangulation 

durchgeführt. Die hierbei erzielten Beobachtungen wurden ausgewertet und die Ergeb

nisse wurden mit anderen Auswertungen verglichen. 

Balloon-triangulation is a stellar triangulation, basing on the fact, that high 

aims (balloon borne flashes) can be observed photographically by two observation 

stations against the fixed star sky. These sirnultaneous observations define together 

with the observation stations the so-called simultaneous planes. If two of these pla

nes come to a section (see fig. 1), the direktion to the 2nd station (B) can be de

duced in an equatorial coordinate system /1/. Our task was to determine the direction 

Potsdam - Dresden by means of balloon-triangulation. Besides, Doppler-measurements 

were carried out to compare results of both methods. 

In the Central Earth Physics Institute a mobile balloon ascent station and flash 

probes have been developed. '.rhe meteorological balloons wi th flash prob es were started 

at adequate places, and these probes had to produce flashes of light. For light gener

ation, magnesium flash powder /2/ were used which was released radio electrically by 

means of electric bridge igniters. The field works on determination of the direction 

between Potsdam and Dresden were carried out in september 1979. Herzberg was the cen

tral station, and from here the places for starting the meteorological balloons accor

ding to the corresponding altitude winds could be reached in a short time (see fig.2). 

The field station of the Technical University of Dresden in Dresden-Gönnsdorf and the 

Helmert Tower of the Central Earth Physics Institute in Potsdam served as observation 

stations. For the observations an astrograph were used in Dresden and the Automatie 

Camera for Astrogeodesy (SBG) in Potsdam. 

X 

Akademie der Wissenschaften der DDR, Zentralinstitut für Physik der Erde, 

DDR-1500 Potsdam, Telegraphenberg A 17 
Kartengenehmigungsnummer P 326/80 
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Cl>. 

B 

Fig. 1: Principle of balloon-triangulation 

During the observation period 10 balloon ascents were carried out. 8 simultaneous 

plates with 14 simultaneous planes were gained. Photographs were measured by the As

corecord, and by means of fixed points the flash positions were determined by compen
sation with 6 unknowns. The flash positions were corrected by rocket refraction, po
lar motion, daily aberration and centring data. Using the corrected observations the 

hour angle t and declination d were computed by means of the method of least squares:

( 1 ) 

t = 26° 0' 27,89" + 3,16", 

I = -35° 21 • 41,32 11 + 1,95".

with m = + 2,06" , 
0 -

The result cannot be considered statisfactory because of the big mean error. The rea
sons for the big errors can be seen in the fact that on the one hand too little and 
on the other hand only one-sided observations were made. For confirmation of the re
sult we used therefore the little number of observations received for the determi
nation of the direction between Potsdam and Dresden, in 1968 (see fig. 2). Because 
they had been carried out on excentric points, they had to be centred. Including 
these observations the 18 observations totally gave the following results: 

t = 26° 0' 24,60" + 0,89" ' with m
0 

= ± 2,13" , 
( 2) 

cf= -35° 
21 1 39,30" ± 0,58" . 

-
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These results are satisfactory in geodetic respect. The existing deviations between 
both solutions are within the simple mean errors of the result of the observations 
made in 1979 and do not have the character of systemaic errors. For geodesy the azi
muth between two points is more important than the components of direction in the 
equatorial system. Therefore the azimuth and its mean error were calculated from the 
direction angles: 

(J) Az = 20° 57' 12,91" ± 0,72" •

In November 1978 and in �arch 1979 Doppler measurements were carried out at the
same stations in Potsdam and Dresden /3/. Comparison of the results of both methods 
cannot be carried out immediately, because both methods are based on different coor
dinate systems. For comparison of the results, coordinates of Doppler measurements 
were used with reference to the Potsdam station and then transformed according to 

- 51

0 

into the astronomic system of Potsdam (where.6X -AY -.ö�E 
are the differences of 

coordinates between Potsdam and Dresden in the broadcasting system). 3
1
, 3'

2 
are 

differences between astronomic coordinates and geographic Doppler coordinates. From 
the AX - t,.Y - AZ - data, the direction angles in the equatorial system were calcula
ted and from that the azimuth inclusively its error. The result of these calculations 
is 

(5) AzD = 20° 57' 14,83" ± 4,2311 

Conparision of calculated azimuths according to balloon-triangulation and to the 
Doppler measuren:ent and their mean errors shows that the azimuth determined by bal
loon - triangulation was determined for nearly an order of magnitude more accurate 
and that the difference of the azimuths which is 1,92 11 is within the simple mean 
error of the Doppler azimuth. 
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Error Analysis of "Low-Low" Satellite-to-Satellite Tracking 

Reiner Rummel 

Bayerische Kommission für die Internationale Erdmessung, 

Bayerische Akademie der Wissenschaften 

München 

A b s t r a C t : 

An err6r analysis for the estimation of surface geoid heights, 
geoid height differences, and 1° x 1° mean gravity anomalies 
from an SST experiment in the low-low mode is presented. The 
employed method is least squares collocation. The error esti
mates are analyzed in their dependence of the measurement pre
cision, the spatial configuration of the two satellites, the 
intersatellite distance, and the experiment altitude. In an 
optimal situation - range rate precision ± 10-6 m s-1, inter
satellite distance 250 km, experiment altitude 200 km - an a 
posteriori std.dev. of ± 0.9 m for geoid heights, ± 0.7 m for 
geoid height differences (distance 150 km), and ± 6 to 7 mgal 
for 1° x 1° mean gravity anomalies is feasible. Thereby short 
wavelength uncertainties in the orbit have to be controlled 
down to 1 cm in radial direction, whereas for long wavelength 
effects 10 m should not be exceeded. 

Further improvement could be obtained if the solution of the 
large and unstable system of linear equations could be a
voided. Since in SST a globally very dense pattern of obser
vations is available it is proposed to construct a stabilized 
operator valid for globally and continuously given data with 
variance 05 on which a discrete approximation by numerical 
integration could be based. 



451 

Z u s a m m e n f a s s u n g : 

Unter Anwendung von Least-Squares Kollokation wurde eine 
Fehleranalyse für die Schätzung von Geoidhöhen, Geoidhöhen
unterschieden und 1° -x 1° mittlere Schwereanomalien aus 
Satellite-to-Satellite Tracking (SST) im "low-low'' Modus 
durchgeführt. Untersucht wurde die Abhängigkeit der Schät
zungen von der Beobachtungsgenauigkeit, der räumlichen An
ordnung der beiden Satelliten, vom Abstand zwischen den 
Satelliten und von der Höhe, in der das Experiment durch
geführt wird. Unter optimalen Bedingungen - Beobachtungs
genauigkeit ± 10-6 m s-1 , Satellitenabstand 250 km, Höhe
des erdnahen Satelliten 200 km - wäre eine a posteriori 
Standardabweichung von ± 0.9 m für Punktgeoidhöhen, 
± 0.7 m für Geoidhöhenunterschiede und von ± 6 bis 7 mgal 
für 1° x 1° Schwereanomalien erreichbar. Der Einfluß hoch
frequenter Bahnstörungen muß dabei unter 1 cm in Radial
richtung bleiben, während für langwellige Störungen 10 m 
nicht überschritten werden dürfen. 

Eine weitere Verbesserung der Schätzergebnisse wäre möglich, 
gelänge es die notwendige Auflösung des großen und instabi
len, linearen Gleichungssystems zu umgehen. Da SST Beobach
tungen global und in sehr dichter Anordnung liefert, könnte 
man einen für eine globale, kontinuierliche Beobachtungs
belegung mit Varianz a� gültigen stabilisierten Operator 
ableiten, der die Grundlage für eine Näherunglösung über 
numerische Integration aus diskretem Beobachtungsmaterial 
liefert. 

-
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In the near future a considerable improvement of our current 

knowledge about the detailed structure of the earth's gravity 

field is expected from satellite-to-satellite tracking (SST) 

in the low-low mode, as expressed e.g. in (Geodesy: Trends &

Prospeats, 1978) or (Hieber & Guyenne, 1978). Possible candi
date missions with very different characteristics are for in

stance the GRAVSAT project (Appliaations of a Dediaated Grav

itational Satellite Mission, 1979), the SLALOM experiment 

(ESA, 1978), or the DIDEX experiment (Drozyner, 1978).

Existing simulation studies or error analyses produced results 

that were partly in disagreement with each other or not com
parable at all, mainly due to the employment of different 

error measures or different mathematical models, e.g. flat 

earth approximation, finite models restricted to a limited 

area. As a result the panel on gravity field & sea level re

quirements of the committee on geodesy, National Academy of 

Sciences, U.S.A., (Appliaations of a Dediaated Gravitational

SateZZite Mission, 1979), compiled a catalogue of open ques

tions to be answered in future studies and tried to define 

the user requirements for geodetic, geophysical, and oceano

graphic applications. 

The goal of this paper is to summarize the results of an 

error analysis for an application of low-low SST for the es

timation of surface 1
° x 1

° mean gravity anomalies, geoid 

heights, and geoid height differences. Details are described 

in (Rummel, 1980).

Mathematiaal Model and Error Analysis Results

The applied mathematical model for the range rate p between 

two satellites at s
1 

and s
2 

is: 

(1) 

where �
12 = t<s

2
) - �(S

1
), is the velocity difference between

the two satellites and � 12 = p-1
� 12, the unit vector pointing
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from s1 (with position vector �1) to s2, and p is the inter
satellite distance. When using the least-squares collocation 

method for the gravity parameter estimation the underlying 

model of the gravity field comes because of its global and 
continuous cha�acter closest to physical reality. Uniqueness 

of the estimates is thereby achieved by a least squares so
lution with minimum norm in a Hilbert space with reproducing 

kernel. But, as shown in the study by (Krynski, 1978), the 
incorporation of time dependent quantities such as the po

sition or velocity of satellites into the collocation model 

is a rather complex problem. Thus, instead of working with 

range rates we will analyze range rate changes, p, (line of 

sight accelerations) which are assumed to be derived from 
the observed range rates by numerical differentiation: 

.. 

p(S1' S2) = �12
. 

�12 + t12
. 

�12 ( 2) 

An evaluation of the average magnitude of the second term on 

the right hand side from degree 2 to 00 gives approximately 

0.24 • 10-10 m s-2 = 0.24 · 10-5 mgal {for R, = 19 to 00 : 

0.02 • 10-5 mgal) as compared to = 1.50 mgal (1.08 mgal) for

the first term. For a range rate change precision 0.2 mgal, 
-5 -1 or a range rate precision of 10 m s  , respectively, the

second term can therefore easily be neglected. For a moment 
the true orbit is assumed to be known. Then the observation 
model for gravity parameter estimation becomes 

where i 
.. c 

R. = .. c(S S ) 
a grad T12

Q 1' 2 + �12 . � � + E , (3)

vector of "observed" range rate changes, 
range rate changes, computed from a chosen 
reference field, 

gradT12 =gradT(S2) - gradT(S1) = ox12 

difference of the gradient of the disturbing 
potential at s

1 
and s

2 
(öx12 

... residual
acceleration difference) 

� parameters of the residual gravity field (e.g. 

geoid heights, gravity anomalies referring to 

the chosen reference field). 

p 

-
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E vector containing the measurement noise and the 

terms of second and higher order of the series 
expansion. 

With r = R- = A 

the estimation model becomes: 

( 4) 

A separate sensitivity study for the orbit requirement shows 

that unmodelled short-wavelength orbit uncertainties, espe
cially due to drag effects, have to be controlled down to 
1 cm in radial and to 1. 5 m in along and cross track d'irec
tion, whereas unmodelled long-wavelength effects, e.g. due to 
tracking station uncertainties should only not exceed 10 m, 
independent of the direction. 

With the a priori model for the variance-covariance matrix of 
the observations D = cr 2 I(cr 2 variance of the observations,- o- 0 
;!; ••• identity matrix), and gß the second-order moment ("co-
variance matrix", reproducing kernel model) the best linear 
estimate of 

becomes: 

or with 

form: 

min<llr - �Qßll�-1 + ll�ll�-1) 
-ß 

" 

cß =

C A
T

= -ß-

C A
T

(AC A
T 

-ß --ß-

cß .. and 
- p 

+ cr 2 I)
-1ro- -

AC A
T

--ß-
= 

o"A = cß .. (c .. + cr 2 I)-1r� - p -p o- -

c .. in 
-p 

Finally we denote 

L = cß .. (C .. + cr 2 I)-1
- - p -p 0 

the linear estimator. 

a more familiar 

( 5) 

( 6 ) 

a grad T12 
.. c(S S2) and ~12 • ~ - Q 1' 
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In our error analysis the a posteriori variance-covariance 

matrix gß of the gravity parameters is computed from the a

priori model for � and gß. The results represent the error

situation to be expected from a real world experiment, gß

is computed for a variety of observation noise levels cr
0 

and arrangements of the sample points. 

It is 

gß = E{[öJ 2 -1 T = c
8 

- c
8 

.. <c .. + cr I) es·· . (7)
- - p -p o- - p 

This form can be rewritten to 

( 8) 

where B = ( b,6 - ! ) . 

In equation (8), the first term represents the configuration 

inadequacy, the second term more or less the pure error pro

pagation. Thus, the two terms provide information on what 

could be gained from an improved configuration of the sam

pling points and, separately, from an improved instrumentation. 

The error analysis was performed for surface 1
° 

x 1
° 

mean

gravity anomai�es, point geoid heights, and geoid height 

differenaes. The covariance elements needed in equation (7) 

were supplied by the subroutine C0VAX with degree variance 

model 2, (Tsaherning, 1976). The 74 sample points, covering 

an area of [Ai0° SAS 5° ) and [�11° S � S 9° ), were located 

along a circular orbit with inclination 68
° and period 5301 s 

at an altitude of 200 km (and 150 km, 250 km, 300 km) with a 

sample rate of 20 s for a mission period of 50 days. All com

putations refer to a reference field up to degree i = 12, 

assumed to be known perfectly. Analyzed was the variation of 

the a posteriori std.dev. as a function of the a priori range 

rate change (or range rate) precision for 

- radial, along and cross track variation of the two satellites,

- changing intersatellite distance,

- different experiment altitudes, and
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- a variation of the location of the gravity parameters with

respect to the pattern of sample points.
Table 1 summarizes the results for the estimation of 1° 

x 1°

mean gravity anomalies. The assumed a priori range rate change 
or range rate precisions correspond to The envisaged instru

mentation precisions for SLALOM (cr(p) = 10-5m s-1) and
GRAVSAT ( cr( p) = 10-6 m s  -l). From Table 1 one concludes, that

- a radial separation of the two satellites yields better re
sults than a along or cross track separation,

- the intersatellite distance should be comparably large,

- the experiment altitude should be as low as possible (but:
experiment life time; necessity of a drag free system ).

cr ( P) = + 0.22 mgal cr ( P) = + 0.031 mgal
-

-

" 

10-5m s -1) 10-6ms -1) a(i�g) (cr(p)= + (a(p)= + 
-

mgal mgal 

spatial arrangement 
(altitude: 200 km; separation: 250 km) 

cross track 14.5 13.0 

along track 11. 7 9.9 

radial 9 .1 6.8 

intersate l lite distance 
(altitude: 200 km; radial separation) 

10 km 13.7 8. 3

50 km 9.7 7.0

250 km 9.1 6 .8

experiment alti tude 
(radial separation: 50 km) 

300 km 14.0 10.5 

250 km 12.2 8. 8

150 km 7.4 5.4 

location of the anomaly 
( alti tude: 200 km; radial separation: 250 km) 

arbitrary 10.2 8.6 

optimal 9.1 6 . 8 

Table 1: Estimated 1° 
x 1° mean gravity anomaly standard deviation 
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In an optimal case it seems to be possible to derive 1
° 

x 1
° mean

gravi ty anomalies wi th a std. dev. of ±. 6 to 7 mgal from a 

SST low-low experiment at 200 km altitude. The better result 

obtained for a radial separation, as compared to a along or 

cross track separation is only due to the shorter correlation 

length for radial separation. The difference would disappear 

when using sample points for the along and cross track study 

covering a sufficiently large area. In all cases the correla

tion between the estimates of different blocks was almest 

negligible. 

The a posteriori variance for a geoid height difference öN 

between two points P
1 

and P2 is derived from the variances

and covariances of the point estimates by: 

Equation (9) shows that only for high correlations between 

the point estimates low variances for the geoid height 

differences are to be expected. This is the reason that for 

points located along the direction of the Separation of the 

two satellites, either along or cross track, especially good 

geoid height difference estimates are obtained. Otherwise 

the results for geoid heights but also for geoid height 

differences follow the same pattern as those for mean grav

ity anomalies. An exception is the variation with experiment 

altitude, where the picture looks rather heterogeneous. 

Again the comparably small area (5
° 

x s
0

) covered with sample

points is responsible. The coverage with data has to be con

siderably larger for the estimation of geoid heights than for 

gravity anomalies. 

Some results for the a posteriori std.dev. of a point geoid 

height (point no. 1) and for geoid height differences bet

ween points no. 1 and 2 (distance: 151 km) and points no. 1 

and 3 (distance: 302 km) for two different intersatellite 

distances are given in Table 2. The a priori measurement 

std.dev. are identical to those in Table 1. 

-
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= + = + a(p) altitude 200 km -

0.22 mgal a(p) 0.031 mgal 
-

radial separation (a(p)= + 10-5 m s-1) (a(p)= + 10-6 m s  -l)
- -

m m 

a{N(P1)}

10 km 1. 7 3 1. 3 3

250 km 0.97 0.87

a{öN(P2 
- P1)}

10 km 1. 44 0.93 

250 km 0. 89 0.72 

a{öN(P3
- P1)}

10 km 1. 77 1. 2 8 

250 km 1.08 0.93 

Table 2: Estimated geoid height and geoid height difference 
standard deviations 

From the derived numbers we conclude that for point geoid 
heights a std.dev. of � 0.9 m, for geoid height differences 
over 150 km + 0.7 m are attainable. Thus, SST low-low with 
a range rate-precision of about 10-6 m s-1 at 200 km altitude
and with the above described configuration should be capable 
of providing results for geoid heights and mean gravity anom
alies comparabl� in accuracy and resolution with those ob
tained for the sea-surface topography from the GE0S-3 satel
lite. 

Alternative Estimation Procedure 

Figure 1 shows the variation of the estimated a posteriori 
std.dev. of a 1° x 1° mean gravity anomaly with changing ex
periment altitude as a function of the a priori measurement 
std.dev .. Also contained is the contribution of k�1T, equa
tion (8), and the optimum lower bound, which is derived an
alytically for an assumed global and continuous coverage 
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___ ....
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lower bound 
0 �----�-,--�-::.:::----r---r-r-r---.--r--r--r-1

0.001 0.01 a ((i) 0.1 1.0 x 10- 5 ms - 2

0.1 a(q) 1.0 10.0 x 10-6 ms-1

Figure 1: Variation of the estimated a posteriori std.dev. 
of a 1° x 1° mean gravity anomaly with changing 
experiment altitude (radial separation 50 km), 
contribution of al LLT and theoretical lower 
bound (for 200 km). --
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with measurements at an altitude of 200 km. We see that the 

.contribution from 1,2!:, T ( "pure error propagation") comes 

rather close to the lower bound and that the major part of 

the total error has to be attributed to a non-optimal con

figuration. In other words, the linear operator !:, derived 

from the least-squares minimum-norm solution is no perfect 

inverse to the linear model represented by A. The dilemma 

comes from the fact that in order to allow at all the com

putation of �, equation (6), from the given unstable system 

of linear equations, only a very limited number of observa

tions can be used. 

Thus, an alternative estimation procedure would on one hand· 
have to be based on an equally physically adequate model as 
the model implied by the least-squares collocation solution 
and on the other hand be able to extract the information 
contained in the tremendous amount of densly sampled data 
available in SST. The idea is to construct a stabilized in
verse operator (with the properties of existence, unique

ness, and stability) valid for a continuous data coverage 
in satellite altitude with measurement variance a 2 , and to 

0 

base on this operator a finite approximation from the dis-
crete but very densly spaced data. 

The spectral relation of a spherical harmonic coefficient, 
gtm' of degree t and order m, e.g. of the gravity ahomaly 
field at the earth's surface to the corresponding coeffi

cient ö�m of the radial component of the gravity gradient 
in satellite altitude is: 

with r81 
... geocentric distance of the satellite at s1, and

rp •·· geocentric distance of the surface point P. The spec

tral relation to an acceleration difference coefficient, 

6ö�m' of two radially separated satellites is then: 

( rs rs 
gtm = 

(1 -
rs

2
)

t+2)-1
( r:)t+ 2 

1 

= At6öim 
(10)



According to the derivations in (GerstZ & RummeZ, 1979) the 
kernel function, K(P, S ) , of the stabilized operator may 

with equation (10) be expresse? as: 

461 

(11) 

where yim are surface spherical harmonics and the filter

coefficients f1 are

with 2 
00

Ci 
2 

0o -1

,-2 i+2 )

/\i cis

a priori varian€e of the measurem�nts, 

chosen anomaly degree variance model, and 

(12) 

s = 

rBje
2rp

square ratio of the radius of the Bjerhammar 
sphere to the geocentric distance of the sur
face point P. 

Equation (11 ) allows the construction of a table for the sta

bilized kernel function - summation limited to i = i - formax 
densly spaced spherical distances � between P and Q. Thus, 
the estimation of gravity parameters at the surface of the 

earth from discrete satellite observations such as range rate 

changes of two radially separated satellites would consist of 
the following steps: 

- Construction of a minimum
weight triangulation between
all satellite observation
points, with a procedure de

veloped in (Gerstl et aZ.,

1979).

- Computation of area weights
for each observation: Since
each triangle belongs to

three points, see Figure 2,
the area, f., for an arbi-l 
trary point S. is derivedl 
from

1 2fi = 3 r8_ arc tan �K-
l J J Figure 2 

2 

fR, = (1 + ----
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where K. are the angles of the polygon around Si.

Evaluatlon of the kernel function K(P, S) for the esti

mation point Pk and observation point Si, multiplication

with f. and, finally, summation over all observation points: 
J_ 

(13) 

= 'i!, r 

The a posteriori variance-covariance matrix, equations (7) 

and (8), is modified to 

or (14) 

(15) 

with B = (;& t - I). Now, the first term on the right hand side 

of equation (152 gives the contribution of the finite approxi

mation of � by �. Equation ( 14) shows that no problematic so

lution of a large system of linear equations is required any

more for the evaluation of f
8

. Of course, one has to pay a

price: The possibility of combining different types of ob

served quantities is not easily possible anymore. Neverthe

less, the alternative procedure should be capable to circum

vent the major numerical obstacles which prevent to extract 

all physical information contained in the large amount of 

observations of an SST low-low experiment. 
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THE INVERSE GRAVIMETRIC PROBLEM FOR THE EARTH 

llatej Skorvanek 

Introduction 
------------------

In the work (1] we were interested in inverse gravimetric 

problem for the density dietribution in the Earth; by the help 

of some functional of the density. We demanded, that the den

si ty p< r) in sphere V , which is bounded by surface So • mi

nimized the functional 

K # ; ff/lvpml d�

at determined value of potential on the surfece 

U<s) =-

and boundary conditions 

U<r> = 

f(P) 

4, (f)

= fofr) , 

re So, 
Fe �c 

Then for tbe variation of functional /1/ must be 

for potential 

and for deneity 

Jk= 0,

cfUrr> ; 0 ,

The equation for the denai ty /(r) ie

/1/ 

/2/ 

/3/ 

/4/ 

/5/ 

/6/ 

/7/ 

Geophyeical Institute of Slovak Acade� of Sciences, Dubravek, 
ceata, 899 30 Bratislava 

V 
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JJJrJ�> + ae�;�5.�d� }JprrJd� = 0, 
V J .So 

/8/ 

where ).(s) is Lagrange 's mul tiplicator. 

The solution of' equation /8/ ia 

i. o. biharmonical

t1t1f ff> � 0 ; FE � 

equation. When we define 

G'(. - 1J f<r') d3 I 1 (r) = - 4r. � -,r= - F'I r

/9/ 

operator G in form· 

/10/ 

where frr) is arbitrary f'unction which is suff'iciently differen-

tioble in sphere V, we can the solution of' equation /9/ writte 

in form 

/11/ 

where � (r)
1 
l1z_(r} are arbi trary harmonical functions in V , which 

we determine f'rom boundary conditions /3/ and /4/. 

In this case we used the equation /11/. The harmonical 

H1 (r) end Ha (r) are given in the form ctione 

f'un-

f- {- e, � r)e n''ttt' im 'f 
ll;<FJ = b- fu A; fr t;(cos,N e , /12/

t,111,

where Ai , i = 1,2 are unknown coefficients, which will be deter-

mined from boundary coriditione /3/, /4/. After calculations, 

tne solution of' inverse gravimetric problem f'or spherical body 

wi th radius R in case that we know i ts densi ty on the surface 

end its �avitational f'ield has the form 

V 
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;r r J =-; E t xt ( f, - t, x 2 )( � .. cos mlf' + te,,,.sinm lf) f ;os-.9o) -

� t � 

+ ; ß 2. L <� t,. X tt-x2.) m, ... cosm 'f + fi,, .,si11 m f )N,.,,.Jl (cos-&.))
. 

/13/ 

r _ [ (t-m)/1 11.z. whcre X=-;[" 1 �-= 2t+t", �"" -,,,,,,e,(e•nn.)! ) C,n = 2-cf,,,,,O'

,Ps is the mean density of spherical body, 

0. ~
l, 111,, J '--t, '1'fl, 

face, 

Cl,1'1#) St,� 

- coef'f'icients in

- coefficiente in

expansion of' the density on the sur-

expaneion of' the gravitational f'ield. 

The solution /13/ was applied for the calculation of' the den

sity distribution in the Earth. The valuee of' the density on the 

Earth's surf'ace were f'or the continental crust f = 2700 kgm-J

and f'or the oceanical cruet f = 3000 kgm-3• The data of' Earth

gravitational f'ield were taken from [3]. The resulte f'or selected 

distances from centre of the Earth are in table 1. /where .Ä - geo

graphical longi tude, 'f - geographical lati tude end f ie given 

in kgm-J/.

When we assume, that we do not know the density of' spherical 

body on the surf'ace• we cannot apply tbe boundary condition /4/. 

Therefore in thie case we applied tbe condition f'or the minimum 

of f'unctional [1,2] 

The variation ref'ere 

J = ; ff[ { rpmJ2d.,_. {14/ 
V t,"" .f,.,,., 

to tbe coeff'iciente A, , A
1 

in harmonical 

functions /12/ in equation /11/. The solution in the case, that 



r[ k::-;J � -150° -120° -900 

-600 -30° 

JOO 900 9407 9407 9407 9407 9407 

60° 9401 9401 9403 9405 9408 

JOO 9394 9395 9398 9402 9406 

00 
9388 9390 9393 93� 9402 

-30° 9385 9386 9389 9393 9396 

-6
00 9384 9385 9386 9388 9391 

-900 9387 9387 9387 9387 9387 
.. 

3300 900 7665 7665 7665 7665 7665 
60° 7640 7680 7705 7686 7669 
30° 7601 7664 7728 7690 7671 

, 0
0 7596 7618 7686 7738 7688 

-30° 7575 7581 7626 7688 7639 

-6
00 7562 7566 7583 7594 7584 

-900 7603 7603 7603 7603 7603 
. 

6300 900 3104 3104 3104 3104 3104 
60° 3017 2855 2878 2895 3109 
30° 3142 3079 2893 3116 3138 

0
0 

314) 3164 3137 2887 3095
-30° 3144 3156 3148 2901 3145 

-6
00 3139 3136 )129 3079 3136 

-900 2897 2897 2897 2897 2897 

00 30° 60° 900 

9407 9407 9407 9407 
9410 9410 9410 9408 

9409 9410 9409 9407 
9405 9406 9405 9402 

9399 9400 9399 9�96-
9392 9392 9392 9390 
9387 9381 9387 9387 

7665 7665 7665 7665 

7700 7738 7754 7752 
7761 7800 7791 7780 

7735 7784 7705 7697 
7637 7670 7617 7611 
7579 7580 7575 7575 
7603 7603 7603 760)

3104 3104 3104 3104 
2950 2881 2876 2872 
2886 2880 2888 2887 
3012 2892 3142 3131 
3139 2965 3143 3142 

3133 3134 3132 3134 

2897 2897 2897 2897 

Table l. 

120° 150° 

9407 9407 
9406 9403 
9403 93S8 

93� 9393 
9j93 9389 

9y,_,a- 9386 

9387 9387 

7665 7665 

7726 7676 

7744 7648 

7742 7671 

7664 7650 

7581 7580 

7603 7603 

3104 3104 

2877 2900 

2951 3134 
2904 3079 
)019 3025 

3136 3134 

2897 2897 

180° 

9407 
9401 

9395 

9389 

9386 

9385 

9387 

7665 

7637 

7597 

7605 
7592 

7569 

7603 

3104 

3018 
3142 

3134 

3138 

3133 

2897 � 
°'

-.:i
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we know only the gravitational :field of spherical body, has 

the :form 

where X=-L · 
R 

The results :for selected distances from centre o:f the Earth

are in table 2. 

By analogical method which we applied in the case o:f spheri

cal body, we proceeded :for rotation ellipsoid. Because the va

luc o:f the Earth 's :flattening c = 1/298.256 [3] is very small, 

we took only the :first approximation with respect to c • But 

in· this case inatead o:f operator G in /10/ we must tak:e ope

rator G1 , which has the form 

where 

V - ephere which 

Vo - ephere which 

:1' _ ,, ((( /r;:,J 3

6/(r) == - 4K ))} iF- F'/ d r', 

GaßrJ 
=- .i_J; frr'J cl', 

� Ir - F'I r 1 

is bounded by spherical surface with 

is boundecl by spherical surface with 

/16/ 

radius R 

radius R

and by the aur:face o:f rotation ellipsoid with equator ra-

, 

f<F)= 

V 

--



r(km]
� -150° -120° -900 

-6
00 

300 900 11923 11923 11923 11923 
60

° 11923 11923 11923 11923 

30° 
11924 11924 11924 11924 

0
0 11924 11924 11924 11924 

-30° 11924 11924 11924 11924 

-6
00 11923 11923 11923 11923 

-900 11923 11923 11923 11923 

3300 900 9035 9035 9035 9035 
60° 9048 9048 9048 9048 
30° 9073 9073 9073 9073 
00 9006 9006 9006 9086 

-30° 

9073 9073 9073 9073 

-6
00 9048 9048 9048 9048 

-90° 9035 9035 9035 9035 

6300 900 1412 1412 1412 1412 
60° 1429 1429 1426 1427 
30° 1452 1472 1466 1445 
00 1457 1500 1499 1457 

-30° 1450 1477 1475 1453 

-6
00 

1429 1429 1427 1428 
-900 1411 1411 1411 1411 

-30° 00 30° 60° 900 

11923 119'23 11923 11923 11923 
11923 11923 11923 11923 11923 
11924 11924 11924 11924 11924 

11924 11924 11924 11924 11924 

11924 11924 11924 11924 11924 

11923 11923 11923 11923 11923 

11923 11923 11923 11923 11923 

9()35 9035 9035 9035 9035 

9048 9048 9048 9048 9048 

9073 9073 9073 9073 9073 
9086 9036 9C86 9J86 9006 

9073 9073 9073 9073 9071 

9048 9048 9048 9048 9048 

· 9035 9035 9035 9035 9035

1412 1412 1412 1412 1412 

1430 1427 1429 1428 1426 

1468 1461 1465 1470 1464 
1503 1480 1482 1495 1476 

1477 1465 1461 1463 1456 

1431 1427 1430 142) 1428

1411 1411 1411 1411 1411 

Table 2. 

120° 150° 

11923 11923 
11923 11923 
11924 11924 

11924 11924 

11924 11924 

11923 11923 
11923 11923 

9035 9035 
-

9048 9048 
9073 9073 

9086 9006 

9073 907J
9048 9048 
9035 9035 

1412 1412 

1427 1429 

1469 1456 

1487 1472 

1462 1468 

1431 1427 

1411 1411 

180° 

11923 
11923 
11924 

11924 

11924 

11923 

11923 

9035 

9043 
9073 
9086 

�073 

9048 
9035 

1412 

1429 

1453 

1446 

1451 

1426 

1411 -i=>-
0'\ 
\.0 

,, 
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dius R. and polar radius (1-e) 'R. • The :function f (r) is de-

:fined as in /10/. 

Vle assumed in this case, that we did not know the density on the 

aurface of rotation ellipsoid. Therefore we uaed the condition 

/14/ and by analogical way we obtained the solution of inverse 

gravimetric problen for the rotation ellipsoid in the caae, that 

we know only ite gravitational field 

where 

A.e = t/- 19f_,2" + 106 l., + f52 1
� • t.,3 + S"l',2 +22"-, -1-eo ,

.B.e =-t/ + 22-e,Z + 1361:, + 14-4, 

E� 2 �
3+ 6'/;2 + 4.ot., .,. g�, 

X:. .....

� . 



r[1:m] �
-150° -120° 

-900 

-600 -30° 00 

300 900 11963 11.963 11963 11963 11963 11963 
60° 11963 11963 11963 11963 11963 11963 
30° 11964 11964 11964 11964 11964 11964 

0
0 11964 11964 11964 11954 11964 11964 

-30° 11964 11964 11964 11964 11964 11964 

-6
0

0 11963 11963 1196) 11963 11963 11963 
-900 1196) 1196) 1196) 11963 11963 11963 

3300 900 9069 9069 9069 9069 9069 9069 
60° 9079 9079 9079 9079 9079 9079 
30° 

9100 9100 9100 9100 9100 9100 
0

0 9110 9110 9110 9110 9110 9110 
-30° 9100 9100 9100 9100 9100 9100 
-600 9079 9079 9079 9079 9079 9079 
-90° !:X>68 9068 9068 9068 9068 9068 

6300 900 1465 1465 1465 1465 1465 1465 
60° 

1462 1462 1459 1461 146) 1460
30° 1450 1472 1465 1443 1467 1460 
00 

1436 1492 1482 1436 1486 1462 
-30

°
1448 1476 1475 1451 1477 1464 

-6
0

0 1463 1463 1460 1462 1465 1461 
-900 1459 1459 1459 1459 1459 1459 

30° 60° 90° 

11963 11963 11963 
11963 11963 11963 
11964 11954 ll964 
11964 11964 11964 
11964 11964 11964 
11963 11963 11963 
11963 11963 11963 

9069 S069 9069 
9079 9079 9079 
9100 9100 9100 
9110 9110 9110 
9100 9100 9100 
9079 9079 9079 
!:X>68 9068 9068 

1465 1465 1465 
1462 1462 1459 
1464 1469 1463 
1463 1478 1458 
1460 1462 1455 
1464 1457 1462 
1459 1459 1459 

Table 3. 

120° 150° 

11963 11563 
11963 11953 
11964 11%4 
11964 11964 
11964 11964 
11963 11953 
11963 11953 

9069 9069 
9079 $079 
9100 9100 
9110 9110 
9100 9100 
9079 9079 
9068 S068 

1465 1465 
1460 1462 
1468 1454 
1469 1453 
1461 1468 
1464 1460 
1459 1459 

180° 

11963 
11953 
11964 
11964 
11964 
11963 
11%3 

9069 
9079 
9100 
9110 
9100 
9079 
9068 

1465 
1463 
1452 
1425 
1469 
1459 
1459 

�
-.:i



472 

The resulte in thie caee for eelected distancee from centre 

of the Earth are in table 3. 

Concluaion 
--�---�---

The results of the density diatribution in the Earth in our 

three cases we can consider as satiafactory, especiaily when we 
, 

compare the mean values of the deneity with the Bullen-Haddon s 

model /HBl [4] / of the Earth /table 4., figure 1./. From this 

followe, that the differences between our modele and model HBl 

are due to abov all, that we did not consider the discontinuities 

of the density in the Earth. The diacontinuitiea we did not take

into consideration, aa we did not know aufficiently exactly 

their space distribution and their velues. But if we realize the 

fact, that we did not use et the calculation any equations for 

the description of the structure of the Earth, the resu1ts are 

very interesting from point of view of used method. 
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Table 4• 

r [km] f, (kgm-3]
fo[kgm-3J ß [ kgm-3] f,,�1 [kgm-3

]

0 9412 11947 11�7 12460 

171 9407 11940 11980 12455 

371 9390 11911 11951 12437 

571 9359 11861 11901 12405 

771 9316 11790 11829 12360 

971 9260 11698 11737 12301 

1171. 9192 11585 11623 12229 

1250 9161 11534 11572 .12197 

1371 9110 11451 11488 12130 

1389 9102 11438 11475 12121 

1571 9016 11295 11332 12017 

1771 8909 11118 11154 11887 

1971 8788 10921 10956 11737 

2171 8656 10702 10736 11570 
2371 8510 10462 10494 11383 

2571 8351 10200 10232 11176 
2771 8180 9918 9948 10948 
2971 7996 9614 9644 10697 
3171 7799 9290 9318 10421 
3371 7589 8944 8971 10121 
3493 7454 8722 8748 9927 
3493 7454 8722 8748 5527 
3571 7366 8577 8602 5487 
3771 7130 8189 8213 5387 
3971 6882 7779 7802 5288 
4171 6621 7349 7370 5188 
4371 6347 6897 6917 5007 
4571 6060 6425 6443 4�3 
4771 5760 5931 5947 4877 
4971 5447 5416 5431 4768 
5171 5122 4880 4893 4655 
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r[1ao] 

5371 

5387 

5571 

5721 

5721 

5771 

5871 

5958 

5971 

6021 

6021 

6071 

6171 

6271 

6311 

6356 

6356 

6371 

4784 

4756 

4433 

4161 

4161 

4069 

)882 

3717 

3692 

3596 

3596 

3499 

3302 

3103 

3022 

2931 

2931 

2900 

4322 

4277 

3744 

3296 

3296 

3144 

2837 

2565 

2524 

2365 

2365 

2205 

1882 

1553 

1420 

1269 

1269 

1219 

Table 4. /continued/ 

4334 4538 

4289 4529 

3754 4380 

3305 4200 

3305 4150 

3153 4075 

2845 3925 

2572 3795 

2531 3775 

2372 3700 

2372 3441 

2212 3424 

1887 3387 

1558 3348 

1424 3332 

1273 3313 

1273 2840 

1223 2840 

p1 - the mean density in the Earth, which ie approximated

by spherical body, when we know the density on the

surface and gravitational field,

p
2 

- the mean density in the Earth, which is approximated

by spherical body, when we know only the gravitational 

field, 

p3 - the mean densi ty in the Earth, which is approximated

by rotation ellipsoid, when we know only the gravita

tional f'ield,

f H'/,1 - the densi ty in the Earth from model HBl. 
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Summary 

Requirements for Observations of 

Geostationary Satellites1) 

by 

Klaus-Günter Steinert2) 

Some authors have investigated theoretically the usefulness of photo

graphic observations of geostationary satellites for geodetic purposes. 

Practical observations depend on several conditions. These are the 
geographic position of the observatory, the phase angle of the satellite, 

and its reflecting surface. Last not least are important facts the 

daily motion of a geostationary satellite, and the instrument used. 

Zusammenfassung 

Einige Autoren haben die Nützlichkeit der photographischen Beobachtung 

geostationärer Satelliten für geodätische Zwecke theoretisch untersucht. 

Die praktischen Beobachtungen hängen von mehreren Bedingungen ab. Dies 

sind die geographische Lage der Beobachtungsstation, der Phasenwinkel des 

Satelliten und seine reflektierende Fläche. schließlich sind für eine 

erfolgreiche Aufnahme die tägliche Bewegung des geostationären Satelliten 

und das verwendete Instrument von Bedeutung. 

In some papers of various authors the usefulness of photographic 

observations of geostationary satellites for geodetic purposes was discussed. 
There are different theoretical proposals either to determine the variations 

of the Earth's mass center in two components from observations of the un
stable libration points or in the case of geometric satellite geodesy to 

use Observations of satellite positions for the determination of large 

distances between points at the Earth's surface, for instance by means of 

triangulation chains or long polygen chords [1], [ 2], [6]. 

1 ) Mitteilung des Lohrmann-Observatoriums der Technischen Universität
Dresden Nr. 44 

2) 
Technische Universität Dresden, Sektion Geodäsie und Kartographie 
DDR-8027 Dresden, Mommsenstr. 13 

--------



However there is not in all cases agreement in the theoretical 
results obtained. 
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what concerns praotioal observations of geostationary satellites, there 
B.l!e manyfold experienoes and suooessful results in USSR and other 
countries[ 3] , [4]. For instanoe it is possible to get about 20 geo
stationary satellites at one photo, taken with the large Soviet satellite 
camera VAU [?] , having a field of 5° x 30° [ 5] • 

Besides this it seems useful to add some further investigations dbout 
the practical conditions for the possibilities of observations of geo
stationary satellites. 

Because of the parallax of about ?0 u.nder good darkness conditions near 
the horizon geostationa.l!y satellites reach at least an altitude of 28° 

during passing through the meridian of an observatory having a latitude 
not larger than 55°. 

An other problem, concerning the apparent magnitude of a geostationary 
satellite arises from its phase angle. Supposing that the surface of the 
solar cells of the satellite is always directed towards the su.n, the 
phase angle should be smaller than 30° to obtain the optimum light re
flection from the satellite. Of course mainly the size and the reflecting 
power of the reflecting surface is impo.rtant for the visibili ty of a 
satellite. However in the most cases the observer does not know values 
about these quantities. 

In connection with this problem it should be mentioned, that the 
visibility of a satellite depends also on season. In the neighbourhood 
of the equinoxes C± 3 weeks) it can be in the Earth's shadow, espeoially 
if the phase angle is small. 

ilie most serious difficulty is the usually unkoown orbital motion of 
the geostationary satellite. In principle its apparent orbit in the sk;y 
is similar to a figure 8 during the time of 23 hours 56 minutes. The shape 
of this figure depends on the orbital inclination, on the Earth's local 
gravitational field near the subsatellite point, and other perturbations. 
Running along this apparent figure in the sk;y, the satellite varies his 
velocity. In this way arises a problem in the estimation of the limiting 
magnitude of the telescope used. 

-
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There are very different dates in the literature about the expected 
magnitude of geostationary satellites. From theoretical ealculations 
M.AREK [6] found a mean value of 15 magnitudes. DIXIT and others [3] get 
from observations 10,5m to 12,5m . In the second case the results are 
theoretically better about 0,5m because of the smaller extinction (the 
latitude of the observatory is 12,5°). 

In tbe following table there are estimated some dates for an o�bital 
inclination i = 0,1° under the approximative assumption of a constunt 
velocity of the periodic daily motion of a geostationary satellite. 'E.1.e 
given time of exposition depends on the focal distance of each instrument 
mentioned. This time is limited in such a way, that the star's trail is 
not larger than 35,.um. Under these conditions the limiting magnitude for 
the given exposure time was calculated. The quotient D2/F is a characteristic 
value for the qualification of a telescope for 0bßervations of geo
stationary satellites. The weight p of the position of a geostationa.:cy 
satellite is proportional to the focal length of the telescope. 

Telescope Time of Limiting rl-/F p 

exposition magnitude (cm2/cm) 

2-m-Schmidt 
2 min 16,<fl 45 5,7 

Tautenburg (GDR) 

Baker-Nunn (USA) 14 15,2 51 O,7 

VAU (USSR) 10 15,O 36 1,0 

SBG (GDR) 9 14,4 23 1,1 

400/200if) 4 14,O 8 2,8 

300;15ooX) 5 13,5 6 2,1 

AFU (USSR) 10 13,0 6 1,0 

x) Astrographs VEB Carl Zeiss Jena, Sonnefeld type

First experimental photographs at Tautenburg Schmi.dt (a geostationary
satellite of 14,7m yielded a strong blackening after an exposition of 
5 minutes) and Dresden Astrograph Zeiss 300/1500 confirmed the dates of 
the table above. Beyond this was found out: 

1. There are geostationary satellites (or quasistationary ones),
which may reach the magnitude 6m (an object at two plates of
Dresden astrograph)
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2. The apparent velocity of a geostationa..Ty satellite depends
on its position in the orbit, and may va..Ty quickly, so that
the limiting magnitude for a given exposu.re time varies very
much too.

The problem of timing is not yet solved for telescopes, which are 
no satellite telescopes. 

Determination of positions of geostationary satellites may be 
done by Schlesinger's method of dependences or Turner's method using 
plate constants. 

The accu.racy of determined positions of a geostationary satellite 
depends on the focal distance of the telescope used, on the precision 
of timing, and on the positions of the reference stars used. Because 
there is not yet a timing device at 2-m-Schmidt-telescope and at 
astrographs, the position accu.racy attainable is not investigated 
till now. 

The author thanks Dr. Bör�gen and Dr. Kirsch from Ta.utenbu.rg 
observatory (ZIAP) for taking a series photographs at 2-m-Schmidt, 
and Dr. Losinskij from Astronomical council (Moscow) fo� some 
valua_ble advice. Some results of the present paper were taken from 
the diploma thesis of M. Schmidt, TU Dresden 1980. 
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A Method for the Construction of spheroidal Mass Distributions consistent with 
the harmonic Part of the Earth's Gravity Potential. 

Abstract 

-1)C.C. Tscherning 

by 

and 2)Hans SUnkel 

Approximations to the harmonic part of the gravity potential of the Earth may 

be expressed as a series in external spheroidal harmonics, 

V(u, ß, A) = � 'i!1 A V e (u, 
n=o m=-n nm nrn 

where u, ß, A are "ellipsoidal" coordinates. 

f3, 4). 

Models for the mass dietribution (p) of a spheroidal approximation to the Earth 

may be expressed as a series in internal spheroidal harmonics, contingently mul

tiplied by a function F(u, f3, A), i.e. 

p(u, ß, A) = F( u, f3, A) f "i!1 a vi ( u, ß, � ) •
n=o m=-n nm nm 

us � 
It'shown, that for suitable choice of F(u� ß, �), simple relations between the 

coefficients a and A can be established. This permits t'he construction ofnm nrn 
spheroidal mass distribution models consistent with the known low-degree harmonic 

expansions of the Earths gravity potential. 

In order to construct geophysically realistic mass distributions a generalisa

tion of a procedure due to Mor�tz has been used. First the coefficients A
0 of anm 

spheroidal harmonic expansion of the potential of a geophysically realistic (dis-

continuous) approximation p to the mass distribution of the Earth are computed. 
0 

then computed based on the residual coefficients A1 =A mass distri bution p ,1 is 

A -A0 using F(u,f3,A) = 
nm nm, 

2 2 2  2 nm 
u /( u + E cos ß ) • (This is one of the functions, which

gives a simple relation between 1 1 the coefficients A and the c.oefficients •a of p,1).nm nrn 
E is the excentric •anomaly. The harmonic part of the potential of the densit.y di-

stributionp=p
0➔p,1 will then be equal to V.

·1) Geodaetisk Institut, DK-2920 Charlottenlund, Gamlehave Alle 22.

2) Institute of Physical Geodesy, Technical University at Graz,Steyrergasse -17,
A-8o10 Graz, Austria.

Presented 4 1 th International Symposium "Geodesy and Physics of the Earth", 
Karl-Marx-Stadt, DDR�2-·17, ·1980.

May, 

-
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Rcsults of a numerical example showing the density variations within the 

Earth implied by a set of potential coefficients (GEM'IOB) are given. 

·1. Introduction

Models for the density distribution of the Earth (or another planet) are use

ful in geophysical research e.g. when comparing observed data with the values 

derived from a model with known physical properties. In geodesy such models are 

needed, when constructing approximations to the gravitational potential of the 

Earth, W=V+t, (where V is the potential due to the mass distribution of the Earth 

and t is the rotational potential). The reason for this is the following. 

In order to linearize the functionals relating observed quantities (such as 

gravity values and astronomical latitude and longitude) to W, a certain normal or 

reference potential U is adopted. Approximations to the anomalous potential, T = W-U 

can then be constructed using the linearised functionals and the observation �

malies (gravity anomalies, deflections of the vertical). If information about the 

mass distribution is to be used, U or a reference mass distribution producing U 

must be defined inside the Earth. Also when using statistical models, not the ab

solute density values, but the residuals with respect to a reference model are 

the basic quantities, cf. Tscherning (·1977). 

Up to now only harmonic functions U have been used, for which the mass distri

bution is a multipole distribution at or near the origin, (the Earths gravity cen

ter). Therefore we must now construct reference mass functions, which are geophy

sically realistic volume distributions, and which outside the masses produce the 

adopted U-function. Hence, the main purpose of this paper is to describe techniques 

for the construction of such mass models. 

When working with density anomalies (d) it is permitted to work in spherical 

approximation, i.e. so that the Earth is regarded as a sphere with radius R = 

6?7·1,0 km, The anomalous potential T, produced by these density anomalies, 

T(P) = G J d(Q)/ IIP - Q II dQ 

n 
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may in spherical approximation be expressed as a series in solid spherical 

harmonics outside the surface of the Earth. (0 is the set in �3 inside the 

surface of the Earth, P and Q are points in �3 and Gis the gravitational con

stant). 

Let the point P outside O have spherical coordinates cp = latitude, 

A = longitude and r = distance from the origin. Then 

T(P) 
00 

GM R i i * 
= 1: - (-) 1: P .. (sincp) [c .. cosj>.. + S .. sinj>..], . 2 r r . O lJ lJ lJ l= J= 

( 1. 2) 

where M is the mass of the Earth, P .. are the fully normalized solid spherical 
* lJ 

harmoni cs and C .. and S. . are constants. 
lJ lJ 

When the density anomaly function d is required to fulfil a simple con

dition like 

(1.3) 

where ß is the Laplace-operator, then d can be expressed as a series in inter
-mnal solid spherical harmonics multiplied by r 

d(P) = r-m ..,w_ (!.) i ._,i i'I 
( ) [ .

, • 
.

, J L, 
R 

,:.,. .t' •• sinrn c .. COSJ/\ + s .. SlnJ/\ • l=O J=O lJ .,.. lJ lJ ( 1. 4) 

In this case there is a simple relationship between the coofficients of the 

two series, cf. Tscherning (1974), 

cij
} = 

s .. lJ 

(2i-m+3)(2i+1) 

R3-m. 4TTG

for i > -m, i. e. i generally � O. 

*

C ..lJ 
S ..lJ 

When working with the density distribution p itself, it is no longer 

permitted to work in spherical approximation, but we must work with a spheroidal 
(or ellipsoidal) reference model. Let the Earth be approximated by a spheroid 

with semi-majo� axis a, semi - minor axis b, and hence half focal distance 
2 2 1/2 

E = (a - b ) • We will also introduce spheroidal coordinates, i.e. the point 

r 

\ ( 1.5) 

il 



484 

P will have the coordinates (u,ß,A) where u = the semi-minor axis of the spheroid 

confocal with the reference spheroid and passing through P, ß = the reduced 

latitude and A = the longitude, cf. Heiskanen and Moritz (1967, section 1-19). 

The gravity potential of the Earth, V, can then be approximated by an abbreviated 

series in spheroidal harmonics. 

We will in the following work with both internal and external spheroidal 

harmonics, which we will denote vi (P) and Ve (P), respectively. Thennm nm 

0 � m f n 
vi (P) nm =

{cosmA 
p:(ii)P:(sinß) sinf mfA. -n � m '" 0

{°°smA 0 � m �n 
ve (P) = Q:(ii)P:(sinß) sinf m lA � m '0nm -n 

Here we put Pm = P-m Qm = 
n n n 

-m m Q where Q are the associatedn ' n 

(1.6) 

(1.7) 

Legendre polynomials of the second kind. The "i" appearing within the argument 

of Pm and Qm is the imaginary uni t. 
n n 

We then have 

(1.8) 

where the coefficients A can be determined from one of the standard earthnm 
models like the Smithsonian or Goddard Earth models. These models are expressed 

ar, series in solid spherical harmonics with coefficients C .. and S .. like in 
1.J 1.J 

eq. (1.2). The coefficients A may be computed from these coefficients usingnm 
e.g. Hotine (·1969, eq. (22.59)).

The summation limit N becomes in reality infinite, but the coefficients 

of degree 4, 6 larger than the maximal degree of the sperical harmonic coeffi

cients are very small and can be put equal to zero. 

If we require 

6( f( u, ß ,A ) • p) = 0 

where f(u,ß,A ) � O, we may express p as a modified series in solid sphe

roidal harmonics, 
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'f ·1 "i!1 a vi 

p(P) = 
n=O f(u,ß,A) m=-n nm nm (P) • (·1.10)

Selecting f(u,ß,A) in a suitable way, we then can hope to obtain relationships 

between the coefficients A and a similar to these gi ven in eq. C-1 .5).nm nm 
In the following sections 2-3 we will determine such relationships, by

simply computing the potential of a mass distribution F(u,ß,A) • vi (P),nm 

F(u,S,>..) = ·1/f(u,ß,>..) being a simple function. In section 4 we will describe 

how these relations can be used for the construction of geophysically reali

stic mass distributions, the potential of which will agree with a given set 

of coefficients A , Finally in section 5, we point out some future research nm 
problems. 

2, The potential of vi (u,ß,�) 
lllll 

We will in this section regard the simplest case where F = constant. 

In this case we must compute the potential of a harmonic mass distribution in 

a point Q wi th coordinates ( u' , ß' ,A ') , 

(2.1) 

• cosßdßd>. du

where L = I\P-Q II and (u2+ E2sin2ß)cosßdßdAdu is the volume element. 

Ar.cording to Hoti�e (1969, eq. ( 22.55)) we have 

E 00 u ' u ' ( )-1=i� (2n+1)[Q(i-E) P  (i-E)P (sinß )P sinß n=o n n n n 

+ 2� (-1)m (in-m�;\
2 

Qm(i�E
')pm(i�E)Pm(sinß')Pm(sinß) (2.2) 

m=1 n+m ."/ n n n n 

•cos� (A' -A)],

When evaluating eq. (2.1) we can then take advantage of the known ortho

gonality properties of the Legendre polynomials. We also have 
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1 j 2TT
S

TT/2 2 2 - (P (sinß)) cosßdßdA = 
2n+12'1T O -TT/2 n

2TT
I

TT/c' ., 2 . 
-1-J _ (Pm(,;inl?))' fc�s2�} cos8dßcJA2TT O -TT/,:-' n \s1.n Hll\ 

h'-'1·r- m += ;) in the • .·,st equ:,tion. 

L<'t \W regc1rd the prirt of the intc,p:nind equal to 

?_m
( ) m (t) cco_srM}c 2_

t
2)= -Ex'n q pn Sl.Il!M q ' 

1 
2n+1 

(n+m)! 
(n-m )! 

(2.3) 

u. ,)

(2.5) 

where q = ii and t = sinß. We will express I only using Legendre-polynomials. 

lJRinp; the well-known recursion formulae 

we have 

m i, m m 
(n-m+1 )P ( t) = (2n+1 )t P ( t)-(n+m)P 1 ( t)

Af1 n � 

Pm
(t) = n-m+1 Pm (t)+ �+m P m 

(t)t n 2n+1 n+1 c.n -1 n-1 

t m ( ) = .!!=!!!_ Pm ( t) + n+m-1 Pm ( t)pn-1 t 
2n-1 n 2n-1 n-2 

t Pm 
1(t) = n

2

-m+
3
2 Pm 

2
(t) + n

2

+m+
3
1 Pm(t)n+ _n+ n+ n+ n 

?_m (n-m+1)(n-m+2) m (n-m+1)(n+m+1) m 
tx>n(t) = (2n+1)(2n+3) pn+2

(t) + (2n+1)(2n+ 3) Pn(t) 

n+m)(n-m) m (n+m)(n+m-1) m +
(2n+1 2n-1) Pn(t) + (2n+1)(2n-1) pn-2(t) '

(2.6) 

(2 .7a) 

(2.7b) 

(2.?c) 

(2.8) 

nnd 

( 
)( 



which we will write 

= A Pm 

2(t) + (B+C)Pm(t) + D Pm 

2(t) ,
n+ n n-

hereby defining the quantities A,B,C and D. 

Hence 

{c�sm>.}
SJ.nlM 

Using the orthogonality property and eq. (2.� and (2.4) we get 
\, 
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(2.9) 

(2.10) 

2 ib/E 
Y =-E4n[ (APm

2(q) + DPm

2 (q))Pm(q)dqeQm (q')Pm(t ' )•B'
nm , 

0 
n+ n- n n n q= 

j,ib/E 
m m m m - D P(q)P (q)dq·Q (q')P (t')•D'] q=o n n-2 · n-2 · · n-2 

with A'=B'=D'=1 for m=O, 

B' _ (n-m)I (-1)m {co.sm\ '} A'- (n+m) l sinm\ ' , = 

and 

(n-m+2) ! m 
{ A'}

(n+m+2)! (-1) ��:A, 

i.b/E 
, ,m( ) m m ( m 
1t P q P 2(q)dq .Q 2 q')P (t')•AI 

" n+ n+ n 

, __ 
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Then 

D, (n-m-2) ! (-1 )mfcosmA :J 
= (n+m-2)! \,sinmA 

for m► 0 

Using eq. (A.1.3) we have 

1 ' 

•(B' •Qm(i% )Pm(sinß)-D • Qm 

2(i-E
u )Pm 

2(sinß' ))],
n ..,. n n- n-

(2.11) 

which may be stightly simplified by factorizing out ¾(b2/E 2+1 )=a2/(2E 2). 

Exampl e 1 , IIFO. 

so 

Here A - (n+1)(n+2) n(n-1) -(2n+1)(2n+3), D = (2n+1)(2n-1) , A'=B'=D'=1,

.(ve (u',ß',>.')-Ve (u' ß' >,.'))no n+2,o ' ' 

rin-1) ( . b d b b d b - 2 p / 1id p (iE)-P (i-)- P (i-)(Ve (u' ß' A' )-V (u' ß' A') J (2n-1) n- z1 n n E dz n-2 E no ' 1 n-2,o , , 

ib/E 
y = -E?.. 4n[j A Pm 2(q)Pm(q)dq(B'Qm(q')Pm(t')-A'Qm 2 (q')Pm 2(t')) 

nm q=o n+ n n n n+ n+ 

2 2 
2 4 [ b fE +1 (Pm (. b) d Pm (. b) Pm(. b) d Pm (. b)) A 

ynm = E • TI -2 2n+3) n+2 1E dq n 1E - n 1E dq n+2 1E • 



Exampl e 2 2 
n=O. 

2 H re A- D=O, A' =B' =D' =1, so e -3, 

4na¾ i (Ve (u' ß' >.. ')-V e (u' ß' Ä ')
= 3E oo ' ' 2o ' ' 

This agrees with MacMi�lan (1958, eq. (39. 2 )). 

Example 3
2 

m=O, n=1. 

y 1,o

= - 2 na¾ i (-5 b
2 

-3+15 b
2

2 
+ 3)(Ve

1 -V3
e )

2�E 
E2 E , o , o 

= 

,. The potential of some simple non-harmonic mass-distributions. 
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In section 2 we found that the(harmonic part of the) potential of an 

internal spheroidal harmonic Vi was equal to a linear combination of generallynm 
three external spheroidal harmonics Ve 

2 
, Ve and Ve 

2 
• The reason for

n+
2,m 2nm n- ,m 

this was the occurrence of the factor t = sin ß in eq.( 2 .5) • This factor will 

disappear when we compute the potential of functions 

F/q) 
F(u,ß,>i.) V i (u,ß,>..) - 2 Vi (q,t,>..),

nm (q -t 2 ) nm (3.1) 

---

2 
= _ 2TTa [ .?..:2 (2( . E.) 3 _ 2. · E_ _ ( · E.) (12( · E.) c:. _ 2.) ) 

3 25 2 1 E 2 1 E 1 E 2 1 E 2 

4na2b31. _;.....;;;-= (Ve _ye ) 
5E3 1o 3o 

-
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where we again have put q = ii. 

If we choose F1(q) tobe equal to a polynomial in q, then we may without

difficulty carry out the needed integrations. We may even choose F1(q) tobe

equal to different polynomials in different intervals of q, i.e. F1(q) may be

a discontinuous function. 

In order to carry out the integrations we must first convert the quanti

ties q�m(q) into a linear combination of associated Legendre polynomials: 
n 

From eq. (2.7a) we havA 

Cm( 1 '-1) - n+m 

n 2n-1 

cm (o, .0) = 1, n 

0 and Cm(1 1) = n-m+1
n ' 2n+1 

(3.2) 

• (3.3) 

Then we get the following recursion formulae for the determination of the coeffi

cients 

Cm(k ) n+j-m + Cm(k-1 ·+1)n+j+m+1 = n -1,j-1 2(n+j)-1 n ,J 2(n+j)+3

(We must put c:(k, j) = 0 for I j l > k). 

I 
i E ciq we then have

i=O 

I 
� 

i=O 

I 
E i Pm( )= Ci q n q 

i=O 

i 
C. E

1 .  

J=-i 
C

n
m (i, j)P

m 

.(q) ' n+J 

(3.4) 

(3.5) 

For F/q) = 

= 



which we will write as 

= E 
j=-1 

c� Pm ,(q) 
J n+J 

which also will define the constants c� •
J 

We then have 

b 2TT TT/2 

Y (u' ß' >.. ')=\ ! 
J
; F1(q)Vnm

i (u,ß,>..)/Lcosßdßdhdunm ' ' J J ,, u=o >. =o ß=-TT1 2 

q7ib/E I
=-E24n[ j E c� Pm .(q)Pm (q)dq]Qm (q' )Pm ( t 1) •B' 

q=o j=-I J n+J n n n 

= B Ve (u' ß' >..') nm nm ' ' 

ib/E I 
W•here B 4nE� (n-m)l (-1)m E nm = -

(n+m) 1 c� j. Pm .(q)Pm (q)dq J n+J n j=-I q=o 
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(3.6) 

(3.7) 

In a similar way we can handle functions F(u,ß,>..), which are polynomials 
. d t (0 . 2 2 E2 . 2ß) 1n q an , r in r = u - sin • 

The potential Y of a function F(u,ß,>.)Vi (u, ß ,>..) will be a linearnm nm 
combination of external solid harmonics 

Y (u' ß' >..') = 
nm 

' ' E Bk Ve ( u' ß' >.. ' ) 
nm km ' ' 

ktJ 

(3.8) 

where J is a suitable index-set (equal to n+2, n and n-2 when Fis equal to a 

constant as used in section 2). 

I 

-
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4. Construction of mass distributions.

Let us suppose that the external potential is given by eq.(1.8) or

equivalently by a set of coefficients GMA , n"- N •
nm 

If we require the density distribution to fulfil the condition (1.9)

with F(u,ß,A) equal to a polynomial in q = ii and t = sinß in each interval

· O M ' u O and u.. = b then eq. (3.8) isu
j 

<.. u �u
j
+1 , J = ' •. , , u

j 
- u

j+1 , o = .l"l 

valid. For the density distribution given by 

p ( u, ß ,). ) =� n=o 
t1 a F(u,ß,>..)v

i (u,ß,>..) ,
m=-n nm nm 

( 4.1) 

we must then have the relationship 

I: Bj a = GM o A • 
n E: J nm nm Jm 

(4.2) 

For a given set of coefficients it will only in a few cases be pos

sible to solve the set of linear equations (4.2).

If the coefficients, B1m' which can not be solved for, are very large,

one may artificially adopt some very small potential coefficients A , and nm 
then solve the equations. Or, using an eli�ination method, one may start with 

the high order and degree terms, ending up with a mass distribution p_
1 

and 

some residuals A0 for the low degree terms ! These residuals can then be usednm 
for the computation of a mass distribution p , using one of the functions F, 

0 

which gives a one to one correspondance between A0 and the coefficients a0 

nm nm 
of a mass distribution p

0
• We will then have p = p0 + p1•

Due to lack of time, we have, however, only tried the simple situation, 

described in section 3, where F(u, ß,A) = F1(q)/(q2-t2). Then we simply have

a =GM• A /B0 

nm nm nm ( 4. 3) 

In Figure 1 are shown the radial variation of the mass distributions 

obtained using the set O T coefficients GEM10B and F1(q) = 1, q, q2 and q3,

rPspectively. Note, that for F1(q) = q2, we will get a mass distribution, which

is approximately harmonic. None of these results are geophysically meaningful • 

A more meaningful result was obtained using F1(q) equal to q2 times a
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polynomial expression p
0 

for the radial variation of the mass distribution, 

(with u/b substituted for r/R as a parameter), see Moritz (1968, eq. 88). The 

reason for this is obviously, that the condition (1.9) in this case is equi

valent to requiring p to be equal to the constant function 1, - which for sure 

is harmonic. We expect, that the use of a discontineous function, F1(q) =

p . q2, will give a mass distribution, which is geophysically meaningful and 
0 

we are still investigating this possibility. 

Numerical experiments with an alternative method (inspired by methods 

discussed in Moritz (-1968, -1973)), resulted in the following procedure, which 

will produce a geophysically meaningful mass distribution. Instead of starting 

by trying to solve the equations (�.2), the idea is to use a parametric earth 

(mass) model, p , and then determine a small pertubation to this model, using 
0 

eq. (4,3).

We have carried out this procedure for one specific parametric earth 

model (PEM), given by (Dziewonski et.al., -1975, Table 'I), and one set of po

tential coefficients, GEM10B, given in (Lerch et.al., 1978).

We choosed the PEM describing an average structure (with respect to the 

continents and the oceans). This model is given in spherical approximation, 

by 8 polynomials in different continuity intervals with r/R as a parameter. 

We modified the polynomia\s, so that they each were defined from O to R,, 
l 

where R, is the radius of the i'th surface of discontinuity. 
l 

lnstead of using r/R as a parameter, we then used u,/b., where b. is the 
l 1. l 

semiminor axis of an ellipsoid having the same volume as the sphere with ra-

dius R_. u, is the ellipsoidal u-coordinate, so that u, = b. on the ellipsoid.
l l l l 

We fixed b8, so that it was equal to b, but varied all the others,so that the

potential produced by the mass distribution agreed with GM and c2 
of the

,o 
used set of potential coefficients (GEM'IOB). We parameterized the b. by putting 

l 

2 2a. - b. 
l l 

a. 
l 

= (4.4) 

which through an iterative procedure gave the correct c
2 

value for c � 11.2,o 
Let us denote this mass distribution for p , and the potential coefficients 

0 

for A0 
• (Only the even zonal harmonics are different from zero because of

nm 
the rotational and equatorial symmetry). 

2 
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The set of potential coefficients GEM10B were slightly modified by sub

traching the potential coefficients of the isostatically compensated topography,

computed as described in (Lachapelle, -1975). We then had the potential coeffi

cients of an ellipsoidal Earth, without topography, which were converted into

coefficient A of an ellipsoidal harmonics series. 
nm 

The residual coefficients A1 = A -A0
, where then converted using eq. 

2 nm nm. nm 
( 4. 3), with F / u, >., ß) = u , resulting in a (residual) mass distribution p:1 •

The total mass distribution p = p 
O 

+ p _
1 

will produce an external potential, 

with the ellipsoidal harmonic coefficients, A • Figure 2 show the variationnm 
of p

� 
in various depths. 

g/cm , i.e. p is only a 

cally realistic PEM. The 

We see, that the maximal values numerically are below 

slight perturbation af p , and hence also a geophysio 
main deficiency is the behavior near the Earth center, 

enforced by using ellipsoidal coordinates. However, this is, seen from a geo

detic standpoint, of minor importance, because we mainly are concerned with 

the variations in the crust and mantle. 

5. Conclusion

We have in this paper given examples of possible methods of constructing 

mass density distributions, which will produce an approximation to the exter

nal gravity potential given by a set of low degree potential coefficients. We 

also have carried through a computation which gave a fairly realistic mass 

distribution as a result, or more correctly: the perturbations of the used PEM 

were insignificant. 

There are, however, some problems, which need to be solved, primarily 

related to the use of the PEM. Which excentricities should be adopted for the 

different discontinuity surfaces, which mean density should be used at the sur

face of the Earth and how do we get rid of the problems originating from the 

use of ellipsoidal coordinate systems? We have thoughout used the condition 

eq. (1.9). However, this condition is just one which makes the construction of 

density distributions possible in a unique way. The ideal situation would be 

to have a condition which corresponded to the minimalization of an integral 

formul� like the one discussed in Moritz (1968, section 12), see also Rubin

cam (1979). 
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Appendix 

same order. 

Integrals of products of associated Legend repolynomials of the 

The associated Legend repolynomials fulfil the well known d ifferential

equation 

2 2 
(1-t2) d

2 
Pm(t)-2t d

d
t pfil(t)+[n(n+1)- _!!!._

2
] Pm(t) = 0 

d t  n n 1-t n 

which we will use in ord er to evaluate the following integral for n t k,

We have 

and 

hence 

.-t m m I = \ P (z)Pk(z)d z
„o n 

2 2 (n-k)(n+k+1) = n +nk+n-nk-k -k 

2 ;> = n -n-k--k = n(n+1)-k(k+1) 

2 2 · 

( 2 ) d m( ) d m( ) m m = z -1 2 P z +2z-;r- P z + --
2 

P (z), 
dz n z n 1-z n 

(A 1.1) 

(A 1.2) 
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= �[Pm(z) (n(n-,-m+1) Pm (z)- (n+1)(n+m) p
n
m_

1(z�
dz k 2n+1 n+1 2n+1 �

_ Pm(z-fck(k-m+1) Pm (z)- (k+1)(k+m) p
k
m_

1(z)]
n '\: 2k+1 k+1 2k+1 '!) 

Forz= 0 we know that either Pm(z) = 0 or dd Pm(z) = O, son z n 

for k-n even and + 0 we have 

t2-1 d d -r--....,.,....-,---....,.. [ Pm(t)- Pm(t) - Pm
(t)-Pm

(t) ] = (n-�) Cn+k+1) k dz n n dz k (A 1.3) 

= 1 [i11(t) (n(n-m+1) Pm (t)- (n+1)(n+m) Pm (t)' 
(n-k)(n+k+1) k 2n+1 n+1 2n+1 n-1 :J

_pm(t)(k(k-m+1) F (t)- (k+1)(k+m) Pm ( .\)]n "= 2k+1 k+1 2k+1 k-1 tJ 

For k-n odd, terms with P:(o) or P:(o) must be added. 
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Figure 3.2. Distribution of density anomalies at 300 km depth. Units 10-3 g cm-3• Reference density model PEM-A.
Potential coefficients GEM10B, N = 369 topographic-isostatic effects removed.
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correlation analysis of gravity anomalies end isostasy 

by 

Vincenc Vysko�il l)

Summary 

The method of moving st�tistical characteristics was 

applied in correlation analysis of geophysical fields on the 

territory of Czechoslovakia. 

In the previous pcpers [ 1,2] it was found that in the 

Western Carpathians a relatively close correl&tion could be 

observed between the Bouguer gr�vity anom&lies, the heights of the 

terr&in and the depths cf the Moho discontinuity. On the other 

hend, in the Bohemian massif the correlation between these quanti

ties is much weaker. The reoson for this is apparently in the dif-
, 

.ferent structure of the earth s crust of the Alp1ne-C&rpathisn 

zone bnd of the geologically older formations. 

Since we are interested in distinguishing areas with diffe

ring prcperties of geophysicel fields, it is recommended to com

pute the moving cht:racteristics [ J, 4] . For geophysic.sl interpre

t&tion the moving values of the correlation coefficients seem 

tobe the most important. 

This paper deels with the correlations of Bouguer and iso

static gravity anomalies, the heights of the terrain, depths cf 

the Moho discontinuity and the neotectonic vertical motions on the 

territory of Czechoslovakia. The initial values cf the analyses 

are the mean values of these quantities in the areas cf 1o'x 15'. 

The window used was either 5o'x 1°15'(5 x 5 basic ere&s) er 

1) 
Geophysical Institute, Czechosl. Pcad. Sei., Bo�ni II, 
Sporilov, CS - 141 Jl Praha 4 
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1 °1o'x 1 °45' (7 x 7 basic areas). The values of correlation coeffi

cients calculated for the 5 x 5 windows are shown and discussed 

in(4]. Here, only a brief review of the results can be presented. 

The obtained velues of the moving ccrrelstion coefficients 

indicate that there are some differencies in the geophysical 

properties of the Carpathians and the Bohemian massif. The 

Carpsthians appear es a rel5tively homogeneous block from the point 

of view of the investig�ted correlations. On the other hand, the 

Bohemien msssif presents itsel:f es an inhomogeneous block. This is 

e;xpressed by the observed variability of the values of the correla

tion coefficients. Their anomalous signs occur mostly in the Southern 

and Eastern part of the Bohemien massif. Consequently, in some 

cases a rel�tively weak correlation is observed if the input data 

from the whole region of the Bohemien messif are included in one 

set, although it is quite significant in some of its parts. 

The results prove the partial justification of the Airy's 

isostetic modal in the Carpathians. The isostatic conditions of 

the Bohemien massif are more complicated and indicste the necessity 

of a more generel approach to isostasy, which csnnot be associeted 

only with the compensation of topogrefic masses. According to the 

present experience, all the irregularities in the distribution of 

the masses inside the lithosp.h.ere must be considered in studying 

the isostatic conditions [5,6]. 
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Determination of the Earth's Pigure by Solving an Inverse Astro-Gravi-Magnetic-Geodesic 
Problem 

Summary 

by 

Dimiter,Zidarov1) 

An inverse astro-gravi-magneto-geodesical problem on the base of all available as
tronomical,gravimetrical, magnetical and geodesical dats is formulated.The Earth gra
vimetric end magnetic fields are represented by the fields of simple gravimetric and 
magnetic layers on the Earth surface.The problem is solved by minimization of the sum 
of the differencee between the corresponding empirically and theoretically determined 
values.The uniquenese of the solution of the inverse aetro-geogesical and the inverse 
gravi-geodesical problems is proved. 

ZusBJ1111enfassung 
Eine umgekehrte astro-gravi-magneto-geodäsische Aufgabe auf die Grundlage von allen 

vorhandeln astrronomischen, gravimetrischen, magnetischen und geodäsischen Daten wird

formuliert.Das gravimetrische und das magnetische Feld werden durch das Feld einer ein
fachen gravimetrischen Schicht und einer einfachen magnetischen Schicht dargeatelt.Die 
Aufgabe wird durch die MinimisieruDg einer Summe der Differenzen zwischen den ent -
sprechenden empirisch und theoretisch bestimmten Werten gelöst.Die Eindeutigkeit der 
Lösung der gravi-gedesischen und astro-geodesischen umgekehrten Aufgabe wird bewiesen. 

1.rn.troduction
We will examine the aimultaneous use of astronomic, magnetic, gravimetric and geode

sic measurements in determing the Earth's f'igure, see Stoki G.G. [15,16 ], Laplace P.s. 
[B),Helmert w.[6), Molodensky M.S.[9-12),Koritz H.[13,14].fhis paper represent a conti
nuation of the investigations aimed et determing the Earth's figure through solving the 
inverse gravi-geodesic problem, as proposed by Zidarov D.P. [19,21,22,25,29,30,32].Ae
tronomic and magnetic measurements have been added here to the gravimetric and geodesic 
data. 

2.1;ve;:se Aetrp-Orayi-Magneto-Oe2desic Problem 
Let us assume that we have et our dispoaal the following data: 
1.Known are the astronomic coordinatea-e'tQ

c,i ), 'f(&o;) of the Earth,s eurface in a cer
tain number of points Q

0
;,i=0,1, ••., !40 .The approximite values of the coordinates r

0
; , 

0 •. 
6;,;,\foi of the points �i are denoted by r

0
; ,·tio; ,f0;.The angle ,9-'l(Q .,;) is closed be-

tween the unit vector N(Q0;) of the vertical in point Q0; and the unit vector P of the 
Earth's rotation axis;f�(Q 0;) represents the angle between the plane determined by the 

- -

vectors N(Qoo) and P, where Q00 is a fixed point on the Earth's surface (Greenwish Ob-
servatory) end the plane determined by the vectors N(Q0 ;) and P, 

2.Known are the values of the geopotential

s LlW (Q 1i ) -::: W(<1 1 d-Vl('J 10) =. 'L g,dh 

I) Bulgarien Academy of Scie�es,Geophysical Institute,
Sofia 1113, 1) Acad. G.Boncev Str.,Bulgaria 
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in a certain number ot points Q1; ,i=0,1, ••• »1 , on the Barth's surface S,�W{Q1i) repre

senting the difference between the gravity potential W in point Q1i and the gravity po

tential W in the basic point Q 10 ; L 1s an srbitrary line on S, connecting points Q1f
and Qo, g is the gravity field intensity in the points of L ;d.h is the distance bet-

o o ...ao 
ween tbe corresponding equipotential surfaces W:const. and r1 ; •�; ,r1i are the approxi-

mate valuee of the coordinates r ,; , --0,r, "f,i of the points Q 1i ,
0 

J.Known are the values 9'(Q;2;) of the gravity field intensity in the points Q:2,; <;:, 

�:i' 'P,_f ), i=0,1, ••• M2,where r_/; , -<f;,�� are the approximate values of the coordina
tes r ... ,6,;.,Y?,. of the points Q2;ES, ,.,, 7-, 2, 

4.Known are the geodesically determined distances r • .J. between every two "neighbou-
' 

0 

ring" points Q3; and Q3; of the triangulation network and the approximate values r
3e ,

.e,:�, Y'3e of the coordinates r3p �e 
.'f�t 

of the points Q3e ,l=0,1, • •• ,M3•3 
5.Known are the northen X(Q0;) , the eastern Y(Q0;) and the vertical Z{Q0;)

componente of the Esrth's magnetic field intensity in the points Qoi , 
6.Known are the absolute values T(Q4;) of the Earth's magnetic field intensity in

the points �!= (r;i -�� ,�; ) ,i=0,1, ••• ,144 
,where r�; ,-6'.,� •'f4� are the approximite values

of the coordinates r
4

; ,e.,; •½,; of the points Q4; •
7.Known is an approximates expression -le.-&,f) of the Earth's surface S (assumed to

be attelliform with respect to the Earth's centre of gravity), which will be used in 
the regions where there are no points of type QK ; ,k=0,=,2,3,4. 

Given these data, the Earth's figure will be determined by solving an 1nverse astro
gravi-magnetic-geodesic problem, consisting in the determination of the Earth's figure, 
(coordinates of the points QK;,k=0,1,2,3,4) and a simple layer (of a density..,.U (.fr,f) ), 
at which the difference between the observed elements of the Earth's gravitational 
field and the corresponding elements of the field of the introduced simple gravitatio: 
nal layer is the smallest in the sense of the least eqares, and in the determing a sim• 
ple magnetic layer ( of a denaity_),41>1(-B-,f)), at which the difference between the observed 
elements of the Earth's magnetic field and the corresponding elements of the field of 
the introduced simple magnetic layer is the sme.llest in the same sence.This problem is 
solved by seeking the conditional minimum of the sum 

u 
M1 

� 
,_ 2. 

'J � � I Pii/p W(Q,;) AW(Q1i
TI�S1; + L Cf .[CJ,(Q;)- �{(Ji;)] LlS2i +

• :i, 
,'•O ,=o 

Mf ,,,...... 2 

[·� i[T(Q4 ;) - T ( [�4,·}] AS4; ,
1=0 

where W(Q,i), g(Q
2;) and T(Q4;) are the corresponding measured magnitudes,

---(Q· ) w2 ( 2 1) 1..,M.{6JdSrx
W 1; =2 x1i + Y,i + 7<..(ll. 0) 

w2-_ l 2- S 
117 t 

ia a

f

trial gravity potential, y-(X
1

; + .>'
1
; ) is the potential of the centrifugal force,

..,.u(c;Jd'« and 
h ✓ 

is the Newtonian potential of the simple layer wi th densi ty__µ(Q), lo-
s iL t lt,;, Q)

cated on the Earth's surface (see Zidarov D.P. (19,20,21,22,2a,29,30,34J,weightam J.A.
�7]..Dempney G.N.G. [3] ,Holota P. [5]), 

L1W(Qd·= wW,i)-W(Q10);
�(Q2;)=./-c1-ra.d W) 

t1 
&7_,i 

--------------
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r [ w2
x_i,- + 211.)A { Q:i.;) cosxn2 ; + J:t/J.J cos�IH&1;,G. J cho. ]

2
+ [t1.lY2.: -t lfi' ß(ll.zr) COS'Yh2,; +

\1 """ d 2 s R CG2i,hl) "' 2
} 

11z 
f-;'(G}CDSY �w.�'., aJ SaJ + [1 "f0(Q2flCO$Vl

2; 
+-f�r�JcosfRllh;,9.)d�aJ J s �(&.t,, G) 5 R ra,. ,-, QJ T=-3rad 'f is the magnetic field intensity of the trial simple magnetic layer with a

deneity_.uJQ),located on S, 
J (C..) R(f1 l\)d. 2 f " 

T( J-f '2·� (G . Jco.s - + .,Mn, CV5X 4i, lJ( SjtJ f- 2 ll)A (04-; )CO$ )ln-4� +
Q1; - L''�

;; 
4, xn4: n_1(t.J4;,Q} ,... 

,.., 
}112 

(A,,, ((l)COSYfl(rJ+:,Q)dS1i1
]

2 [s - I .A (t-4(0.) cos �R.(81;,aJ ds� ]
2 1 

;5 R1(0.+i d� J + 210-'m1.0..,;)cosln-,i .,. )� 1t2(Q◄;,lx) 
lJ ie the Earth'e angular velocity, R(Q�; ,Q) ie the distance from point QKi to an arbi-

- - ,,,, - - _,,,.... trary point Q i! (x,y,z)= (r,&,f) on S, n2, x, n�_; y, n2; z and n4; x, n4; y, n4 1 z are the res-
pective angles between the normale to the surface S in the points Q2 ; and Q4 ; and the a
xee x,y,z (approximite values are put for these angies at first and after the first ap
proximation the7 are replaced by the corresponding n.ewly obtained more exact values), 

�(QKi ,Q), yR(Q,:; ,Q), zR(Q/<.; ,Q) are the anglee between the axes x,y,z and the radius
vect·ors R(Q,<; ,Q),k..1,2,4,AS

11
;e.re the areas of "squarelets" in the middle of which are the 

points Qkj , k=1,2 ,4 and P,1e1• q1ei• t l(i are the weights of the respective measurements.
The eum U9

rn ie a function of the densitiee),4(Q) and.fAm(Q) and of the coordinates of
the pointe Q K i' k=0,1,2,3,4.Let ue express_)A(Q) and_µ,,,(Q) by series of Legendre polyno-
miale 

>1o Yl 

ß(&-1 f') = [ L [«;:cosmyJ + !3�
11 

sinm'P] P,
rn

(coHf),
1'1:0 m:::,; 

n 

.,AA11,(6i,f} = [" t. [r--:cos tn.,t> t s:\·;nm >°] Pnn-,(cos-0-)� 
n„o m:o 

m -m 
where ol;;', ß,;1 and Jn • On are coefficients which we have to determine.

0 

Let us �epresent the coordinates rki' '1;;, 'ft<i of the points Q "' ; by binomials r:; +4rK i, 
�;+J-(;;tt-i•'fKi +4f'i<i and the very correctione L)ri< ;·, Li"°"i• 4)0"1-by the series 

n„ VI 

�r,c; �,,.z;,;;iJA:cosm�i + /3.: Sinmfit:;]P,.,"'(cos•tr"), 

LlDf(.; =f f [(�
n

CO.Hnf,<i + D:: .sin m -P>< ;]Pn,(c1JSfr..) 
1,::,1 m�o l'i K, , 

��; =f ! [E;cop,,�; + F: sinm �...Jpnrn(cos6";)�
h;() 1-,.,,() 

,.., m m where An,B.., , ••• ,F" are coefficients which we have to determine. 
Replacing these expreesions for r tti , trKi • lf',d and for)A (ii','f) ,...,U,n (f!,ip) in U11m, this sum

m m m -r) � a 
turn into a function of the coefficients o/h ' f->n ,. r;, • c),., • .A,., , •••• p; ,which we
have to determine by ite minimizing. 

The �onditional minimum ofU9m muet be attained on the following four limiting condi-
tione: 

( 1) r- . -== 
1 J r;.1'

where __!;; are the triangularly determined distances between the points Q 1; and Q :1; ,
while ,;J are the dietances between the eame points, expresaed by the oorresponding coor
dinatee, 

(2)

-
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here IV'":. are the astronomically determined angular 11distances" between the zeniths Z(Qo;)
" 0 iJ ......., '1 

JI b t the and Z(Q,;) in the points Q oi and Q0_j ,while ru are the angular distancea e ween 

normale to the respective equipotential surfaces W=const., determined by means of the 

relations cosf.= arad ,,, .w.ara.da .•wi/icirad,'.l_,w j,larao
{). 

_w\, 
IJ "lJ "'0• (J OJ • (J "'fJI iJ OJ 

()) 1';;., = Pn,;;' 
where v- •. are the determined on the basis of the components :X,Y,Z and the astronomic 

41',,,J . ,,,  lf< t coordinates ff , 'f' in the points Q
0

: and Q„J angles between the unit vec ors 
_., ..._.. � 

,__, 

Ti(Q0;) and f<l(Q0�) of the vectors T (Q 0 i ) and T (Q 0;), while r;,,,-j are determined by 

means of the relations cos J;,. - .:: Ci rad.
() 

'f. CJrad0 . 'f /Jara.d -of-lqra d,,.. . /, •� d "' d c„ '<I &0;T ut()J 

(4) ·k<0)x.,H0 = f(,�)yd�Q:: {µ(GJ?-dS11
=0 J

s s J; 
which express the condition that the Earth's centre of dravity coincides with the origin 
o(o,o,o) of the coordinate system Or-tJ-,P • 

IJ,.. .,.. m m <.m m :m f After minimizing �/11 with respect to <X 11, /3,-. , rn, Ori , and An •••• ,Pn,while satis ying 
the limiting conditions (1)-(4), we shall minimaze this function again with respect to 
the same unknowns, after having accepted the valuee newly obtained for �i, •�;, 'f

..:
i, k=O, 

.A A ,,,.._ i t 1,2,J,4 and for nK;x, n�;Y, n�;z, k=2,4, ae init al values and with a new and more exac 
expression r(-e-,f) for the Earth's surface (valid in the regions where there are no po
ints of the type Q tci ,k=0,1,2,3,4) and so on and so forth, until the reepective diffe
rences become negligible. The set astro-gravi-magnetic-geodesic problem thus has been 
eolved: we have determined the exact valuee of the coordinates of the points QKi, k =0, 
1,2,J,4, 1=0,1, ••• ,KK,as well as s more exact expression r(-9-,'f) for the Earth's surface 
( valid in the regione _in which there are no points of the type Q A'.i, k=0,1,2 ,.3,4) and ae 
a side reeult of our calculatione- the simple gravimetric and magnetic layere, which 
have fields with elements differing but little from the respective observed magnitudes. 

Remark I.The same problem may be solved minimizing an other eum U
9
"m = llg m+ 4f>.;; 

(ru-iL{ + f �_tA;;(Y;j -� )
2

'+ r rvu(Y�;_;-�;jft>-lhs (Q)>Cd �a}\[htfilYdrJ\[f�<Q)'ldSaJ2
,

1 J J -.s 
where ,>.

ij 
, .,M;j, \)

,-; 
and..A1,),2, . .>13 are suitable positive numbers. 

· Remark II.Satelit data msy be used anologously. 

J.Uru.guness of the Solution of the Inverse Astro-Geodesical Problem
Theorem 1.There do not exist two twofold smooth closed eurfaces s 1 and s« , except

those differ1ng only in there position in space, between the points of which mutual and
'l univocal correspondance has been established, so that every point (u,v) of S a point of 

(T - ,. 
s- with the same coordinates u,v is juxtaposed,when on the surfflces S 4 and s 1t two one-
parameter families of lines U=const and T=const are plotted, if 

1.1.the coefficients of the first square forme after Gauss C.F[4J of the surfaces s1 

and sn in an arbitrary point (u,v)Es 1 and {u,v)f-Sll are equal and 
1.2.the projections of the unit vectore ii1(u.,,v1) and n11{u ,v1 ) of the normale to s 1 

11 
l".r,, '"1.l 

-+u. �j S in their arbitrary point (u 19 v1) on the unit vectors 14\u,v),I::�(u,v) and-t'...,(u,v), 
f;Cu,v) of the tangents of the curves U=const and v=const, passing through onotber arbi
trary po:lnt (u,v)fSr and (u,v)<:Sli , and the proJections of the same vectors on the unit 

• ...1 C ) -.11, ) % ·n nc�ora n u,v and n u,v of the normale to S and S iJl the same points (u,v)t:S 1 and
( u, v )�S11 are equal: 

(5.1> n +:(u1 ,.,-1 ).t�<u,vJ-= i;
1

'(1111v1J.T',/ru,vJ,
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{5.2) 

(5.)) 

n I (211 , v.,). t� {u,vJ = n11(u,1 V,). i /r(tl1 v) ,

11 I {U., V,). h r 'u, v) = J-i 1'{u,, �). ,, Tl( 11, V).

l Il 
Proof theorem 1. Let us have two corresponding points {u,v)fS and {u,v)ES coincide. 

Let also the tangential planes to S 1 and Sn coincides in the points {u,v)�S 1 and (u,v)t;
n IL . JI { S , as well ae the vectors t (u,v) and tv u,v) coincide respectively with the vectors 
L l. II J 

) Jf  t�(u,v) and tv{u,v).We cosider points (u
1
,v

1
)ES and (u

1
,v

1 
ES ,located at inf'initely 

.small distance from points (u,v)fS1 and (u,v)fS11 
• From condition 1.1 of theoremHt fol

lowe that the radiue vector dr1 connecting point (u,v)ES with point (u
1 

,"V, )ES1 can be 
equalized with radius vector dr11 

t connecting point (u,v)t:s°u with point (u
1 

,v1 )Eau •
Koreover, on the basis of eq. (5.1)-(5.)) we can assert that the change dnrsn1 (u,,v, }
n1{u,T) of the unit vector r fr of the normal to S 1 ,when paesing from point {u,v)e.3 1 to
point (u.1,v1 )ES1 ,ie equal to the Change dn lt = nii(u

1
,v

_,
) - nll(u,v) of the unit vector

1/1 of the normal to S 11 ,when passing from (u,v)ES11 to (u 1,v, )ESIJ .But since (u 1
,v1 ) is

an arbitrary point of S
1 and ffI in the region of (u,v)�S1 and (u,v)fS1l ,it follows that 
v:,l -1 -r , ,,,11 ... 11 ... u 

[ the second square forme r .. = -dri .dr end "2 =-dri .dr a:fter Gauss G.F. 4) of the eur-
fases s1 and s" in point 

2
(u,v)fS1 and (u,v>Esll are equal.From thie and from the equali

ty of the first square ;forme of s1 and SJJ it follows after Gauss that the surfasee S z 

and s» can differ only in their position in space. Thereby theorem 1 is proved. 
From theorem 1 it follows that when a surface S is a level sur:face o:f the potential 

W of the gravity ( S:Wcconet), this surface is dete:rmined univocally on the basis of 
geodesic meaeurements (of the distancee r;; between every two "neighbouring" f.lld euffi
ciently close pointe Qi and QJ on S) and - of aetronomical meaeurements {detel'Ulination 
of anglee cloeing the normal to S in an arbitrary ite point with the normal to S in an
other arbitrary ite point).Ho gravimetric measuremente are neceesary in this caee. 

Theorem 2.There do not exiet two twofold emooth closed eurfaces s' and s11 ,except 
thoee differing only in their position in space, bet.ween the points of which mutual and 
univocal correepondance has been eetablished, so that every point (u,.v) of s1 a point of 
'ifI w1 th the the seme coordinatee u, v 1.s juxtapoeed, when on the surfacee s1 and ffT two 
one-parameter families of linee u=const and V=conet are plotted, if 

2.1.the coefficients o:f the firet basic equare forme after Gauss C.P.(4) of s1 and
f/

1 in their respective points (u,v)iSr and (u,v)fS are equal,
-1 � 2.2. the components of certain unit vectore N (u,v) and N (u,v) determined in a com-

mon Cartesian coordinate system Oxyz are equal, 
2.3. the components of the same vectors are equal, when they are determined in the 

local Coordinates systems, defined by triplet of vectorsl�(u,v), '(,cu,v), n1(u,v) and
�(u,v), �(u,v), n'1(u,v), •here t

1 (u,v), l (u,v), n1 (u,v) and t''Cu,v), tlI{u,v), r/I{u.v) 
are the unit vectors of the tangents to the curvee u=const and VEconet and of the nor
male to S1 and s'-1 in the.pointe (u,v)�S1 and (u,v)fs11°respectively and 

2.4.the unit vector P of the axis Oz ie located in the same plane as the vectors -I ( 
-I -+ll - .... n tv u,v) and N (u,v) and in the same plane as the vectors � (u,v) and B (u,v). 'II -Theorem 2 can be proved by demonetrating that, on the basis of the unit vector N (u, 

v) located in the "meridional" plane vsconet, which passee through the point (u,v), the
unit veotor 'ittu,v) of the normal to the examined eurface S can be determined, when
-

-N(u,v) is eubordinated to the respective conditions of theorem 2.Let us denote by K the
unit vector of the tangent to the curve V=conet, which passee throll8h a given point
(u,v).The end pointe K,Jf,n and P of the unit vectors M,N,ii and p will form on the unit

-
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sphere spherical triangles �mm, �PMn and ANPn shown in Fig. 1.By condition N is loca

ted on the arc MP, while the arc Mn is equal to 1i/2 .Let us 

M 

,.. ,..,  
r,( 1 examine the triangle ABJfn in which Kn, HM and Nn this arc s 

dete:rmined by us on the basis of the componenta of the vec
tor i'(u,v) on the lines tt=const and v=const passing through 

N 
point (u1 v) ) are known.From this triangle we determine the 
angle ß by means of the respective formulas of the spheri
cal trigonometry.We then consider the triangle APMn and from 
it determine the sought arc h.Finally we consider the trian
gle .ANPn, in which by condi tion the arc PN is also known and 
from it determine the sought angle NPn.The position of the 
vector n(u,v) in the bssic Cartesisn coordinate eystem has 

Pig.1 thereby been determined. 
From the above it follows that, if the vectors if-1(u,v) and N11(u,v) snd their projec

tions on the tangents to the curves U=const and v=const passing through the points 
(u,v)ES1 and (u,v)fS11 are known, the unit vectors nl(u,v) snd iia(u,v) of the normale 
to the surfaces s' and sn csn be determined in the points (u,v)c.s.r and (u,v)es11 and thue 
the theorem 2 can be reduced to the esse examined in theorem 1.Thereby theorem 2 is 
proved. 

Kote.Let the surfaces s 1• and s11 • be twofold smooth snd let they encompasa gravita

tional masses (index � has been added in connection with the use of astronomical coor
dinates in section 1).Let a mutual univocal correspondsnce exista between the points of 
S f and $11

, established by plotting on S1
-.t' and Sn« two families of one-parameter lines

J.->t 9=const andf=const and juxtaposing to every point of S with coordinates 9','f) a point. 
of s1·i-• wi th the same coordi.natee.Let the angles .f),

,. 
and � represent the aetronomical co

ordinates of the corresponding points of S 1" and ffl' ; f),• be the angle encllused between
the unit vectors iX-6-+'P> andNu(-t>-,f) of the gravity intensity of the maesea encompassed 
by sh and s11• with the unit vector of the rotational arls P of the surfaces S 1" and
s11 

.fC and the masses encompassed by them ( vector P is oriented along aJtis Oz of the coor
dinate system), while angle 'f�be enclosed between the plane determined by �he vectors 
i1 ({T ,Y') and P or 11' (fi,f) and P, and the plane determined by the vectors N1 

(�1l'l,) and 
P or by the vectors N11("6ö,-Po) and P, (-ft,)i)is a certain point of S 111 or s11 �- �Let the lines 
f =const be plotted so, that the tangents to them in the point (8-,f) lie in a plane de-

-1 ( 
) � -u ( ) 

-termined by the vectors N .fi,'(J and ,: or the vectors N :-tt,--f' and P.Let assume that
i1 (6-,f')=Na (-(r,'P) and that the projectione of the vectors Nl tö-,'f) and i'1(-0-,'f>) on the tan
gente to the lines O'=const and 'f'=const, which pass through the point (-9-,'f') are respec
ti vely equal.Let us futher assume that the coefficients of the first basic equare forma 
after Gauss of the surfacee s1 � and g:CH· are equal in their corresponding points (or 
that the distancea between every two "neighbouring" points of s1"' are equal to the dis
tances between their corresponding pointe of s''* ).On these asaumption on the baeis of 
theorem 2 we shall conclude that the surfacea Sr -...-: and s1tll' coincide. 

From the above it follows that the figure of the Earth S can be univocally determi
ned by solving the inverse astro-geodesic problem (when the unit vectore 7 (ff,y:J) of the 
gravi ty intensi ty and the distances r; j between every two "neighbourning" points on 
the Earth's surface are known) only, if S represents a level surface of the potential 
W of the gravity.Otherwise we iiiüi:it �180 Jmow the projections of the vectors N (0-,'P) on 
the tangents to the corresponding lines -6-=conet and 'f=const, while the determination 
of these projections calls for gravimetric data. 

.. 
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.After determülg the coordinatea of the points Q l(t,k=0,1,2,.3,4, 1=0,1, ••• ,lr!", we may 
determine the final expression r(-&, f) of the Earth' s surface .Futher on we may introduce 
other coordinate systems on the baae of the expression r(-{r,'f'). 

4.Uniauness of the Solution of the Inverse Gravi-Geodesical Problem
l U 

Theorem J.There are no two twofold smooth closed surfaces S and S ,except thoae
differing only in their position in space, between the points of which mutual and uni
vocal correspondance has been established, so that every point of s' with spherical co
ordinatea IJ,'f a point of sz' with the same coordinates ¾}-, � is jaxtaposed, if 

J.1.the coefficienta of the firat basic aquare forma after Gauss of the surfaces si 

and s" in arbitrary point (9,1())€ S r and (19,lf')Gs" are equal, 
.).2.the surfaces S 1 and Su represent level surfaces of the corresponding gravity po

tentiale W 1 and wir ( s' :!W J: :;conet, sll :!!Wu =Const)' 
J.J.the surfaces s1 and S11 are atelliform with respect to the gravity centers of the 

... ... ·1 er, regions t.; and ,2enveloped by S and S ;these centers coincide with the origines 
O(o,o,o) of the corresponding coordinates systems, 

' lö ( • �, i. J.4.the�vectors gradQ1 W and grad
Q"

W are directed like to the normal• to S and 
S11 

) into?;t and ½ respectively, ci.'t:si:. and </E.s'" , 
J. 5. jgrad

ct 
w'j= lgradQuw"j at r/ (-&,'f)E. S 1 and Qu(-&,'f) E s�1 

• 

At firat we will prove the following 

Lemma 1.Let the partially smooth surfacea ss. and s',:. envelop the regions (or sets of .... ., ..,, ..... '""" 
regions) ?;"� and ·�.i possess�ng an intersecti�n 7: =Z:..t;, with positive three dime�ti�nal 
measure .Let denote wi th S I the surface of l: , wi th .6 51 and .d S,2 the surfaces of z;- ·t;_ and 
i;, - f; , wi th � sJ and Ll s./ the surfaces delimi ting f from �- f2- and -;_ - � res-
pecti vely .Let suppose that all points of the pa::ts ,dSt=tJS

1
-d� and Ltsf::: tJS:i,-�Si 

of the surfaces A .S:1 and .0S
3 

are external to Z: i.e. they may be shifted to infinity 
without crossing the points of 1: .If the potentiale of two simple layers with positive 
densi ties o.'1 and ü� , si tuated on s'- and sti: respectively, are equal in the pointa of 

V V V 

'l"-s '&, , i,; , then the inequali ties will be in force: 

(6.1) > f�ds
JAS' f

at t. S/>O, 

(6.2> i�d� > jü1..ds

'l:JS/-- �Sl 

at ASf >O.

Proof of lemma 1.Let 11s;>o (i.e. let .4Sf has a positive two dimentional measure). 
Let us sweep out (using the Po1.ncare balayage method) the masses situadet on s", which 
are outside of i , see Fig 2 .These masses are the masses of 3

:tl si tuated on 4 ,� while 
Su 

� 7 
all other masses of are situated on the surface s 1 of ·i: .Thus we receive on si 
a simple layer with density 6:i.>0.Analogously we sweep out the masses situated on sz 
( �) 

,- . 
---on 4) s... , whioh are outside of t, , and obtain on S' a s�le la�r wi th densi ty c5i > o. 

The thus obtained simple laye„rs possess equal densities <>, (Q) =(5,(G) ,Qe si, and equal 
po�ntials in the points of Z' .The massee m,.=ioi d S are more than the masses m1=

( � d.s ,..l°t- cl S , because during the sweep?,ng out of the masses a part of the ma-JA�. c\S1 . 

i 
sses m.1 has been going in infinity.On the other hand the initial masses � d,;. loce-• I. 1~ 4� ted on AS; are lese ( or equal -when AS1 =0) than the final masses uj. ,J.5 which will 

• 
�SI be obtained on AS: ae result of the corresponding sweeping out of the mase�s located 

on4Sf .Combining theee two inequalitiee we obtain exactly (6.1).Inequalit,1 (6.2) 1s 

-
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obtained analogously.Thereby lemma 1 has been proved.
r u _

Proof of theorem ).Let us suppose that there are two surfaces S and S subordina-

d t the codi tions of theorem J .From the condi tions J .2 and .3 .4. of theorem J. i t
te O r n 1 followe tbat the potentiale W and W may be represented as potentiale of simple ay-

eare with positive densities "i and <;; (see Fig .3):

W\
Pt
} : j ('1(1i

'-

} dso.� ' Wn(A): J ui{Q
11

) ds�v ' ll1�'f)tS:�ES� 
" s� 1l lA-, rt,

,i 
sn R (A, G") 

' . . 

h re Cf. (nt.- _j_ /4. W ·) '- ö.:{au) = .!_ fd W ) a-, while ( by condi tion) 6,({t(t;-e>)=aJa ,��w e 1 �,- 't u\d. 'V G ' l -l;l_ "ltr � d,)) Q 

Let us use the denotations introduced at the proor of lemma 1.Then from the condi

tions 3.1,J.J and 3.5 of theorem .3 it follows that

(7.1) a,t 

at 

contradiction is 

Fig 2 

5.Conclusions
The proposed solution of the problem concerning the determination of the Earth's 

surface help us to use simu:ltaneously all given astronomical,gravimetrical, magnetical 
and geodesical measurements.At the formulated common inverse astro-gravi-magneto-geode
sical problem one has to find simultaneously such a surface S of the Earth and such 
simple gravimetric and "magnetic" layers on S, at which the unit vectors of the corres
ponding gravimetric and magnetic field intensitiea coincide (by condition) with the 
unit vectorsof the intesities of the respective gravimetric and magnetic fields, deter
mined experimentally in certain points of the Earth's surface.In other points of the 
Earth's surface the absolute values of the mentioned field intensities differ but li
ttle in the sence of the least squares from the corresponding experimentally determined 
absolute values of the field intensities.The distances r

,.; 
between each two "neighbou

ring" points Q; and Q; on the Earth's surface S are equal (by condition) to the corres
ponding geodesically measured distances.Thus we have determined the corrections of the 
initial coordinates of certain points on the Earth's surface, in which there are astro
nomical, gravimetrical, magnetical and geodesical measurements without using incorrect 
Operation (reduction of the gravimetric and magnetic data on oceanic level, aee Lambert 
w. [7] ,Zidarov D. (t.a,26,Jl] .such incorrect operations we are forced to use when Stoks G.
G. �5,16] or Molodensky M.S. (9.-1� methods are applied,

The obtained analytical expressio r(6-,'I') for the Earth's surface and- for the gravi

metric and "magnetic" simple layers, corresponding to the observed (measured) gravi
metric and �•tic fielcl inteneities, ma;,y be ueed as basic point for further investi
gation of the distribution of the gravimetric and magnetic masses in the Earth. Using 

1 

1 

1 I 

ill 
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the mass -compression method after Zidarov D.P.(25,26,29,31,32,34]we can determine uni
vocally the "most concentrated" masses, corresponding to the given gravimetric field da
ta.Thus we determine the so called comressed geoid, the surface of which coincides with 
the undisturbed oceanic surface (W=const); under the continents the compressed geoid co
incidea with the lewel surface W=const.Further on we can determine other mass-distrihut� 
ons possessing the same gravimetric field, using the sweeping out method after Zidarov 
D.P. (22 ,34] and Zidarov D.P. and Zh.Zhelev (23]. Thus the determination of the Earth's fi
gure and mass-distribution in the Earth will help us to solve the problem of the Earth's
structure and evolution, see Barta G. f.'2Jand Zidarov D.P. (24,27,33] •

Referencee 

(1] BALMINO, G. 

BARTA, G. 

�] DEMPNEY, C.N.G. 

GAUSS, C.F. 

HALOTA,P. 

HELMERT, W. 

LAMBERT, W. 

LAPLACE, P.S. 

�] MOLODENSKY, M.S.

A New Point Masses Model for the Earth Gravity Mo
dels.In:International Symposium on Earth Gravity Mo
del and Related Problems, 
St. Louis, Missuri 1972 

AnvendungsmÖglichkeiten der Satellitengeodäsie bei 
der Erforshung der inneren Strukturen der Erde.In: 
2 nd International Symposium Geodesy and Physics of 
the Earth,Proceedings, Part 1,Ed.H.Kautzleben and E. 
Buschmann,p.351-353. 
Potsdam 1974 

The Equivalent Souree Technique. 
Geophysics J4, (1969), P• 39-53 

Disquisitiones generales circa superficies curvas. 
GÖtingen 1828 . 

Representation of the Earth Gravimetrie Field through 
the Potential of Point Masses (in Rassian). 
Obeervacje sztucznich satelitov 1§. (1978),p. 159-169 

D!e mathematis?hen und physikalischen Theorien der 
hoheren Geodasie, Band II. 
Leipzig 1884 

The Reduction of Observed Values Gravity to See Le
vel. 
Bulletin Geodesique _g.§. (1930) 

Theorie des attractions des spheroids et de la figure
des planetes. 
Mec. col • .l (1785),Cbap III 

Fundamental Probleme of the Geodeeical Gravimetry 
( in Rassian). 
'Tp.UHHH['A H K ß (1945) 

(2] 



Q.o] 

[11] 

KOWDENSKY, 14.S • 

MOLODENSKY, :M.s.; 
EREMEEV, V .P • ; 
JURKINA, Jl. I. 

[12) l(OlODENSKI, M.S • 

[1JJ 

[14] 

�5] 

MORITZ, H. 

MORITZ, H. 

� 
STOKS, G.G. 

li.6] STOKS, G.G. 

(17] WEIGHTMAN,E.H. 

l_is] ZIDAROV ,D.P • 

[i9] ZIDAROV, D.P. 

[20] ZIDAROV, D.P.

ZIDAROV, D.P. 

ZIDAROV, D.P. 

-

External Gravitational Field and Physical Earth's 
Figure (in Rassian). 

51.3 

Bull.Acad.USSR,Geograph. and Geoph. Series g (1948) 

Method for External Gravitational Field and Earth's 
Figure Studing (in Rassian). 
'l'p.UHHHI'A H K 131 (1960) 

Approximative Method for Solving of Equation Deter
ming the Quasigeoid Figure (in Rassian). 
Tp.IJ)IB}fi'A H K §§ (1969) 

The boundary Value Problem of Physical Geodesy. 
Suomalais tiedeakao toitaks, Ser. A III, §2 (1965) 
48 P• 

Eine neue Rechenlösung des Problems von Molodenski. 
Vermessungstechnik l§. ( 1970) p.445-446 

On the variation of Gravity on the Surfaces of the 
Earth. 
Mathem. end Phys. Papers,Cambridge, � (1883) P• 131-
171 

On Attractions and Clairaut•s Theorem. 
Mathem. and Phys. Papers, Cambridge, l(1883) 

An Unified Analytical Approach.In:The Use of Artefi
cial Satelites for Geodesy,vol 2,Ed.G.Veis,p. 467-
486. 
Net.Tech.Univ.Athens 1967 

Sur les corrections gravimetrique et magnetometrique. 
Compt.rend.Acad.bulg.Sci. 11, (1958) P• 351•354 

A Solution of the Inverse Gravimetrie (and Magnetic) 
Problem and Its Application to the Study of the Earth 
Structure. 
Compt.rend.Acad. bulg.Sci. ll (1964) p.817-820 

On the Solution and the Uniqueness of the Solution of 
the Inverse Gravimetrie Problem. 
Bulletin of the Bulgarien Geophysical Institute 2. 
(1964) 

Solution of Some Inverse Problems of Applied Geophys 
sics. 
Geophysical Prospecting il (1965) p.240-246 

On the Solution of Some Inverse Potential Fields 
Problems and Its Application in Geophysical Problems 
(in Rassian with english sUJIIDl8ry). 
Sofia 1968 



514 

(23) ZIDlROV • D.P.; 
ZHELEV, ZH. 

[24] ZIDAROV, D.

(25] ZIDAROV, D. 

[26] ZIDAROV1 D.P.

[2!J ZIDAROV, D.P. 

[2� ZIDAROV, D.P. 

[29] ZIDAROV, D.P.

ZIDAROV, D.P. 

[31J ZIDAROV, D.P. 

ZIDAROV, D.P • 

[33] ZIDAROV, D.P. 

[34) ZIDAROV, D. 

On Obtaining a Family of Bodies with Identical lxte� 
or Fields-Method of Bobling. 
Geophysical Prospeeting .!§ (1970) p.14-33 

Palaeomagnetio Data Analysis and Continental Drift. 
Comt.rend.Acad.bulg.Sci. 24 (1971) P• 1637-1640 

Point (Dipole) Solution of Inverse Potential. Pield
Problem-Jlass-Pressing-Kethod. 
Comt. rend. Acad. bulg. Sei. Zl (1972) P• 1347-1350 

Method of Finding Point (Dipole) Solution of the Po-
tential Field Problem. 
Pageoph.UQ_ (1973) p.1918-1926 

Theory of the Evolution of the Earth and Earth's 
Crust. 
Pageoph. � (197.3) P• 655-668 

On the conetruction of Bodies with Equal Potentials 
and Uniqueness of Solution of Inverse Problem of Po-
tential Fields. 
Compt. rend. Aead. bulg. Sei. '-2 (1973) p.179-181 

Characteristie Solution of the Inverse Gravimetrie 
and Magnetic Problem. 
Compt. rend. Acad. bulg. Sei.� (1974) P• 643-646 

Applieation of the Solution of the Inverse Gravimet
rie and Magnetic Problem for Studing the Earth's Fi
gure, Strueture and Evolution.In:Inte:rnational Sym
posium Geodesy and Physies of the Earth,Proceedings, 
Part 2,Ed.H. Kautzleben and E. Buschmann, p.423-429. 
Potsdam 1974 

Reduction of Gravimetrie Data with Accounting Ncmho
mogeneities of the Intermediary Layer. 
Compt. rend. Acad. bulg. Sei.� (1975) p.1027-1030 

Application of the Solution of the inverse Gravimet
rie Problem for the Earth's Pigure Determination (in 
Bulgarien). 
Bulgarian Geophysical Magazine! (1975) p.78-95 

Theory o:f the Evolution of the Earth and Earth's 
Crust Based on the Mobile Earth Core Concept. 
Geologica Baleanica 1 (1977) p.3-26 

lfew �pp_:roach to the Solution of the Intenal EQ-qati• 
on o:f First Kind·.I:n.: Inverse and Impropel.7 Poaea 
Problem in Differential Equations.Ed. G.Anger ,vol 1. 

Berlin 1979 



Janusz B. Zielinski 

Department of Planetary Geodesy 

Space Research Centre 

Polisb Academy of Sciences 

Warsaw 

Project DIDEX 

/Differential Doppler Experiment/ 

1. Scientifie objective of tbe project
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Tbe preaent state of tecbnology allows to use in principle 

tbree metbods enabling determination of tbe gravit� field of 

tbe Earth in a global scales ground gravimetric meausrements, 

analyais of perturbations of satellite orbits and altimetry. 

Eacb of them hae specific advantages as well as limitations. 

Ground gravimetric measurements is ratber slow metbod. 

lt preeent covering of the Eartb surface witb gravimetric 

measurements is estimated at about 50% /Groten 1978/ and we 

cannot expect tbat before the end of this century tbis value 

will increaee at least to 90%, Besides, it is extremel.y difficult 

to maintain equal precieion and avoid systematic errors not to 

■ention tbat some areas are so difficult of access tbat we can

not look torward to data acquisition. 

As far as tbe satellite metbod is concerned, its great 

advantage ia obtention of a global reault. It was the crucial 

feature at tbe moaent of introduction of tbis metbod. Tbe 

limitation concerns possibility ot obtaining of detaila ot an 

obtained image, tbat ia tbe resolution power. It ia ditficult 

to detine preciaely wba_t ia tbe li11it of thia reaolution but 

it ia eati•ted aa near to tbe 40tb order,of apberical har■onica
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/4�5 x 4!5/, tberefore to modele publisbed at present. 

Altimetry bas vast possibilities of data collecting witb 

two limitationss tbey refer to ocean areas only and to tbe 

physical surface of water wbich can differ from tbe eguipotential 

surface whicb tbe geoid is. 

As eacb of these metbods has the limited efficiency, it 

is necessary to searcb for new ways. Gradiometry and two variante 

of satellite-to-satellite tracking are taken into account. The 

variant low-low is the most promising at tbe present moment. 

Taking this into account and considering tbe reeults 

of newest determinatione of the Eartb
#
s gravity field 

Space Research Centre of the Polish Academy of Sciences has 

proposed tbe project of experimental meaeurements witb tbe method 

of satellite-to-satellite tracking called DIDEX /Differential 

Doppler Experiment/to be realized in tbe frame of the programme 

INTER.KOSMOS. Aims of tbis project are tbe followings 

1/ resolution of gravimetric anomalies on the earth 3° x 3° ; 

2/ precision of tbe mean value of tbe geoid undulation in a 

segment + 2 m; 
-

J/ obtention of a global image of the geopotential; 

4/ securing possibilities of more precise analyeie of selected 

regions. 

2. General idea of the method.

Tbe low-low satellite-to-satellite tracking metbod has been 

already presented and discuseed by many authors /Wolf /1969/, 

Balmino /1974/, Rummel at al. /1978/, Krynski ii978/ /. In the 

preaent paper we will mention only some of its more important 
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cbarac teris tics. 

Let us imagine two objects moving on tbe same circular 

orbit, a sbort way one from anotber. It is poasible to measure 

continuosely a relative velocity between tbeae objects. If we 

exclude tbe atmospberic drag, anomal1es of the gravitational 

potential alonr the trajectory will be tbe source of cbanges 

of this velocity. It results from tbe energy conservation law 

fulfilled for eacb of tbese objectss 

U - potential of gravitation 

v - velocity of motion 

A cbange of the potential value along tbe orbit will tbus 

influence a cbange of tbe velocitya 

from that 

!Jv 2

�u = - vßv + 2

Because the ratio /1v/v is of tbe order of 10-5, the

equare term is negligible, thus 

For two objects we obtain 

11v = _ LlU1. !J.v. =- .llU2
1 v1 1 2 v2

g = �v -/Jv = L\U,. - �2
2 -f V1 v2 

/1/ 

/2/ 

/3/ 

/4/ 

where 
. q - tbe relative velocity between the two objects.

-
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Let us decompose tbe Eartb potential into tbe,normal 

potential and perturbing potential 

U=V-tT 

a.nd

t\U=t\V+T 

However, the obaerved value can be decompoeed too, namely 

/5/ 

/6/ 

into tbe part depending on tbe normal and perturbing potential 

and so 

q = q + q
V T 

This equation divides into two and we are interested in 

• _ T4 _ Ji.
QT- V1 V2

/7/ 

/9/ 

lt ie one of possible sbapes of the observational equation 

but it contains a substantial simplification. 

The accurate expression will be obtb.ined s.tarting from /1/ 

and remebering that velocity 1s tbe vector value as well as 

resigning from the assumption of circularity and identity 

of orbita of tbe two objects. In such a case 

/10/ 

0
2 
= v

2 
+ v.

2 
- 2v. v. cos a: 'S 1 2 1 2 /11/ 

wbere a: - angle between vectore v1 and v2• Replacing /1/ we get



.. 

½ 
q = 2 [ (h� -U1)+(h2-U2) - 2 V (h1-U1 )(h2-U2) cos a] 
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/12/ 

Tbis eguation is a non-linear expression indeed but it bas 

tbe virtue of connecting the measured value witb values in 

reguest, tbat is with the potential u, and, at tbe same time,

1 t sbows tbe role of orbital elemen ta occuring in the form of 

constants h. 

J. Accuracy estimation

Por tbe simplified accuracy estimation it is.enougb to use

tbe equation /9/ 

We asaume tbat v
4
=v2

80 

Putting dßT = 1m·y 

• t1T
1h

=

v

dg = d�T

'/ = 878cm/s2

v = 7·8 km/s 

we get dg = 1·12 mm/s 

Tbis value corresponds to 1 m difference of tbe equipotential 

surfa/Ces at tbe 300 km higbt. 

In order to obtain tbe corresponding figurea tor tbe see-level 

/geoid/ we bave to divide it by tbe factor 

k= ( R )"�1

wher n is tbe degree of tbe epberioai barmonics development 

J 



520 

conforming to assumed resolution. In our caae n • 60 

so, for getting ! 1 m accuracy in tbe fNl.d deter■ination we 

bave to measure tbe relative velocity in space on the 

altitude of 300 km witb precision ! 0.07 mm/s. 

This estimation 1s supported by results publisbed by otber 

autors, e.g. by Scbwartz /1970/ wbo accomplished ratber delailed 

simulation of tbe experiment. AnalyQis of Rummel /1979/ 

tbough made for quite different measurement precision and orbit 

is also conforming to our reeults. 

Kryneki /1978/ gives similar figuress for n) 60, 

dq = 0,1 mm/s, m
,. 

� 1 m 

It sbows tbat for dq = 0,07-0,1 mm /s we can find 

1-2 m differences in tbe geoid Undulation witb resolution 3° .

4. Conoept of realization

Tbe atmospberic drag is the main reaaon of difficulty in

realization o! tbe SST metbod. In tbis connexion we bave 

developed tbe idea /Zielinski 1977/ allowing to eliminate tbis 

effect in a great part. Tbe use of tbree, instead of two objects 

bas been proposed, two of whicb would be eimilar and tbe most 

favourable in reepect of aerodynamice, tbe tbird being different. 

Such a syetem - tbe eatellite "motber" SM and two subsatellites 

SS would bave many otber tecbnological advantages facilitating 

carrying out the experiment /Fig 1/. 

lboard SM a proper measuring eystem would be placed 

measuring tbe relative velocity by means of the doppler effect. 

l signal ie emitted from SM and retransmitted from SS by meane

of tbe transponder.Doppler meaeurement 1s taken aboard SM again.
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Fig.1 

To cover all tbe globe witb measurements, tbe polar orbit 

320 km above tbe eartb is suggested. Separation of the subsatel

lites will be 200 km, distance between tbe pair of the subsatel

lites and tbe main spacesbip will increase from O to 600 km. 

During 120 bours of tbe experiment. we will obtain distribu

tion of orbita 4�5 at the equator. It is lese than required 

reaolution 3°, but for latitudes greater tban 45°, tbat ■eana 

for aost interesting regiona coverage by orbits will be more 

dense. 

Tbe measurement will be taken in two frequencies, in tbe 

band 3.8 GHz and 5 GHz with appropriate offsets for tbe first 

and second subaatellite to avoid interferences. Time of integra

tion is 10 sec. The budg.et of errorEJ of the measuring system 

gives, according to tbeoretical estimates, cumulative error 

0.03 mm/sec. Taking notice of otber sources of errors still 

unknown we can admit that accuracy of tbe measurement on tbe 

line SM-SS will bez 0.05 mm/sec. It secures tbe accuracy of 

1 

1 

1.
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tbe relative velocity between tbe subsatellites not worse than 

o.oa mm/sec conforming to the requirements.

5. Elimination of disturbances

Tbe influence of tbe atmospberic drag was always considered 

as the baaic impediment in realization of the idea of satellite

-to-eatellite tracking. The drag can influence motion of objects 

so significantly that influences of gravitational anomaliea will 

be dietorted strongly. The way propoeed in DIDEX allows to 

reduce tbis influence to tbe bigbest degree witbout recource to 

a drag-free deviee. 

Let us take our system of three objects in wbich tbe two 

subsatellites ss1 and ss2 are proper gravitational probes, the

third - we call it tbe satellite mother SM - contains a greater 

part of measuring and board systems. Tbe aerodynamic cbaracteri

atics of tbe third object is different from the two others. In 

tbat case influence of the atmospberic drag on the satellite 

motber will be different from tbat on tbe subsatellites. Ac

celeration affeoting eacb of tbese objecte can be resolved into 

tbe gravitational and atmospberic components, and velocities 

in a similar manner. We measure, bowever, relative velocities, 

denoted q 

(i = 1,2) r/13/ 

fro11 tbat 

/14/ 

Let us denote as vd tbis oomponent of velocity which is 

caused by tbe atmospberic drag along the orlital aro wbicb 
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J 
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corresponds witb one observatioo. Tbe otber part being tbe 

t11nction of tbe gravity field and parameters of tbe orbit at 

tbe previous moment is denoted by v9

Tbus 

( i = 1,2) /15/ 

Tbe f ollowing values are measured

(i = 1,2) /16/ 

from wbicb we calcula te 

/17/ 

The difference in tbe brackets if different from O will burden 

tbe result of the measurement tbus it sbould be determined. 

It can be in such a case if tbe atmospbere density will cbange 

along the orbit /Fig. 2/. 

Fig. 2 

However, because all the system moves along the orbit, after 

several seconds SM will be at tbe point wbere ss1, was before

tbat, wbereas ss1 passee tbrough the point in wbich ss2 was,

-
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and eo on. Tbue we can write 
t+At t 

Vai = va2 
t+At _ t 

voM - kva1 

/18/ 

wbere k- ratio of ballistic coetficients of SM and ss.

Combining properly equations /16/ we obtain a system of 2n 

equatione /n a number of observations/ allowing to determine 

Sllcceesive terms vai 
Such tbe metbod allows to avoid practicallY the influence 

of tbe at■ospberic drag. Tbe only limiting assumption is tbat 

tbe atmospbere density in a given place will not change in time 

neceesary for the sbift of tbe wbole system on the orbit by the 

section equal to tbe distance between tbe first and tbe last 

object. The otber assumption, tbie one of tbe technological 

nature, is that the orbits of all tbree objects are very similar. 

Tbe otber, not lese important saurce of errors, is tbe 

influence of the ionospbere on radio eignal propagation and 

tbe measurement of doppler effect. Tbis influence is tbe resultant 

of many pbenomena, tbat is of electron density in tbe ionospbere, 

tbe magnetic field, Faraday rotation, electron colliaions. A 

coefficient of refraction of an electromagnetic wave is the 

parameter collecting tbe influence of tbese different pbenomena. 

1� 
D a  y1-A 

wbere Fn and Aare functions connected witb tbe abovimentioned

phenomena. 
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Tbe analysis by l,a,tka /1980/ has proved tbat tbe influence 

of the ionosphere on tbe measuremen t of doppler eff ec t can be 

of the order of 0. 2 Hz, frequency being .3 GHz, and 0. 15 a t 

5 GHz. At tbe same time tbe accuracy of tbis measurement 

requested to obtain tbe velocity accuraoy under 0.05 mm/sec 

should be of tbe order of 5.10-4 Hz. Thus tbe introduction of

corrections is necessary, deterlllina tion of wbicb 1s possible 

1f using three frequencies, tba t ia two bigb onea given above 1 

J.8 GHz and 5 GHz as well as one lew about 150 MHz. lt allowe

to arrange tbe system of equations determining -all corrections 

iD demand with tbe accuracy necessary in tbe experiment. 

Motion of antenna in relation to tbe centre of mass botb 

aboard tbe main satellite and tbe subsatellites 1s another 

source of errors. The elimination of these disturbances 

consists first in a tecbnological solution assuming gravitational 

stabiliza tion of all tbe tbree objects and moni toring their 

orientation in relation to stars in tbe second place. 

6. Data proceesing

The aim for the global covering witb obeervations with 

tbe use of tbe polar orbit is an important cbaracteristica 

of the project DIDEX. Assuming tbe time of tbe experiment as 

120 hours, permanent obeervations witb integration time equal 

to 10 sec, we will obtain 43 200 observations. Their denaity 

along the orbit will be about 80 km, intervale between particular 

orbits at tbe equator 500 km condensing toward tbe poles. Thue 

regione from mean latitudee to tbe poles will be covered best of 

all. 
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Krynski /1980/ has discused the mathematical aspects of the 

problem giving the relation between the observed value and gra-

dient of the perturbing potential T. The method proposed by 

Krytski provides for the solu.tion of a system of observational 

e�ur:,tions by means oflsast squares collocation. It assu..mes 8lso 

starting from a su.fficiently good model of the gra.vit2tional 

field as the first approximation as well as indpendent determi::-ia

tion of initial orbit�l ele�ents. The use of collocation will 

allow to ma.ke local determi:iation and to use other ki!:tds of data 

At the same time, ground gravimetric meas11rements especialy. 
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Abstract: 
---------

For improving the 3arth gravitational potential the 

low-low satelli te tracking experiment has been proposed. 

�:-ie paper presents the general idea, of the experiment, 

scientific objectivcs, accuracy analysis, outli�es of technical 

re�lization. 'v'li th an assumed measurement accuracy ± 0 .O5mm/ sec 

the si0nificant improvement of th_e geopotential model is expected • 

• 

• 




